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PREFACE 


“YOU CAN DO ANYTHING IF YOU SET YOUR MIND TOIT, | TEACH TRIGONOMETRY 
TO JEE ASPIRANTS BUT BELIEVE THE MOST IMPORTANT FORMULA IS 
COURAGE + DREAMS = SUCCESS” 


It isa matter of great pride and honour for me to have received such an overwhelming response to 
the previous editions of this book from the readers. In a way, this has inspired me to revise this book 
thoroughly as per the changed pattern of JEE Main & Advanced. | have tried to make the contents 
more relevant as per the needs of students, many topics have been re-written, a lot of new 
problems of new types have been added in etc. All possible efforts are made to remove all the 
printing errors that had crept in previous editions. The book is now in such a shape that the 
students would feel at ease while going through the problems, which will in turn clear their 
concepts too. 


A Summary of changes that have been made in Revised & Enlarged Edition 

e Theory has been completely updated so as to accommodate all the changes made in JEE Syllabus & 
Pattern in recent years. 

e The most important point about this new edition is, now the whole text matter of each chapter has 
been divided into small sessions with exercise in each session. In this way the reader will be able to go 
through the whole chapter in a systematic way. 

e Just after completion of theory, Solved Examples of all JEE types have been given, providing the 
students a complete understanding of all the formats of JEE questions & the level of difficulty of 
questions generally asked in JEE. 

e Along with exercises given with each session, a complete cumulative exercises have been given at the 
end of each chapter so as to give the students complete practice for JEE along with the assessment of 
knowledge that they have gained with the study of the chapter. 


e Previous Years questions asked in JEE Main & Adv, IIT-JEE & AIEEE have been covered in all the chapters. 


However | have made the best efforts and put my all teaching experience in revising this book. 
Still lam looking forward to get the valuable suggestions and criticism from my own fraternity i.e. 
the fraternity of JEE teachers. 


| would also like to motivate the students to send their suggestions or the changes that they want 
to be incorporated in this book. All the suggestions given by you all will be kept in prime focus at 
the time of next revision of the book. 


Amit M. Agarwal 
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Session 1 
Measurement of Angles 


The word ‘Trigonometry’ is derived from two Greek words. 
(i) trigonon (ii) metron 

The word trigonon means a triangle and the word metron 

mean a measure. Hence, trigonometry means measuring 

the sides and angle of triangle. The subject was originally 

develop to solve geometric problems involving triangle. 


Angle 


In trigonometry, as in case of geometry. Angle is measure 
of rotation from the direction of one ray about its initial 
point. The original ray called the initial side and the final 
position of the ray after rotation is called the terminal side 
of the angle. The point of rotation is called the vertex. If 
the direction of rotation is anti-clockwise, the angle is said 
to be positive and if the direction of rotation is clockwise, 
then the angle is negative 


Initial side 


O ‘Initial side P 


(i) Positive angle (ii) Negative angle 


Measurement of Angles 


There are three systems used for the measurement of 
angles. 


1. Sexagesimal system or English system (degree) 
2. Circular measurement (radian) 
3. Centesimal system or French system (grade) 


We shall describe the units of measurement of angle 
which are most commonly used, i.e sexagesimal system 
(degree measure) and circular measurement (radian 
measure) 


1. Sexagesimal or Degree measure If a rotation from 
the initial side to the terminal side is (1/360)th of a 
revolution, the angle is said to have a measure of one 
degree, written as 1°. A degree is divided into 60 
minutes, and a minute is divided into 60 seconds. One 
sixtieth of a degree is called a minute, written as 1’; 
one sixtieth of minute is called a second, written as 1”. 
Thus, 1° = 60’ and 1’ = 60”. 


2. Circular measurement or Radian measure The 
angle subtended at the centre of a circle by an arc 
whose length is equal to the radius of the circle is 
called a radian and denoted by 1°. 


3. Centesimal or French system In this system of 
measurement a right angle is divided into 100 equal 
parts called Grades. Each grade is then divided into 
100 equal parts called minutes and each minute is 
further divided into 100 equal parts called Seconds. 


Thus, right angle = 100% 
1° =100’ 
1’ =100” 


Note 


Angle of 90° is called a right angle 1’ of centesimal system # 1’ of 
sexagesimal system 1” of centesimal system # 1” of sexagesimal 
system. 


This system of measurement of angles is not commonly used 
and so here we will not study this system of measurement of 
angles. 


Radian is a Constant Angle 


Let ABC be a circle whose centre is O and radius is r. Let 
the length of arc AB of the circle by equal to r. Then by 
the definition of radian. 


ZAOB = 1 radian 


Produce AO and let it cut the circle at C. Then AC is a 
diameter of the circle and arc ABC is equal to half the 
circumference of the circle. 

Also ZAOC =2 right angle = 180° 

By geometry, we know that angles subtended at the centre 
of a circle are proportional to the lengths of the arcs 
which subtend them 


ZAOB _ arc AB ak es 
ZAOC arc ABC 180° 2mr 
Es 
['.. circumference of the circle = 277] 
180° 2 right angle 
Tl 7 Tl 


1radian = = constant 


[since a right angle and 7 are constants] 


Relation between Radians and Real 
Numbers 


Consider a unit circle with center O. Let A a 
be any point on the circle. Consider OA as ile 
the initial side of an angle. Then the +1 
length of an arc of the circle gives the 

radian measure of the angle which the arc 0 
subtends at the center of the circle. Ly 
Consider line PAQ which is tangent to the 

circle at A. Let point A represents the real 4-2 
number zero, AP represents a positive real ‘Q 


number, and AQ represents a negative 

real number. If we rope line AP in the counter-clockwise 
direction along the circle, and AQ in the clockwise 
direction, then every real number corresponds to a radian 
measure and conversely. Thus, radian measures and real 
numbers can be considered as one and the same. 


Relation between Degree and Radian 
It follows that the magnitude in radian of one complete 
revolution (360 degree) is the length of the entire 


? a . 2Tr 
circumference divided by the radius, or — or 27. 
r 


Therefore, 27 radian = 360° 


or Tl radian = 180° 
0° 

= 57°16’ (approximately) 
TT 


. a 
or 1 radian = 


Again, 180° = 7 radian 


“2? = radian = 0.01746 radian (approximately) 
180 


; Tl 
Thus radian measure of an angle = —_ x degree measure 
180 


of the angle and degree measure of an angle = a x 
Tl 


radian measure of the angle. 


Thus if the measure of an angle in degrees, and radians be 
D and C respectively, then 


D2 


180 7 


Chap 01 Trigonometric Functions and Identities 3 


The Relation between Degree Measures and 
Radian Measures of Some Common Angles 


Degree 30° 45° 60° 90° 180° | 270° | 360° 
. uw Tt Tt T 3m 2n 

Radians 6 4 3 5 5 

Note 


(i) Radian is the unit to measure angle and it does not means 
that 7 stands for 180°, 7 is a real number. Where as 1° 
stands for 180°. 

Remember the relation 7 radians = 180 degrees = 200 
grade. 


(ii) The number of radians in an angle subtended by an arc of a 


: ; arc 
circle at the centre is equal to 


radius 
> Q= = 
; 
Example 1. Convert 40°21 into radian measure. 
Sol. We know that 180° = 7 radian. 


1 
Hence 40°21’ = 40— degree 
3 


T 121 . 1217 
= x radian = 


180 3 540 


1217 
Therefore 40°21’ = 
540 


radian. 


radian. 


Example 2. Express the following angle in degrees. 


, (5m \° 
(i) (=) 


3 
Sol. (i) (=| 7 (= x oY = (5x 15)? = 75° 
Tl 


. (7) _ (7m 180)° 
a eae 


=—(7 X15)? =— 105° 


(1) 1_ 180)° 60 \° : 
(iii) 7 x = = 19° 5/27” 
3 3 Tl T 


an’ (2 180 
— x 


fo) 


° 
= —(2x20)° = — 40° 
9 T 


Example 3. Express the following angle in degrees, 
minutes and seconds form 
(321.9)° 
Sol. (321.9)? = 321° + 09° 
= 321° + (0.9° x 60)’ 
= 321° 4-54 =321°54’ 


4 Textbook of Trigonometry 


Cc 


2 
Example 4. In AABC, m ZA= a7 and m ZB=45°. 
Find m ZC in both the systems. 


2m° 2m 180 \° 
Sol mZA= -( x = 120° 
3 T 


m ZB = 45° 


mn) mw 
=|45x = 
180 4 


In AABC, mZA +mZB+mZC = 180° 


* The sum of angles of a triangle is 180° 


> 120° + 45° + mZC = 180° 
=> 165° + mZC = 180° 
=> mZC = 180° — 165° 
= mZC = 15° 
T ° 
> mZC =| 15x — 
180 
Tw 
mZC =— 
12 


Example 5. The sum of two angles is 52° and their 
difference is 60°. Find the angles in degrees. 


Sol. Let the angles be x and y in degrees. 


Then, 


P 180 \° 
xt+y=50 > x+y=|50x 
Tl 


x + y = 900° (i) 
x-y=60° ...(ii) 
On adding Eqs. (i) and (ii), we get 
2x = 960° 

Fas x = 480° 
On putting x = 480° in Eq. (i), we get 

480° + y = 900° 
s y = 420° 
.. Hence, the angles are 480° and 420°. 


Example 6. One angle of a quadrilateral has measure 
2n° 

= and the measures of other three angles are in the 
ratio 2: 3: 4. Find their measures in radians and in 
degrees. 


c fe} 
Sol. One angle = lene 0) =72? 
5 R) Tl 


Since, measures of other three angles are in the ratio 
2:3: 4. Let the angle be 2k, 3k and 4k measured in degree. 


“. Sum of all angles of quadrilateral = 360° 
72° + 2k + 3k + 4k = 360° 
9k = 288° => k = 32° 
.. The other three angles are 
2k =2 x 32 = 64° 


=> 
> 


3k =3 X32 = 96° 

4k = 4 x 32 = 128° 
.. The other three angles measured in degree are 64°, 96° 
and 128°. 


The angles in radians are 


180 
bee nm \ _ bn" 

96 96 X 
180° 15 


nm) 32n° 
128° =| 128 x = 
180 45 


64° = [ x 


.. The other three angles measured in radian are 


16m 87° 32m 
a and : 
45 15 45 


Example 7. Express the following angles in radians. 


(i) 120° (ii) — 600° 
(iii) — 144° 
Sol. (i) 120° = [10 x” ae 
130) 3 
(ii) — 600° --( s00x =] oe 
180 3 
(iii) uae =[ 144 x = )- eal 
180 5 


Example 8. If the three angles of a quadrilateral are 
5 
60°, 608 and a Then, find the fourth angle. 


Sol. First angle = 60° 
90 
Second angle = 60° = 60 x — degrees = 54° 
100 


5 X 180 
= 150° 


Third angle = * radian = 
Fourth angle = 360° — (60° + 54° + 150°) = 96° 
Example 9. In a circle of diameter 40 cm, the length 


of a chord is 20 cm. Find the length of minor arc 
corresponding to the chord. 


Sol. Let arc AB=S. It is given that OA = 20 cm and chord 
AB = 20 cm. Therefore, AOAB is an equilateral triangle. 


Hence, ZAOB = 60° 


fexal-l ( 


arc 


Now, 0= 
radius 
nm S 207 
=> = — a cm 
3 20 3 


Example 10. In the circle of 5 cm. radius, what is the 
length of the arc which subtends and angle of 33°15’ at 


the centre. 


15 (1) 
Sol. Here, r =5 cm; 15’ = — =| — 
60 


f, . 133: 


0 = 33°15’ = 33+ ry degrees 


133 Tt 133 22 1463 


— x = x = radians 
4 180 4 7X180 2520 
Now, 9 =— 
r 
1463 65 
[=@8r= x 5 =2— cm (approx.) 
2520 72 


Example 11. The minute hand of a watch is 35 cm 
long. How far does its tip move in 18 minutes? 


use 1 = — 
[en] 


Sol. The minute hand of a watch completes one revolution in 
60 minutes. Therefore the angle traced by a minute hand 
in 60 minutes = 360° = 27 radians. 


.. Angle traced by the minute hand in 18 minutes 


18 . 310 ; 
= 27 X — radians = radians 


Let the distance moved by the tip in 18 minutes be J, then 
l=r0 
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= 66cm 


=35 x oe =21n =21 x 22 
5 7 


Example 12. The wheel of a railway carriage is 40 
cm. in diameter and makes 6 revolutions in a second; 
how fast is the train going? 


Sol. Diameter of the wheel = 40 cm 


.. radius of the wheel = 20 cm 

Circumference of the wheel = 2mr = 27m x 20 = 407 cm 
Number of revolutions made in 1 second = 6 

.. Distance covered in 1 second = 407 x 6 = 2407 cm 


“. Speed of the train = 2407 cm/sec. 


Example 13. Assuming that a person of normal sight 
can read print at such a distance that the letters 
subtend an angle of 5’ at his eye, find the height of 
the letters that he can read at a distance of 12 metres. 


Sol. Let the height of the letters be h metres. 


Now, h many be considered as the arc of a circle of radius 
12 m, which subtends an angle of 5’ at its centre. 


] T Tl 
6 =5’=| — x — |radians = radian 
60 180 12 x 180 


and r=12m 


Tl T 
h=r0=12x = metres ~ 1.7 cm 
12 x 180 180 


Exercise for Session 1 


1. The difference between two acute angles of a right angle triangle iss rad. Find the angles in degree. 


2. Find the length of an arc of a circle of radius 6 cm subtending an angle of 15° at the centre. 


3. Ahorse is tied to post by a rope. If the horse moves along circular path always keeping the tight and describes 
88 m, when it has traced out 72° at centre, find the length of rope. 


Find the angle between the minute hand and hour hand of a clock, when the time is7 :30 pm. 


5. If OQ makes 4 revolutions in ‘1s, find the angular velocity in radians per second. 


6. Ifatrainis moving on the circular path of 1500 m radius at the rate of 66 km/h, find the angle in radian, if it has 


in 10 second. 


7. Find the distance from the eye at which a coin of 2.2 cm diameter should be held so as to conceal the full moon 


with angular diameter 30’. 


8. The wheel of a railway carriage is 40 cm in diameter and makes 7 revolutions in a second, find the speed of train. 


9. Assuming that a person of normal sight can read print at such a distance that the letters subtend an angle of 5’ 
at his eye, find the height of letters that he can read a distance of 12 m. 


10. For each natural number k, let C, denotes the circle with radius k cm and centre at origin. On the circle C,, a 
particle moves k cm in the counter-clockwise direction. After completing its motion onC,, the particle moves on 
Cx, in the radial direction. The motion of the particle continues in this manner. The particle starts at (1, 0). If 
the particle crosses the positive direction of the x-axis for the first time on the circle C,, then n is equal to 


Session 2 


Definition of Trigonometric Functions 


Definition of Trigonometric 
Functions 


An angle whose measure is greater than 0° but less than 
90° is called an acute angle. 


In a right angled triangle ABC, ZCAB = A and ZBCA = 90° 
= t/2. AC is the base, BC the altitude and AB is the 
hypotenuse. We refer to the base as the adjacent side and 
to the altitude as the opposite side. There are six 
trigonometric ratios, also called trigonometric functions 
or circular functions with reference to ZA, the six ratio 
are 


A Cc 


BE = pppasite a) is called sine of A, and written as 


AB hypotenuse 
sin A. 


BE esiacent siasg is called the cosine of A, and written 


AB hypotenuse 
as cos A. 
ne as sled is called the tangent of A, and written 


as tan A. 


adjacent side 


AB _ hypotenuse 


, is called cosecant of A, and written as 
BC _ opposite side 


cosec A. 


AB _ hypotenuse 


= , is called secant of A, and written as 
AC opposite side 


sec A. 


= = sues ous is called cotangent of A, and written 


BC opposite side 
as cot A. 


Since, the hypotenuse is the greatest side in a right angle 
triangle, sin A and cos A can never be greater than unity 
and cosec A and sec A can never be less than unity. 


Hence, |sin A| <1, cos A| <1], |cosec A|21,|sec A| 21, 
while tan A and cot A may have any numerical value lying 
between — 0 to +09, 


Note 
Student must remember the following results 
(i) -1<sinA<1 (ii) -1<cosA<1 
(iii) cosec A= 1orcosec A< -1 (iv) sec A=>1 or secAs-1 
(v) tanAeR (vi) cotAeR 


Some values of Trigonometrical Ratios 


Students are already familiar with the values of sin, cos, 
tan, cot, sec and cosec of angles 0°, 30°, 45°, 60° and 90° 
which have been given in the following table 


0° 30° 45° 60° 90° 
sin 0 I I V3 1 
2 J2 ae 
cos 1 /3 ES al 0 
P a8 
tan 0 1 1 3 undefined 
3 
cot undefined jz 1 i 0 
af 3 
sec 1 2 J2 2 undefined 
al 
cosec undefined 2 V2 2 1 
3 


Trigonometric Identities 


Trigonometric identities are equalities that involve 
trigonometric functions that are true for every single 
value of the occurring variables. In other words, they are 
equations that hold true regardless of the value of the 
angles being chosen. 


Trigonometric identities are as follows 
1. sin? A+cos” A=1 => cos’ A=1-sin’ A 
or sin? A=1—cos’ A 
2.1+ tan’ A=sec’A => sec’ A—tan’ A=1 
3. cot? A+1=cosec” A 


=  cosec?A-cot? A=1 


oe sin A cosA 


and cot A= 
cosA 


sin A 
5. Fundamental inequalities: For0 <A <m /2; 
sin A 1 

A cosA 


6. It is possible to express trigonometrical ratios in terms 
of any one of them as, 


0<cosA< 


, 1 
sin § = —_____., 
4{1+cot’?@ 
t 
cos8 = Cone , tan = 


cot’ 


4{1+cot’ 0 
4{1+cot’@ 
cosec 0 =./1+cot’ 0, secO = ~—___ —_ 


cotO 


ie. all trigonometrical functions have been expressed 
in terms of cot 0. 


Similarly, we can express all trigonometric function 
in other trigonometric ratios. 


Example 14. Show that 2(sin° x+cos° x) 
— 3(sin’ x+cos* x)+1=0. 
Sol. 2(sin® x +cos® x) — 3(sin* x + cos* x) +1 
=2(sin’ x)’ +(cos’ x)’]— 3(sin* x + cos* x) +1 
=2(sin® x+ cos* x)’ —3sin’ x cos* x 
(sin? x + cos’ x) — 3[sin® x + cos’ x)’ —2sin’ xcos’ x]+1 


= 2[1+3sin’ x cos” x]—3[1 —2sin’ x cos’ x] +1=0 


Example 15. Show that 
(i) sin? A—cos® A=(sin? A—cos? A) 
(1—2sin? A-cos? A) 
1 t .. 4 1 
sec A—tanA cosA ~ cos A ~ sec A+ tanA 


(ii) 


Sol. (i) L.H.S. =sin*® A — cos* A =(sin* A)’ —(cos* A)’ 
=(sin* A —cos* A)(sin* A + cos* A) 
=(sin’ A — cos’ A)(sin* A + cos’ A) 
[(sin’ A + cos’ A)’ —2sin’ A cos’ A] 
=(sin’ A — cos’ A)(1—2sin’ Acos’* A) 
[sin? A+ cos’ A =1] 


nde. eae 1 1 1 1 

(ii) Given, = 
secA-—tanA cosA cosA_ secA+tanA 
1 1 1 1 
or + = 
secA—tan A secA+tanA cosA _ cosA 
2 

Here, R.H.S. = 


cos A 
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1 1 
sec A —tanA secA+tanA 


Now L.H.S. = 


_ secA+tanA+secA-tanA _ 2 
(sec A — tan A)(sec A +tan A) 
Thus, L.H.S. = R.HLS. 


cos A 


Example 16. If tan6 + sec 6 =1.5, find sin®, tan 


and sec 0. 
Sol. Given, sec@ + tan 0 = ; ...(i) 
1 2 ¥ 
Now, sec@ — tan8 = = (ii) 
sec8+tanO0 3 
Adding Eqs. (i) and (ii), we get A 
3.2 13 
2secQ =—+-—=— 
2° 3 
13 
sec 8 = — 5 - 
5 
tan 8 = — 
12 
5 B 12 CG 
and sin 8 =— 
13 
cos" A sin’ A 


Example 17. If 


——— =], then prove that 
cos*B sin’ B P 

(i) sin’ A+sin" B=2sin’ Asin’ B 

cos*B sin’ B_ 


ge 
cos* A sin? A 
4 A 4 A ; 
Sol. Given, <°* 5 an — =1(cos’ A + sin’ A) 
cos” B sin* B 
“A in’ A 
or bia = cos’ A =sin? A - =~ P 
cos* B sin* B 
2 24 2 2 Dp ot 
- cos’ A(cos a cos“ B) = ein? A (SID B as A) 
cos’ B sin® B 
2 8 
or — # (cos’ A— cos’ B)= a A 
cos’ B sin” B 
[(1 — cos’ B)—(1 — cos’ A)] 
2A * 2A 
or = 5 (cos’ A — cos’ B)= sie (cos’ A— cos” B) 


a: 
sin 


sin’ A 
ee 2 =0 
sin* B 


When cos” A— cos” B = 0, we have 


cos’ B 
2 
cos’ A 


cos’ B 


or (cos’ A— cos? a 


cos’ A = cos’ B ...(i) 
2 Lees 
A A 
When a 7 a = 0, we have 
cos’ B_ sin* B 


2 om 4 ee 2 
cos’ A sin“ B=sin* A cos” B 
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or cos’ A(1 — cos” B) =(1— cos” A) cos* B 2p _ _4xyY 
or cos’ A — cos’ Acos’ B= cos’ B— cos’ A cos’ B nee (x+y) 
or cos” A =cos” B ...(ii) Weknow _ sec’0>1 and aoe <1 [as AM = GM] 
Thus, in both the cases, cos’ A = cos’ B. Therefore, (ety) 
1-sin? A =1-sin’ Borsin’ A=sin’ B ...(iii) = — sec’8 = = Y is only possible if sec*® = 1 

(i) LHS. =sin* A +sin‘ B Axy . 

=(sin’ A — sin’ B)’ +2sin’ A sin’ B a (x+y) = Bee 

=2sin’?Asin*°B=RHS. [-sin’ A=sin’ B] or 4xy =(x + y)’ Vx,yeR 

4 +4 4 4 + 

ious = S88 ae sak ap iio. re 

= cos’ B+sin®B=1=RHS. oe an Vv ne Rt 


Example 18. If tan? 6 =1-e’, prove that 


3 
sec 0 + tan® 6 cosec 6 =(2—e7)? 


re 1, 
Example 20. Show that the equation sin @ = x + — is 
x 


impossible if x is real. 


: 290~4_,2 1 
Sol, Given, tan’ ® =1—e Sol. Given, sin 8 = x + — 


Now, L.H.S. = sec 9 + tan’* 0 cosec 0 x 
‘ 1 
3 , cosec 8 a sin? 0 =x? + + 2x 
=sec0|1+ tan” @ ——— xe x 
sec 0 
axl 45e9 
= sec 0(1 + tan’ 0 - cot 0) = sec O(1 + tan* 0) = sec O sec’ 0 =, x? — 


3 3 3 3 z a < . : 
= sec? 6 =(sec? 6)? =(1 + tan?6)? = (1+ 1—e2)? =(2— e2)? which is not possible since sin’ 0 <1 


Example 19. For what real values of x and y is the 


Axy 


equation sec * @ = ——~— possible? 
4 bag 


Exercise for Session 2 


1. Prove that (cosec 6 — sin 8) (Sec 8 — cos 8) (tan 6 + cot 8) = 1. 
2. \fcos? « —sin? « = tan’ B, then show that tan? « = cos” B - sin’ B. 
3. If sin® 6+ cos® 6-1=Asin? Ocos? 6, find the value of A. 
4. \facos 0-bsinO= c, then find the value of a sin 8+ b cos 0. 
5. Find the value of 3(sin x — cos x)’ + 6(sin x + cos x)? + 4(sin® x + cos® x). 
6. Ifsin 6 + cosec 0 =2, then find the value of sin?° 6 + cosec?°6. 
7. Let F(x) = : (sin‘ x + cos* x), where x €R andk >1, then find the value of F,(x) —F,(x). 
8. If sin’ x } cos! x = : then show that sin’ x } cos? x — d é 
2 3 5 8 27 125 


9. Ifcot 0+ tan @ =x andsec 0 -cos 0 = y, then show that sin 0-cos e=_orsin 0-tan 0=y 
x 


213 213 _ 4 


—(xy”) 


10. \fsin A+ sin? A+sin® A =1, then find the value of cos® A —4 cos* A+ 8 cos? A. 


or (x*y) 


Session 3 


Application of Basic Trigonometry on Eliminating 
Variables or Parameters and Geometry 


Application of Basic 
Trigonometry on Eliminating 
Variables or Parameters 


As we know, parameter are those values which could 
vary, e.g. 0 if parameter could take any value as; 


6 =0°, 30°, 45°, 60°, 90°, 120°, ... 
Thus, to eliminate these parameter, we have to use basic 


trigonometric formulae, it could be more clear by some 
examples : 


Example 21. If cosec 6 — sin@ =m and 
sec 8 — cos 8 =n, eliminate 0. 


Sol. Given, cosec 8 — sin 9 = m or, — —sinOd=m 
sin 
1-sin’ 0 cos’ 0 . 
or, - = - = ...(i) 
sin 8 sin 8 
Again sec 8 —cos0 =n 
or —cos8=n 
cos 8 
1— cos’ 0 sin’ 0 sa 
or =n =n ...(ii) 
cos 8 cos 0 
cos’6 
From Eq. (i) sin = ...(iii) 
cos* 0 : 
Putting in (ii), we get = n or, cos* 8 = mn 
m* cos 9 
ea 2 
“. cos 8 =(m’n)3 or, cos’ 8 =(m’n)3 ...(iv) 
2 
eer ts cos’ 0 m’n)3 
From Eq. (iii), sin 8 = ee) 
m 
oe: 
m3n3 Ee z 
= = m'n3 =(mn’)3 
m 
sin’? =(mn’)3 ...(v) 


Adding Eqs. (iv) and (v), we get 
2 2 


(m’n)3 + (mn?)3 = cos’ 0 +sin’ 0 
2 2 
or, (m’n)3 +(mn’)3 =1 


Example 22. If 3sin6 +4cos0 = 5, then find the 
value of 4sin® — 3cos0. 


Sol. Let 4sin®0 —3cos8 =a ..-(i) 


Thus, we want to eliminate 0 from both 3sin8 + 4cos0 =5 
and 4sin@ — 3cos@ = a, i.e. squaring and adding these 
equations, we get 
(3sinO + 4cos0)’ + (4sin® — 3cos0)’ =25+a° 
9sin’®@ + 16cos’@ + 24sin@ cos 
+ 16sin’O + 9cos’O — 24cos@ sin® = 25+ a° 
9+16=25+a° or a =0 
a=0 
4sin® — 3cos0 =0 


Example 23. If asec a —c tana =d and 
bseca+dtana =c, then eliminate a from above 
equations. 
Sol. Here, aseca — ctana =d and bseca + dtana =c could be 
written as 
(i) 
(ii) 


a=dcosa + csina 
and b=ccosa — dsina 
On squaring and adding Eqs. (i) and (ii), we get 
a’ +b’ =(dcosa + csina)’ +(ccosa — dsina)’ 
> a’ +b’ =d’ cos’ + c’sin’o +2dc cosa sina, 
+c’ cos’a + d’sin’ a—2cd cosa sina. 
= d*(cos’a +sin’?a)+ c*(sin’a + cos’) 


a+b=c4+d’ 


Example 24. Eliminate 6 between the equations 
asec § +b tan6+c =O and psec 0+ qtan6+r=0. 


Sol. Given asec0+btanO0+c=0 ..(i) 
and psecO0+qtanO+r=0 (ii) 
Solving Eqs. (i) and (ii) by cross multiplication method, we 
have 

sec 8 tanO _ 1 
br-—qce pce-ar aq-pb 


(i) (ii) (iii) 
From Eqs. (i) and (iii), we get 
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br — qc si 1 
sec 8 = ...(iii) a xyz = — : ; : 
aq — pb sin” 8 cos” @ (1 — sin” @ cos” 0) 
From Eqs. (ii) and (iii), we get _ (1-sin’ 8 cos’ 0) +(sin® 8 cos’ 0) 
nit ...(iv) sin’ 0 cos’ 6 (1 — sin’ 6 cos’ 6) 
pe — pb _ 1 1 
sec’ 8 — tan’ 0=1 sin’? @ cos?0 1-sin’ 6 cos’ 0 
2 2 
br — qc pe-ar| _, =xyt+z 
aq — pb aq — pb 


oF (br ~ qe)" ~(pe ~ ary =(aq ~ pby Application of Basic 
Example 25. If x =sec 0 -tan@ and Trigonometry in Geometry 


et a aa Example 28. If in given fig, tan (ZBAO) = 3, then find 


Sol. xy +1 -( _ | 10s | +1=L7sind + cose the ratioBC:CA, 
_ (sin’ 6 + cos’ @) (sin ® — cos 0) 
sin 8 cos 0 sin 8 cos 0 
= (tan 8 + cot 8) —(sec 8 — cosec 8) c 
=(cosec 8 + cot 0) —(sec 8 — tan 8) =y- x 
Example 26. If x =rsin6 cos 6, y =rsin®@ sin and : ) 
z=rcos 0. Find the value of x* + y* +z?. O A 
Sol. Here, Sol. From Fig., we have 
x+y’? +z’ =r’ sin’ 0 cos’ 0+r’ sin’ 6 sin’ 0+ r* cos’ 8 tan 0 =3 
= r’ sin? @(cos? o + sin? o) +r? cos? 6 In AOCA and AOCB respectively, we get 


OC 


OC 
=r’ sin’ 2 2 = tan 0, = cot 0 
r° sin®8+r° cos’ 0 C BC 


= On dividing, we get 


bp Pe Sr 5s BC _tan® _ 1 on?0=9 
2 AC cot® 
Tt 
Example 27. IFO<0 <—, x= Y'cos*” 6, => BC: AC =9:1 
n=0 

% # Example 29. If angle C of triangle ABC is 90°, then 

y= yi sin” 0 and z= Y'cos * 9-sin™ 0, then show ce : 
= Fear prove that tanA+ tanB 2 (where,a, b, c are sides 

xyz=xy +z. 


opposite to angles A, B, C, respectively). 
Sol. Here, x = ¥\ cos” 0 =1+ cos’ 0 + cos* 8 + cos® 0 +... 0 Sol. Draw AABC with ZC =90°. We have 


n=0 2 2 2 
ab a+b Cc 
1 1 tan A+ tan B=—+—-—= = 


=— boa ab ab 
1-—cos’@_ sin’ 0 


A 
[using, S,, = sum of infinite GP] 
1 1 
Similarly, = = - iy 
- x 1-sin’@ cos’@ b 
and Z= 7 : 5 
1-sin* 8-cos* 0 
B 
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Example 30. In triangle ABC, BC = 8, CA=6, and AB Ps and RQ intersect at a point X on the circumference 
=10. A line dividing the triangle ABC into two regions of the circle, then prove that 2r =./PQ xRS. 


of equal area is perpendicular to AB at point X. Find Sol. From Fig. we have 
the value of 2. ED | BG 
V2 PR 2 
Sol. 


Scareund =a 
PR 


We have area of AXYB = ; area of AABC 


1ixy)-(xB)=1x1% AC x BC 
2 ab 


{222| _8X6_,, 


2 2 
or xXx tan B= 24 [. y = x tan B] 
is oo AC POL RS 
or iG ria [fe aS a PR * PR 
or x? =320rx = 4/2 or (PR)’ = PQ x PS 
or (2r)’ =POQ x PS 
Example 31. Let PQ and RS be tangents at the Pe ar = [POX PS 


extremities of the diameter PR or a circle of radius r. If 


Exercise for Session 3 


If sec 8+ tan 6 =k, find the value of cos 0. 
If x sin? 6+ y cos® @=sin Ocos @and x sin 6 = y cos 8, Find the value of x? + y”. 


If sin A+ cos A=m andsin* A+cos* A=n, prove that m? — 3m + 2n =0. 


2 2 
Ifsin? 9=* *Y *1 Find the value of x and y. 


If sin 6-6 cos 0 =17 cos 0. Prove that cos 0+ V6 sin 0 - V7 sin 0 =0. 


Ifsin x + sin y + sinz =3. Find the value of cos x + cos y + cos z. 


If bis cos 6+ ef sin 0=1, = sin 6- x cos 9 = 1, then eliminate 0. 
a b a b 


2 —_ _ 
Ifa sin? x + b cos* x =c,b sin? y + acos* y =d anda tan x =b tany, then prove that 2 si enies). 
b? (b—c)(b —d) 


eo SB NOGA KRWHN A 


Ifa +b tan@=sec 0andb —a tan 0 =3 sec 8, then find the value of a? + b?. 


= 
S 


Two circles of radii 4 cm and 1 cm touch each other externally and 8 is the angle contained by their direct 


common tangents. Find the value of sin , + cos : 


Session 4 


Signs and Graph of Trigonometric Functions 


Signs of Trigonometric 
Functions 


The signs of the trigonometric ratios of an angle depend 
on the quadrant in which the terminal side of the angle 
lies. We always take OP =r to be positive (see figure). 
Thus the signs of all the trigonometric ratios depend on 
the signs of x and/or y. 


¥ 
R 
Cy, 
ae 
X's ae i x +X 
Ww y 


An angle is said to be in that quadrant in which its 
terminal ray lies 


For positive acute angles this definition gives the same 
result as in case of a right angled triangle since x and y 
are both positive for any point in the first quadrant and 
consequently they are the length of base and 
perpendicular of the angle 0. 

vA 


Second quadrant} First quadrant 
(sin, cosec | (ail are positive) 


are positive) 
x’< > xX 
O 
Third quadrant] Fourth quadrant 
(tan, cot (cos, sec 


are positive) are positive) 


b A 


y’ 

1. Clearly in first quadrant sin 8, cos 9, tan 9, cot 0, sec 8 
and cosec @ are all positive as x, y are positive. 

2. In second quadrant, x is negative and y is positive, 
therefore, only sin 0 and cosec 0 are positive. 


3. In third quadrant, x and y are both negative, 
therefore, only tan® and cot are positive. 


4. In fourth quadrant, x is positive and y is negative, 
therefore, only cos@ and sec 0 are positive. 


Quadrant > I I il IV 


sin 8 + + - — 


cos0 + - - + 


tan 0 + - + = 


cosec 8 + + - - 


secO + = = + 


cot0 + - + = 


Variation in the Values of 
Trigonometric Functions in Different 
Quadrants 


We observe that in the first quadrant, as x increases from 


Tw . 3 : 
0 to —, sin x increases from 0 to 1 and in the second 
2 
i Tl : 
quadrant as x increases from — to 7, sin x decreases from 
2 
1 to 0. 


; : 3m CO 
In the third quadrant, as x increases from 1 to —, sin x 
2 


decreases from 0 to —1and finally, in the fourth quadrant, 


: : : 31 
sin x increases from —1to 0 as x increase from — to 27. 
2 


Function 1st quadrant and 3rd quadrant 4th quadrant 
quadrant 
sin 0 T from 0tol J from1to0 J from0to T from-to 
| 0 

cos 0 from 1to0 lfrom0to 7 from-—I1to T from 0 to 1 
~] 0 

tan 0 T from 0 to co T from—- 7 from 0 to « T from — °° 
to 0 to 0 

cot 0 J fromoto0 Jfrom0to J frometo0 VY from 0 to 

sec 0 T from ltoc T from-co J from—Ito J from-to 1 
to-1 — oo 

cosec@ J frometol Tfrom1 toc Tfrom-—o J from-to 


to-1 — oo 


Note 
+ coand — care two symbols. These are not real numbers. When 
we say that tan @ increases from 0 to cas Ovaries from 0 to . it 


means that tan@ increases in the interval (0 4 and it attains 


arbitrarily large positive values as @ tends to > This rule applies to 


other trigonometric functions also. 


Graphs of Trigonometric 
Functions 


As in case of algebraic function, we can have some idea 
about the nature of a trigonometric function by its graph. 
Graph has many important applications in mathematical 
problems. We shall discuss the graphs of trigonometrical 
functions. We know that sin x, cos x, sec x and cosec x are 
periodic functions with period 27 and tan x and cot x are 
trigonometric functions of period 7. Also if the period of 


function f(x) is T, then period of f(ax +)) is 7 
a 


Graph and Other Useful Data of 


Trigonometric Functions 
1. y= f(x) =sin x 
Domain —> R, 
Range >[-1,1] 


Period > 27 


2. y= f(x) =cos x 
Domain > R, Range >[-1, 1] 
Period > 27 


3. y=f(x)=tan x 


Domain > R ~(2n+1)5,nel 
2 


Range — (— 9, c) 
Period > Tt 
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< 


4. y= f(x) =cot x 
Domain > R ~ nt, née I; Range > (— -, °°); Period > 


Tl, 


A 


Mla 


5. y=f (x) =sec x 


Domain > R ~(2n+1)=,ne I 
2 


Range > (— -, — 1]U [1, ~) 


Period — 271, sec 


* x,|sec x |€ [1, ©) 


Seow eed soc oe, 


6. y=f (x) =cosec x 


Domain > R ~ nt, ne I; 


Range > (— -, — 1]U[1, ~) 


. 2 
Period — 2m, cosec* x, | cosec 


x |€[1, -) 


13 
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Transformation of the Graphs of 
Trigonometric Functions 


1. To draw the graph of y = f(x +a); (a>0) from the 
graph of y = f(x), shift the graph of y = f(x), a units 
left along the x-axis. 


Consider the following illustration. 


y=sin (x+1) 


To draw the graph of y = f(x —a);(a>0) from the 
graph of y = f(x), shift the graph of y = f(x), a units 4. Since y =| f(x) | 20, to draw the graph of y =| f(x) 
right along the x-axis. take the mirror of the graph of y = f(x) in the x-axis 


Consider the following illustration. for f(x) <0, retaining the graph for f(x) >0. 


y Consider the following illustrations. 
A 


y = COS x 


y = COS (x-2) 


Here, period of f(x) =|sin x |is 7. 


x y =I|cos x| 


2. To draw the graph of y = f(x) +a;(a>0) from the 


—T —n/2 | | n/2, T 3n/2 Qn 
graph of y = f(x), shift the graph of y = f(x), a units 
upwards along the y-axis. Here, period of f(x) =|cos x |is 7. 
To draw the graph of y = f(x) — a;(a>0) from the A ae 


graph of y = f(x), shift the graph of y = f(x), a units 
downward along the y-axis. ee eee io ie oat aisle ie 


y=cos x+1 


Y=COS X 


Some Important Graphical Deductions 


To find relation between sin x, x and tan x 


(i) 


y=x 


Thus, when —c0 < x <0 


=> sinx>x 


(ii) Y 
A tan x= y 
se ear 
= A i) 
4 bi ‘ 
O| mia . 
4 12 
Tl 
tan x > x, when0>x >— 
2 
(iii) In general, 
A tanx y=x 
mt 
q 
sin x 
>X 
O 


Thus, tanx >x >sinx,VxeE [0 =) 
2 


< T 
andsin x > x>tanx,vxe(~2,0} 
2 
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Example 32. Find the values of the other five 
trigonometric functions in each of the following 
questions 


(i) tan = 2. where 8 is in third quadrant. 
(ii) sin® = = where @ is in second quadrant. 


Sol. (i) Since 0 is in third quadrant, 
“. Only tan 8 and cot 6 are positive 


5 
Now, tan 9 = — 
12 
12 
Therefore, cot 0 =—, 
5 
5 
sin 8 = — —, 
13 
13 
cosec = — — 
5 
12 13 
cos8 = —— and sec0=- —. 
13 12 


(ii) Since 0 is in the second quadrant, 


.. Only sin 6 and cosec 0 will be positive. 


3 
Now, sin@=-. 
5 
Therefore, 
5 4 
cosec 8 = —, cos 8 = — -, 
3 5 
5 
sec 8 = ——, tan®0 =—- 
4 
4 
and cot§8 =-—. 
3 


Example 33. If sind = = and 6 lies in the second 


quadrant, find the value of sec 6 + tan@. 
Sol. We have sin’ 6 + cos’ 0 =1 
> cos 0 = +,/1-sin? 0 
In the second quadrant, cos 0 is negative 


cos 9 = —.4/1—sin’ 0 


1 sin0 1+sin0 
+ = 


Now, sec 8 + tan 8 = 


cos@ cos ® cos 8 
12 
_ itsinO _ “ae 
—i-sin? 6 / (2) 
13 
25 25 
_B BL, 
202 9 
-|2 13 


15 
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Example 34. Draw the graph of y = 3sin2x. In order to draw the graph of y = cos [= - =) we draw the 


Sol. sin x is a periodic function with period 27, therefore, eeapioly = cog wandlchit ihe the richtsidethrousis 


: . eee . . 4 2 
sin 2x will be a periodic function of period 2] =1 diaeek snk 
4 


Also -—1<sin 2x <1 
—3<3sin 2x <3 


is Example 36. Which of the following is the least? 
In order to draw the graph of y = 3sin 2x, draw the graph of 


(a) sin 3 (b) sin 2 

(d) sin7 

it is k. For example, write 15° in place of 30°, 45° in place of Sol. (a) sin 3 = sin[n — ( — 3)] = sin(m — 3) =sin (0.14) 
90° etc. sin 2 = sin[m —(1 — 2)] 


y =sin x and on X-axis change k to zi Le. write si wherever (c) sin1 


On Y-axis change k to 3k, i.e. write 3k wherever it is k for 
example, write 3 in place of 1, — 3 in place of — 1, 1.5 in place 
of 0.5 etc. 


The graph of y = 3 sin2x will be as given in the figure. 


= sin(m — 2) =sin (1.14) 
sin 7 = sin[2n +(7 — 27)] 
= sin(7 — 27) =sin (0.72) 
Now, 1.14 >1>0.72 > 0.14 
> sin (1.14) >sin 1 >sin (0.72) > sin (0.14) 
[as 1.14, 0.72, 0.14 lie in the first quadrant and sine 
functions increase in the first quadrant] 


Hence, among the given values, sin3 is the least. 


Alternate solution 


Example 35. Draw the graph of y =cos [. - 4 


Sol. Given function is y =cos [s - = ...(i) 


; oo From the graph, obviously sin3 is the least. 
Given function is Y = cos X, where 


Example 37. Find the value of x for which 


f(x)=./sin x —cos x is defined, x € [0,27]. 


X=x-Zand¥=y 


or Y=0=> y=0Oand X =0 

Tl Tl Sol. f(x) =,/sin x — cos x is defined if sin x > cos x. 
=> x =0> x= 

4 4 


> X 


. TM ST 
From the graph, sin x = cos x, for x € E I 
4 4 
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Example 38. Solve tan x>cot x, where x € [0,27]. 


Sol. Ya 


1 
' 

Sead ee oe Mg re eee ag wa 
fl 
1 
1 
Il 
1 


ee bo pe Shs Varo eesti ee kl 


t 
' 

- 

' 

fl l 

' It 

i ' Il 
i i 

i 

fl 

It 

fl 

i 


m/4 j n/2 On 
mt pee YE - 
We find that tan x = cot x. Therefore, the values of tan x From the graph, it is clear that 
are more than the value of cot x. e(ZZ\u 3m ae 5m 30 “ 71 dee 
That is, the value of x for which graph of y = tan x is above i 4.2 4° 4° 2. 4°. CdS 


the graph of y = cot x. 


Exercise for Session 4 


1. Iftanx =- > “ <x <2n, find the value of 9sec* x —4cot x. 

2. Show thatsin? x =p + (8 impossible if x is real. 

Ifcos x = and x lies in the fourth quadrant find the values of cosec x + cot x. 
Draw the graph of y =sin x and y =sin 7 


Draw the graph of y =sec’ x — tan? x. Is f(x) periodic? If yes, what is its fundamental period? 


ono KR & 


Prove that sin 0 < 0 < tan 0 for Oe (0 5} 


7. Find the value of x for which f(x )=./sin x —cos x is defined, x € [0,27]. 
Draw the graph of y =sin x and y =cos x,0< x <2n. 


9. Draw the graph of y =tan(3x). 
V15 


10. \fcos x =- ~~ and <x <7, find the value of sin x. 
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Trigonometric Ratios of any Angle 


Trigonometric Ratios of any Angle 


Consider the system of rectangular coordinates axis 


dividing plane into four quadrants. A line OP makes angle 
8 with the positive x-axis. The angle @ is said to be positive 


if measured in counter clockwise direction from the 
positive x-axis and is negative if measured in clockwise 


direction. 


The positive values of the trigonometric ratios in the 


various quadrants are shown, the signs of the other ratios 


may be derived. 


¥ 
A 


Quadrant II (S 
sin 0, cosec 0, +ve 


Quadrant | (A) 
All ratio +ve 


Quadrant III (T) 
tan 6, cot® +ve 


Note that ZXOY = x ZXOY’ =n, ZXOY’ = * 


> 


Quadrant IV (C) 
cos 8, sec 8 +ve 


P.Q, is positive if above the x-axis, negative if below the 
x-axis, OP. is always taken positive. OQ, is positive if 


along x-axis, negative if in oppositive directi 


sin ZQ,OP, = PQs 
OP. 


i 


cos ZQ,OP, = 0:2 
OP, 


PQ; 


i 


tan ZQ,OP, = 


on. 


[i=1,2,3] 


Thus, depending on signs of OQ, and P.Q,, the various 
trigonometrical ratios will have different signs given 


sin(— 8) =— sin® 
sin( © -6) =cos0 
2 


tan(— 0) =— tan®@ 
tan( 2 -6| =cot0 
2 


cos (= - 0] 
2 

cot( 7 - 0] 
2 


cos(— 8) =cos0 


=sin0 


cot(— 8) =—cot® 


= tanO 


cosec (—0) = — cosec 8 


see( -6) =cosec 9 
2 
sin( © +6| =cos0 
2 
sin(z — 0) =sin® 
tan( = +0) =—cot0 
2 
tan(m —9) =— tan@ 
sec (= + 0| =—cosec@ 


sec(m™ —0) =—sec 8 


sin (z= +0) =—sin® 

sin( = -6| =—cos8 
2 

tan(m +0) =tan®O 

tan( 2 -6) =cot0 


sec (7 +0) =—sec 8 


sec (= - =—cosec@ 
2 
sin( +0] =—cos0 
2, 
sin(27m — 6) =—sin® 
tan( 22 +6] =—cot0 
2 
tan(2m —@) =— tanO 
se +6] =cosec 9 


sec (2m —0) =secO 
sin(2m + 8) =sin0 
tan(27 +0) = tanO 
sec (27 +0) =secO 


sec (—0) =sec 0 
cosee{ © -6) =sec0 
2 
coa( = +6] =-—sin0 
vA 
cos(7™ —9) =-cosO 


cot( + 0] =-—tan0 


cot(z — 0) =—cot® 


cosec (= + 0| =sec 0 


cosec (7 —@) =cosec 8 


cos(m™ +0) =—cos® 


cos( = — =—sin0 
2 


cot(z +8) =cot® 


cot( > -6] = tan 
2 
cosec (™ +0) =—cosec 0 


cosec am —6 |=-secO 
2 
coa( 2 + 0] =sin0 
2 


cos(27 — 8) =cosO 


cot( +6] =-—tanO 


cot(2m — 6) =—cotO 


cosec (= + 0| =—secO 
2 


cosec (2m — 0) = —cosec 8 


cos (27 +0) =cosO 
cot (2m + 0) =cotO 


cosec (27 +0) =cosecO 


Allied angles (or numbers) 


Two angles (or numbers) are called allied iff their sum or 


difference is a multiple of ® For example, ™ and = are 
2 3 


allied, 2 and — - are allied. 


AID TO MEMORY 


You must have been overwhelmed by large number of 
formulae for allied angles (or numbers). Instead of memorising 
all of them, use the following rules 


1. Any trigonometric function of a real number nz + x(n €/), 
treating x as0 <x < = is numerically equal to the same 
function of x, with sign depending upon the quadrant in 
which the arc length (on the unit circle) terminates. The 
proper sign can be ascertained by ‘All — Sin - Tan - Cos’ 
rule. For example, sin(a + x)=—sin x; —ve sign was 


chosen because zt + x lies in the third quadrant and sin is 
—ve in the third quadrant. 


2. Any trigonometric function of a real number (2n + yF + xm 


i Tu. : i 
treating x asO<x< a is numerically equal to cofunction 


of x, with sign depending upon the quadrant in which the 
arc length (on the unit circle) terminates. Note that sin and 
cos are cofunctions of each other; tan and cot are 
cofunctions of each other; sec and cosec are cofunctions 


Tl 
of each other. For example, sec E + x] =—COSEC x, -ve 


. Tl A . 
sign was chosen because 5 + x lies in the second 


quadrant and sec is — ve in the second quadrant. 


|. Method 
To prove cos = + 0| = ¥sin® and sin( + 0| =cos0 


Proof 
ij-—+0 
Be = T +6 +isin( 2 20 
2 2 
a T 1 
> e? e"" =cos( Z0 +isin (Zee 
2 2 
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> i-(cos0 2 sin0) =cos{ * £0) +isin( * £0) 


=> i-cosO Find =cos( 20) +isin( E20 


On comparing real and imaginary part of LHS and 
RHS, we get 


cos( 7 +0] =-sind cos( 7-0 ]= sin 8 


sin( © — 0| =cos0 
2 
ll. Method 


To prove cos(z +0) =—cos@ and sin(z +0) = ¥sin8 
e"*® —cos(n +0) + isin(n +0) 


sin( * + 0] =cos0 


Since, 
> e” -e'* —cos(n +0) + isin(n +0) 
= —(cos(+6@) +isin(+®)) =cos(m +8) + isin(m +6) 


On comparing real and imaginary part, we get 


cos(z +0) =—cos® 
cos(m — 8) =—cos@ 
sin(m +0) =—sin® 
sin(m — 8) =sin® 


Example 39. Prove that 


(i) sin? ® + cos? = tan? = = me 
6 3 4 
(ii) 2sin? © + cosec? ge? a 
6 6 3 2 
a Tt 51 Tt 
(iii) cot? —+cosec —+3tan* —=6 
6 6 6 


=10 


; 9 OTt T T 
liv) 2sin® —+2c0s* —+2sec* — 
4 4 3 


Sol. (i) We have, 


. 27 Tl 
sin + cos tan = 
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(ii) We have, 
21 271 »T 
2sin* — + cosec” —- cos’ — 
6 6 3 


fe) mad 
=for5] set (5) 
a) 


=2 


[.. cosec(7 +0) = —cosec8] 


(iii) We have, 


2 


510 
+ cosec +3tan 


: 
fea ene 
= (V3) +249/ +) 


=3+2+1=6 
(iv) We have, 


Tl 
cot? 


. 2 9Tt Tl T 
2sin® +2cos’ — + 2sec” 


Example 40. Prove that 
cos(90° + 6) sec(—@) tan(180°-0) __ 
sec(360° — 0) sin(180° + 8) cot(90° — 6) — 


cos(90° + 8) sec(— 8) tan(180° — 0) 
sec(360° — @) sin(180° + 8) cot(90° — 0) 
_ (=sin 8)(sec 8) (— tan @) 
(sec 8) (— sin 8) (tan 0) 
=-1 
=RAHS. 


Sol. L.H.S. 


Example 41. Show that tan 1° tan 2°... tan89° =1 


Sol. L.H.S. = (tan 1° tan 89°) (tan 2° -tan 88°)... 
= [tan 1° tan(90° — 1°)]-[tan 2° tan(90° — 2°)] 
.. [tan 44° tan(90° — 44°)] tan 45° 
= (tan 1° - cot 1°) (tan 2° - cot 2°) 
... (tan 44° - cot 44°) tan 45° 
=1 [tan 8 cot 89 = 1 and tan 45° = 1] 


Example 42. Show that 


- 2 2 - 2 2 ] 
sin 5° +sin° 10° +sin* 15° +...+sin a 


Sol. L.H.S. =(sin’ 5° + sin’ 85°) +(sin® 10° +sin’ 80°) +... + 
(sin’ 40° + sin? 50°) + sin? 45° + sin” 90° 
= (sin’ 5° + cos’ 5°) +(sin’ 10 + cos” 10°) 
+... +(sin’ 40° + cos* 40°) + sin’ 45° +sin’ 90° 


2 
1 
sutiersierersiens( 5) +1 
2 


1 
=9-— 
2 


Example 43. Find the value of 


1 2 TU 2 
+ COS + COS 
16 16 16 16 


Tl 23 3 T 
Sol. LHS = ces? ees” oe | eee |e 
16 16 2 


cos” 
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Exercise for Session 5 


1. Find the value of tan ue, 
2. Find the sign of sec 2000°. 
3. The value of cos P + cos 2° + cos 3° +... +. cos 180°. 
4. Find the value of cos(270° + 8)cos(90° — 0) — sin(270° — 8) cos 8. 
5. IfS, =cos” @+sin” 6, find the value of 3S, — 2S,. 
2 2 
6. sin? 9= ie? 8 then x must be. 
7. \fsin x + cosec x =2, then find the value of sin’ x + cosec”® x. 
8. e"* ~e-*"* =A then find the number of real solutions. 
3 : . 4 =a f(T oO 
9. Ifn<a< 3° then find the value of expression ,/4 sin" a + sin® 2a + 4cos (< - 2) 
10. If \cos 6, =n, then the value of }‘sin 6, . 


c= i=1 


Session 6 


Trigonometric Ratios of Compound Angles 


Trigonometric Ratios of 
Compound Angles 


Algebraic sum of two or more angles is called a compound 
angle. If A, B, C are any angles then A+ B, A—B, 
A+B+C,A-B+C,A-B-C,A+B-C, etc., are all 
compound angles. 


Till now, we have learnt the values of trigonometric ratios 
between 0° to 360°. Now, we are going to learn the values 
of trigonometric ratios of compound angles. 


Note 


Trigonometric ratios if i.e. sine, cosine, tan, cot, sec and cosec 
are not distributed over addition and substraction of 2 angles. 
i.e, sin(A+ B) #sinA+sinB 
Proof : A=60°, B = 30° 

sin(90°) # sin60°+ sin30° 


The Addition Formula 


(i) sin(A + B) =sin Acos B+cos Asin B 


(ii) cos(A + B) =cos Acos B-—sin Asin B 
tan A+tan B 


iii) tan(A + B) = —— 
(it ( 1-—tan A tan B 


Let the revolving line starting from the position OX 
describe first ZXOY = A and then proceed further so as to 
describe ZYOZ = B in its position OZ. 


Then, ZXOZ=A+B 
In figure 6.1 A+B <90° and in figure 6.2 A + B>90° 


Let Q be a point on OZ. From Q draw QM | OX and 
OP | OY. From P draw PH | QM. 


Now, ZHPO = ZPOX =A 
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ZOPO = 90° 
ZOPH =90°-A 
ty ZHOQP=A 
In AQOM, 
sin(A +B) = 2M _ OH + HM _QH + PL 


OQ OQ OQ 
_QH | PL_QH QP, PL OP 
0Q OQ QP OQ OP OQ 
_PL OP ,QH OP 

OP OQ OP OQ 


=sin POL- cos POQ +cos HQP - sin POQ 


=sin Acos B+cos Asin B 


From figure 6.1, cos(A +B) = he ee 


0Q OQ 


From figure 6.2, cos(A + B) = OM __ ML-OL 
OQ OQ 


_OL-ML_OL-PH 
~ 0Q 0g 

.. In both cases cos(A + B) 
_OL PH _OL OP PH QP 
~0QO OQ OP OQ OP OQ 


=cos POL: cos POQ — sin PQH - sin POQ 


=cos Acos B-sin Asin B 
In both cases 
QM QH+HM _ QH+PL 


tan(A + B) = 
OM OL-—ML OL-—PH 
QH ‘ PL QH : PL 
— OL OL_ OL OL 
i PH j PH PL 
OL PL OL 
From similar AQPH and AOPL 
OH PH PO 
OL PL OP 
On putting the value from Eq. (ii) in Eq. (i), we get 
PQ, PL 
tan(A + B) = OP OL 
poe! Fe 
OP OL 


_ tanB+tanA _ tanA+tanB 
1-tanBtanA 1-tanAtanB 


.. from APOQ, #2 = tan B, from APOL, a =tan 
| OP OL 


(i) 


(ii) 


a 
| 


Second Proof of Formulae 
1. cos(A + B) =cos A cos B — sin A sin B 


Proof Let O be the centre of a unit circle. 


Let ZLOP = A radian, ZPOQ = B radian, ZLOR =— B 
radian 


(This angle has been measured in clockwise direction) 
Now ZLOQ =A+Band ZROP=A-B 
Since radius of circle is unity 

arc LP =A, arc PQ =B, arc LR=|-—B|=B 


[in formulae 0 = . 0 is always taken a positive] 
r 


Also as radius of the circle is 1. 
.. P =(cos A,sin A), 
Q=cos(A + B), sin(A + B), 
R=(cos(— B), sin(— B) orR =(cos B, 
ALOQ=APOR 
LQ=PR 
> LO? = PR*® 
=> [1-cos(A + B)]’ +[0 -sin(A + B)]’ 
=[cos A—cos(—B)]° +[(sin .A —sin(— B)]? 
= 1+cos*(A+B)—2cos(A + B) +sin’(A + B) 


sin B) 


=(cos A —cos B)* +(sin A —sin B)’ 
=> 1+cos*(A+B)+sin*(A+B) —2cos(A+B) 
=> =cos’ A+cos’ B—2cos Acos B+sin’ A 
+sin® B+2sinAsinB 
> 2 —2cos(A + B) =(cos* A+sin’ A) 
+(cos* B +sin* B) —2(cos Acos B—sin Asin B) 
=> 2-2cos(A+B)=2-2(cos Acos B —sin Asin B) 
=> cos(A + B) =cos Acos B—sin Asin B ...(i) 


2. Putting — B in place of B in (1), we get 


cos(A — B)=cos Acos(— B) — sin A sin (— B) 
=cos Acos B +sin A sin B ...(ii) 
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* sin( AaB) Sisoe [ = (Aa: B)| Comparing real and imaginary parts of the left and right 
| 2 | hand side, we get, 
re 1 cos(A + B) =(cos Acos B ¥ sin Asin B) 
= €O8 (5-4) “Fi sin(A + B) =(sin Acos B cos Asin B) 
Shs (= -a) iB sin 5 - a) sin B TWO VERY IMPORTANT IDENTITIES 
2 2 (a) sin (A+ B)-sin(A-B) 
=sin Acos B+cos Asin B ...(iii) = sin’ A—sin® B =cos* B-cos? A 
sin(A + B) (b) cos (A+ B).cos(A—B)=cos* A-sin’ B 

4. tan(A + B) = een Proof : (a) sin(A+ B)-sin(A—B) 


=(sin Acos B+ cos Asin B)(sin Acos B—cos Asin B) 


_ sin Acos B+cos Asin B Hsin hook Ecieas Aenea 


cos Acos B—sin Asin B = sin? A(1—sin? B)—sin? B(1—sin? A) 
tan A+tan B (iv) =sin® A-sin’ B 
~ 1—tan A tan B os (b) cos(A + B)-cos(A-B) 


=(cos Acos B-sin Asin B) (cos Acos B + sin Asin B) 
=cos* Acos* B-sin’ Asin’ B 

=cos* A(1—sin’ B) —(1—-cos* A)sin® B 

=cos* A-sin? B 


[dividing numerator and 
denominator by cos A cos B] 


5. Putting — B in place of B in (3), we get 
sin(A — B) =sin Acos B—cos Asin B ...(v) 


Gp Rama 2 npiaceOn Bua) Wei Example 44. Find the value of tan105°. 


tan A—tan B F e ° 
tan(A —B) = (vi) Sol. tan 105° = tan(60? + 45°) = 2260 + tan és 
1+ tan Atan B 1 — tan60° tan 45° 
cos(A + B V3 +1 _ (V3 +1) 
7 etaen ea = —(2 +4/3) 
sin(A + B) 1-3-1 1-3 
_ cos Acos B—sin Asin B tan 105° = —(2 + v3) 
pier Scere ee Example 45. Prove that tan70° = tan20° + 2tan 50°. 
cot Acot B-1 6 © 
= ii tan 20° + tan50 
=~ Seal a (vii) Sol, tan 70° = tan(20° + 50°) = 
eo oe 1 — tan20° tan50 
[dividing numerator and denominator by sin A sin B] or  tan70° — tan20°- tan50°- tan70° = tan 20° + tan50° 
8. Putting — B in place of B in (7), we get or tan70° = tan70° tan50° tan50° + tan 20° + tan50° 
—~cot Acot B—1 = cot20° tan50° tan 20° + tan20° + tan50° 
cot(A — B) = aed [-- tan 70° = tan(90° — 20°) = cot 20°] 
—co co 


= 2tan50° + tan20° 
_ cot Acot B+1 wae 
eA (vil) | Example 46. if A+8=45°, then show that 


(1+ tan A)(1+ tanB ) =2. 
tanA + tanB i tan A + tan B 


Third Proof by Complex Number Method Sok tna 4 BY = 


The result of the sine, cosine and tangent of compound 1-tanAtanB’ 1- tan AtanB 

angle can also be derived using the concept of complex [as A + B= 45°, tan(A + B)=1] 
numbers as discussed. Fe tanA + tanB+ tanAtanB=1 

cos(A + B) +isin(A + B) =e“*”) or 1+tanA +tanB+tanAtanB=1+1 


[adding ‘1’ on both sides] 
(1+ tan A) + tan B(1 + tan A) =2 
(1+ tan A)(1 + tan B) =2 


=e. e**) — (cos A + isin A)(cos(+ B) + isin(+ B)) = 
=(cos Acos B ticos Asin B+ isin Acos B ¥sin Asin B) = 
=(cos Acos B ¥sin Asin B) +i(sin Acos A+cos Asin B) 
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tan 495° 


Example 47. Find the value of 
cot 855° 


Sol. tan 495° =tan (2.180° + 135°) = tan 135° = -1 
cot 855° = cot(4.180° + 135° ) 


= cot 135°=—-1 ['.. cot(4.180° + 8) = cot 0] 
tan 495° _-1_, 
cot 855° -1 


Example 48. Evaluate sin ta +(-1)" =| where nis an 


integer. 


Sol. -: sin(m +0) =—-sin® 


*. sin(nt+ 0) =(- 1)" sin® => sn +(-1)" | 


en: 
=(-1) sn 1) id! 


=(- 1)" (- 1)" sin Z ['. sin(— 0) = —sin 6] 
.. sin{(—1)"0} = (—1)" sin® 
1 


V2 
Example 49. Prove that cos 18° — sin 18° = V2 sin 27° 
Sol. RHS. = V2 sin 27° =\/2 sin(45° - 18°) 
= J/2(sin 45° cos18° — cos 45° sin 18°) 


dll 3 1. 3 
= ye — cos 18° — —=sin18 
v2 V2 
= cos 18° — sin 18° 

=1.HS. 


_m . 7 
=(-1)” sin — =sin — = 
4 4 


Example 50. Show that cot [zs x| -cot (= ~ x| =1 


cos|—+x |cos|——-x 
Sol. LHS. = : : 
3 Tl “ v5 

sin} —+x /sin|——-x 


2 7 2 
cos’ — —sin” x 


Example 51. If sina sinB —cos o cos Bh + 1=0, Prove 
that 1+ cota tanB =0 
Sol. Given, sin o sin B —cos © cos B +1=0 
=> cos & cos § —sin a sin =1 
=> cos(a +B) =1 ...(i) 


cosa sin 
Now, 1+ cos @ tanfB =1+ : B 


sina cosB 


_ sina cosB+cosasinB _ sin(a +B) 


sin & cos B sin & cos B 


0 
sin & cos B 


[sin’(a +B)=1- cos(a +B)=1-1=0] 


Example 52. Prove that 
sin(B —C) A sin(C — A) : sin(A —B) 
cosBcosC cosCcosA cosAcosB — 


Sol. First term of L.HLS. 
_ sin(B—C) _ sin B cos C — cos Bsin C 


cos B cos C 


cos Bcos C 


sin Bcos C cos Bsin C 


cos BcosC cosBcosC 


= tan B-tanC 


Similarly, second term of L.H.S. = tan C — tan A and 3rd 
term of L.H.S. = tan A — tanB 


Now L.H.S. = (tan B—- tan C) + (tan C — tan A) 
+(tan A — tan B)=0 


Example 53. Show that tan 75° + cot 75° =4. 


tan 45° + tan 30° 


Sol. tan 75° = tan(45° + 30°) = 
1 — tan 45° tan 30° 


1 
1 a 
* V3 _ v3 +1 
= a, a ...(i) 
iL v3-1 
V3 
and cot 75° = —_ v3—1 ...(ii) 
tan? 4/34 
Now, L.H.S. = tan 75° + cot 75° 
4d 3a 
= + [from Eqs. (i) and (ii)] 
Woo ao ’ 


_ (43 +1)? +(v3 - 1)? 
(v3 — 1) (v3 +1) 


EPs) BN8) 8 pare 
= 7 


nsing cos a 


1—nsin* a 


Example 54. If tanB = . Prove that 


tan(a — 6) =(1—n) tana. 
Sol. tan B = —— a B 
1—nsin* @ 
n sin Q cos & 


2 
cos’ O 


1 nsin’ o 


2 2 
cos cos’ Ol 


[dividing numerator and denominator by cos «] 
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-—_" ae : Example 57. Let A,B, C be the three angles such that 
sec O& —n tan’ o A+B+C=. If tan A- tanB =2, then find the value of 
_ n tan cos Acos B 
1+ tan’o —n tan’ o cos C 
: : pee 5 ..(i) Sol. Given, tan A-tanB=2 
aie 2 ia ips OE OE cos A-cos B 
Now, L.H.S. = tan(a — B) = feng np cos C cos(A +B) 
1+ tana tanB 
aoe [cos C = cos(m —(A + B)=-—cos(A + B)] 
tan & : 
1+(1-n) tan’? o f ‘ = ese! 
n tan OL [from Eqs. (i)] sin A sin B— cos A cos B 
1+ tan © ————. 
1 _ es 


1+(1—n) tan’ o = 
_ tana +(1—7) tan? a —n tana en en Bol oe 
1+(1—n) tan’? a +n tan’ o cos 10° + sin 10° 
Example 58. Prove that ———————_= tan 55°. 
cos 10° — sin10° 


_ (1—n) tana +(1—n) tan’ o 


1+ tan’ o Gt aes 3 a e 5 
Sol cos 10° +sin 10 1+ tan 10 tan 45° + tan 10 
2 . = = 
_ (l= 1) tan o (1+ tan” o) cos 10°—sin10° 1—tan10° 1- tan 45° tan 10° 
2 
Se = tan(45° + 10°) = tan 55° (dividing by cos 10°) 
=(1-n) tana 
2 


: 1 
Example 55. Show that cos* 6 + cos’ (a + 8) Example 59. If sin(A—B)= 10’ eine) 29’ 


—2cos a cos@ cos(% +8) in independent of 0. 
Sol. cos’ 6 + cos*(a& +0) —2 cos & cos Bcos(a + 0) and a 
= cos’ 8 + cos(a + @) [cos(a% +8)-2 cos & cos 0] 


find the value of tan 2A where A and B lie between 0 


= cos? @ + cos(a +0) Sol. tan 2A = tan[(A +B) +(A — B)] 
[cos & cos 8 — sin & sin 8 — 2 cos & cos 8] 3 Se yA 8) 
= cos’ 8 — cos(a + 8) [cos & cos 8 +sin & sin 0] Pola bane 8) 


...(i) 


= cos’ 0 — cos(a + 8) cos(a — 6) Given that,0< A< 7 and0< B< -. Therefore, 


= cos’ 0 — [cos* a —sin’ 0] Tt 
= cos’ @ + sin’ 8 — cos’ @ eee 
= 1 - cos’ a, which is independent of 0. Also, _ <A-Be a3 and sin(A —B) _ 1 
4 4 10 
Example 56. If 3 tan tan  =1, then prove that . jedmage © 
2cos(8 + d) =cos(O — 6). 4 
Sol. Given, 3 tan 0 tan o = 1 or cot 8 cot 0 =3 Now, sin(A —B) = = 
cosOcosd 3 v10 
- sin@singd 1 5 tan(A — B) = : (ii) 


By componendo and dividendo, we get 3 
cos(A + B) = —= 


cosO cosd+sinOsingd 3+1 ao 
cos@ cos gd-sinO@ sing 3-1 
oe we — 6) - > tan(A + B)= ...(iii) 
eek) From Eqs. (i), (ii) and (iii), we get 
or 2 cos(0 + ) = cos(8 — 6) 5 4 
= + as 


tan 2A = 
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Example 60. Prove that (1+ tan 1°) (1+ tan 2°)... 
(14+ tan 45° )=278. 
Sol. (1 + tan x°) (1+ tan(45° — x°)) 


=2 


1-t © 
iste oy ieee) 


1+ tan x° 
“. (1+ tan 1°)(1+ tan 44°) 
=(1+ tan 2°) (1+ tan 43°) 
=(1+ tan 3°) (1+ tan 42°) 


=(1+ tan 22°)(1 + tan 23°) 
=2 
(1+ tan 1°)(1+ tan 2°)...(1+ tan 45°) = 2” 
(as 1+ tan 45° = 2) 


Example 61. If cos(® — y)+cos(y — a) 
+ cos(a — B)=- Prove that 


cos a+cosfh+cos y =sina+sinB+siny =0 
Sol. Given, cos(B — y) + cos(y — a) + cos(a — B) = =: 
or3 +2 cos(B — y) + 2cos(y — %) + 2 cos(a — B)=0 
or 3 + Acos 6 cos y + sin B sin y) 
+ cos y cos & + sin y sin ©) 
+ cos « cos B + sin & sin B) =0 
or (cos’ « +sin’ ) +(cos* B + sin’ B) + (cos’ y + sin’ y) 
+ cos B cos y +sin B sin y)+ 2(cos y cos & + sin y sin ©) 
+ cos & cos B + sin & sin B) =0 
or (cos* & +cos” B + cos” y + 2 cos & cos B + 2 cos B cos y 
+2cos y cos y)+(sin’ @ + sin’ B + sin’ y 
+2sing sinB+2sinB sin y +2sin y sina) =0 
or (cos & + cos B + cos y)’+ (sin & + sin B + sin y)’ =0 
which is possible only when 
cos & + cos $+ cos y =Oandsin a +sin B +sin y =0 


cos 25° + cot 55° 


tan 25° + tan 55° 
cot 55°+cot100° cot100° + cot 25° 
* tan 55° + tan 100° * tan 100° + tan 25° 
cot 55° + cot 100° 
tan 55° + tan 100° 
x cot 100° + cot 25° 
tan 100° + tan 25° 
1 mt 1 nm 1 
tan 55° tan 100° —- tan 55° tan 100° tan 100° tan 25° 


Example 62. Find the value of 


cot 25° + cot 55° 
tan 25° + tan 55° 


Sol. E = 


_ tan 25° + tan 55° + tan 100° 
tan 25° - tan 55° - tan 100° 
Since, 25° + 55° + 100° = 180° 
tan 25° + tan 55° + tan 100° = tan 25° tan 55° tan 100° 
=> E=1 


Example 63. Prove that 


100 
Y'sin(kx) cos(101 — k)x = 50 sin (101x) 
k=1 


100 
Sol. Let S = Y'sin(kx) cos (101 — k)x 


k=1 
=> S=sin x cos 100x + sin 2x cos 99x 
+...+ sin 100x cos x ...(i) 
S=cos x sin 100x + cos 2x sin 99x +... + 
sin x cos 100<x ...(ii) 
(on writing in reverse order) 
On adding Eqs. (i) and (ii), we get 
2S =(sin x cos 100x + cos x sin 100x) 
+ (sin 2x cos 99x + cos 2x sin 99x) 


+ (sin 100x cos x +sin x cos 100x) 
= sin 101x +sin 101x +... + sin 101x (100 times) 
Hence, S = 50 sin (101x) 


Example 64. If A= then find the value of 


¥ tan(ra)-tan((r+ 1)A). 


r=1 
tan(r + 1)A— tan(rA) 
1+ tan(r + 1)A - tan(rA) 


Sol. tan((r + 1)A —(rA)) = 
> S= ¥ tan(rA) -tan(r +1)A 


¥'(tan(r +1)A — tan(rA)) 


r=1 


s 1 
~ dit- os tan A 


=-8+ ‘(tan 9A — tan A) 
tan 
Now, tan9A= als 
i 
Tl 
= tan| 27 — — 
5 
Tt 
=— tan — 
1 
> S=-8+ (—2 tan A) 


Example 65. Prove that 
sin@ - sec 30 +sin 30-sec 3°70 +sin3* @-sec3°O+... 


1 
upto n terms = — [tan 3"6 — tan 6] 
2 


Sol. sin 0 - sec 30 + sin 30 -sec 3° 0 + sin 3°0 -sec 3° 0 +... upto n 


terms 
= Yisin 3°" 8 -sec 3’ 0 
r=1 
_ w2 cos 3°" @sin3" 0 
2 cos 3°’ 0-cos 3’ 0 
_1< © sin(2-3'* 6) 


2 cos 3° '0- cos 3’ 0 
_ 1 sin(3"6 - 3° 6) 
2 cos 3°’ 0 - cos 30 


sin 3° @-cos3’ ‘0 
1 4 — cos 3’ @-sin3” 0 
2 cos 3° '0-cos 3’ 0 


as ¥\(tan 3’ 6 — tan 3""' 0) 
2 r=1 
1 n 

= lane 6 — tan 8] 


Example 66. In a triangle ABC, if 
sin A sin(B —C)=sin C sin(A —B), then prove that cot A, 
cot B, cot C are in AP. 

Sol. sin Asin(B —C) = sin C sin(A —B) 

sin(B—C) _ sin(A —B) 


sin Csin B 


=> 


sin Asin B 


sin Bcos C -sinC cos B_ sin A cos B—sin Bcos A 


sin C sin B sin A sinB 
cot C — cot B= cot B— cot A 
2 cot B=cot A+ cot C 


“. cot A, cot B, cot C are in A.P. 


> 
> 


Example 67. If 0<B <a <7 /4, cos(a+f)=3/5 and 
cos(a —B)=4 /5, then evaluate sin 2a. 
Sol. We know, sin(2a) = sin{(a +B) +(a —B)} 
=sin(a + B)-cos(a — 8) +sin(a — B)-cos(a + B). 
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44.33 
—— ee ee ee 
55 55 
[using cos(a + B) = 3/5, cos(a —B)= 4/5 
=> sin(a +B) = 4/5, sin(a — 6) =3/5] 
ae =1 => sin2a =1 
25 
1 1 1 1 
Example 68. If cosa =-| x+—|, cosB=—| y+—|, 
2 x 2 y 


then evaluate cos(a — B). 
Sol. cosa = a( + *| 


x 


_ 2cosa +.,/4cos’a — 4 


=>x°-—2xcosa+1=0 => x 


2 
rarer 
sb x= eee lage = 7) 
i x = cosa + isina 
Similarly, y=cosB+isinB 
% = S050) = IS - cos(ar — B) £ isin(o —B) (i) 
y cosB + isinB 
y — cos + isinB aoe sé 
and = = cos(a — 8) + isin(a —B)_ ...(ii) 


x cosa + isina 


On adding Eqs. (i) and (ii), we get 


~ 42% =2c0s(a —B) 
y x 
Le. cos(a — B) = ( + | 
2\y x 


Example 69. If 2sina cosBsiny =sinf sin(a + y). 
Then, show tana, tanB and tany are in harmonic 
progression. 
Sol. We have, 2sino cosBsiny = sinBsin(a + y) 
or 2sinocosPsiny = sinB{sina cosy + cosa sin y} 
= 2sinocosPsiny =sinosinBcosy + cosa sinfsiny 
On dividing both sides by sina sinBsiny, we get 
2 1 1 
= a 


2cotB = cota +coty or 
tanB 


tana tany 
1 1 


5 y are in AP 
tana tanf tany 


or tana, tanB,tany are in HP. 
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Exercise for Session 6 


If a lies in Il quadrant, B lies in Ill quadrant and tan (a + 6) >0, then (a + B) lies in .......... quadrants. 


2. \f3 tan A tan B =1, then prove that 


3. Iftana=-—” 
m+ 


4. \fcos(a4 p) = 5 sin(c B)= .. 


and tan B = : 
1 2m+ 


cos (A —- B) 


cos(A+B) 


7 the find the value of a + B. 


and a,Bpeé (0 +} then find the value of tan2a. 


5. Ifa+B= - and + y =a, then find the value of tan a. 


6. Ifcos(@—- a) =a andcos(6 — 8) =6 then the value of sin?(o —B) + 2ab cos(a — B). 


7. \f2cos A=x +1 2008 B=y +— then show that2 cos(A -B) =~ + =, 
x y y x 


y 


8. If y =(1+ tan A) (1— tanB), where A-B = a then find the value of (y +1)/*". 


Session 7 


Sum of Sines/Cosines in Terms of Products 


Converting Product into Sum/ 


Difference and Vice-Versa 


Product into Sum/Difference 
1. 2sin Acos B =sin(A + B) +sin(A — B) 
2. 2cos Asin B =sin(A + B) —sin(A — B) 
3. 2cos Acos B =cos(A + B) + cos(A — B) 
4. 2sin Asin B =cos(A — B) —cos(A + B) 
Proof We know that 
sin A cos B+cos A sin B =sin(A + B) 
sin A cos B— cos A sin B=sin(A — B) 
cos A cos B—sin A sin B= cos(A +B) 
cos A cos B+sin A sin B=cos(A — B) 
Adding Eqs. (i) and (ii), we obtain 
2sin A cos B =sin(A + B) +sin(A —B) 
Subtracting Eqs. (ii) from (i), we get 
2cos A sin B =sin(A +B) —sin(A — B) 
Adding Eqs. (iii) and (iv), we get 
2 cos A cos B= cos(A +B) + cos(A —B) 
Subtracting Eqs. (iii) from (iv), we get 
2sin A sin B= cos(A — B) — cos(A + B) 


(i) 
...(ii) 


(iii) 
...(iv) 


...(vi) 


...(vii) 


(viii) 


Above four formulas are used to convert product of two sines 
and cosines into the sum or difference of two sines and cosines. 


Sum/Difference into Products 


: sin Asin B=2sif “72 )oos( 4-2) 


PR 


iw} 


sin A~sin B=2c0s{ 44 
2 


hay 
2. 
= 
a 
> 
| 
& 
7 


Ow 


cos A+00s 8 =2c08{ “— )-co 
2 


4. cos A~cos B=2sin( 4 sin 24 
2 2 
Proof (i) Let A=C+D and B=C —D, then C= ane 
and p==— 


L.H.S. = sin(C + D) +sin(C — D) =2 sin C cos D 
A+B A-B 
cos 2 


=2sin =R.H.S 


Similarly we proof of (ii), (iii) and (iv). 


Some other Useful Results 


1. tan A + tan B= 


2. tan A-—tan B= 


3. cotA+cot B= 


4. cot A-—cot B= 


sin(A + B) 
cos Acos B 
sin(A — B) 
cos Acos B 
sin(A + B) 


sin Asin B 


B-A) 


sin( 


sin Asin B 


Example 70. Prove that 
cos 55° + cos 65° + cos 175° = 0. 


Sol. L.H.S. = cos 55° + cos 65° + cos 175° 


=2:'¢0 


55° + 65° 55° — 65° 
s cos 


+ cos 175° 


= 2 cos 60° cos(— 5°) + cos 175° 


1 
=2x 7 cos 5° + cos(180° — 5°) 


= cos 5° — cos 5° =0 


Example 71. Prove that 
sinA+sin2A+sin4A+sin5A 


cos A+ cos 2A+cos 4A+cos 5A ~ 


= tan 3A. 


sinA +sin2A+sin 4A +sin5A 
Sol. 


cos A+ cos2A +cos4A+cos5A 
(sin5A + sin A) +(sin 4A + sin2A) 


(cos 5A + cos A) + (cos 4A + cos 2A) 
_ 2sin3A cos 2A + 2sin 3A cos A 


2 cos 3A cos 2A +2 cos 3A cos A 


_ 2sin3A(cos 2A + cos A) 


=tan3A 


2 cos 3A(cos 2A + cos A) 


Example 72. Prove that (cos « + cos 8)? 


+(sina+sinB)? =4cos’ =") 


Sol. L.H.S. = (cos @ + cos B)’ + (sin « + sin B)’ 


sae a | 


Tt 
, where A, B# nt + — 
2 
1 
, where A, B # nt + — 
2 
, Where A, B#n1,n€ z 


, Where A, B#n7,n€ z 
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Example 73. If sin A=sinB and cos A=cos B, then 


_ A-B 
prove that sin 5 =0. 


Sol. We have sin A= sin B and cos A = cos B 


or sin A —sin B=0 and cos A — cos B=0 


_{A-B)\. {A+B 
or 2sin sin =0 
2 2 
. {A-B\., (A+B 
and —2sin 5 sin . =0 


or sin 


= 0, which is common for both the equations. 


Example 74. Prove that sin 20° sin 40° sin 80° = 5 
Sol. L.H.S. = sin 20° sin 40° sin 80° = ; (2 sin 80° sin 40°) sin 20° 
= — [cos(80° — 40°) — cos(80° + 40°) sin 20° 
=—(cos 40° — cos 120°) sin 20° 


= — (2 cos 40° sin20° — 2 cos 120° sin20° ) 


1 
[sin(40° + 20°) —sin(40° — 20°) — 2 [ sin 20° | 
2 


: : : 1 
[sin 60° — sin 20° + sin 20° ] = — sin 60° 
4 


= 3 v3 


2 8 


Ble Ble Bl BILE NIP NIE 


Example 75. Prove that sin A- sin(60° — A) 
: il... 
-sin(60° + A) = 7 sin 3A 
Sol. L.H.S. = sin A -sin(60° — A)-sin(60° +A) 
= ; sin A[2 sin(60° + A) -sin(60° — A)] 
= ; sin A[cos(60° +A — 60° + A) 
— cos(60° + A + 60° — A)] 

= ; sin A(cos 2A — cos 120° ) 
7 | (2 cos 2A sin A — 2 cos 120° sin A) 


a sin sin y sin 
-4| (2A + A) (2A — A) { ) A 


i il 
= i (sin 3A — sin A —sin A) = z sin 3A 
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Exercise for Session 7 


Show that sin x + sin3x + sin5x + sin7x =4 sin 4x cos 2x cos x. 
Show thatsin A-sin(B —C)+sinB-sin(C —A)+ sin C -sin(A—B) =0. 
Show that cos a + cos B + cos y + cos(a@ +B + y)=4 cos *P cos a -COS a 


If x and y are acute angles, such thatcos x + cos y = ; and sin x +sin y = - then the value of sin(x + y). 


a RF WN SD 


Find the value of expression 2 cos * cos oi + cos on + cos an 
3 13 13 13 


cos A+cos B)" ‘ sinA+sinB 
sin A-sinB cos A-—cosB 


6. Find the value a (where, n is an even) 


7. Find the value ot{ 1 +cos 4 (1 +cos =) (1 + cos = + cos | 


8. Ina triangle ABC, cos 3A + cos 3B + cos 3C =1, then find any one angle. 


Session 8 
Trigonometric Ratios of Multiples of an Angle 
Trigonometric Ratios of 2tan A 


° 4. tanZAS——— where A#(2n+1)~ 
Multiples of an Angle ion A ; 


Proof sin2A =sin(A+ A) =sin Acos A+cos Asin A 


Definition An angle of the form nA, where n is an integer 
[using the formula sin(A + B) =sin Acos B+cos A sin B] 


is called a multiple angle, for example 2A, 3A, 4A, ... etc. 


are multiple angles of A. =2sin Acos A 

In this session we shall express trigonometrical ratios cos 2A =cos(A+ A) =cos Acos A-sinAsin A 
of multiple angles of A in terms of trigonometrical ratios =cos* A—-sin? A 

of A. 


tan2A=tan(A+A) 
_ tanAt+tanA | 2tanA 
1—tanAtanA |1—tan’ A 


Trigonometrical Ratios of 2A in term 
of Trigonometrical Ratio of A 


2tanA 


1. sin2A = 2sin Acos A = Trigonometrical Ratios of 3A in terms 
1+tan° A ° . . 
of Trigonometrical Ratio of A 
1. sin3A =3sin A —4sin* A 
= 4sin(60° — A) - sin A- sin(60° + A) 
2. cos3A =4cos’ A—3cos A 
= 4cos(60° — A) cos Acos(60° + A) 


2 
nA _ 3 
3. tan3A = 2 tan tan” A 
1-3tan’ A 


2. cos2A =cos* A—sin? A=1-2sin’ A 
1—tan’ A 
1+tan’ A 


=2cos* A-1= 


3.1+cos2A =2cos’* A,1—cos2A =2sin’ A 


1+cos2A ; 1-—cos2A_., 
or —————- = cos* A , ——— = Si 


Proof 
1. sin3A =sin(2A+ A) =sin2Acos A+cos2AsinA 
=2sin Acos A-cos A +(1—2sin’ A) sin A 
=2sin Acos’ A+sin A—2sin’ A 
=2sin A(1—sin’ A)+sin A—2sin’ A 
=2sin A—2sin’ A+sin A—2sin’® A 


=|3 sin A—4sin’ A 

2. cos 3A =cos(2A + A) =cos2A- Acos A—sin2Asin A 
=(2cos* A-1)cos A—2sin Acos A-sin A 
=2cos* A—cos A-—2cos A(1—cos’ A) 

2cos* A—cos A—2cos A+2cos* A 


=|4cos’ A—3cos A 


sin3A _ 3sin A—4sin*° A 

cos3A 4cos* A—3cos A 
_ sin A(3-4sin’ A) _ tan A(3-4sin’ A) 
~ cos A(4cos? A—3) 4cos’ A-3 


3. tan3A= 


On dividing by cos* A numerator and denominator 
_ tan A(3 sec” A-4 tan’ A) 
4-—3sec’ A 


_ tan A(3 +3 tan” A-4 tan’ A) 
7 4-3-3tan’ A 

_ tan A(3—tan® A) _ 
eri ae 


3tanA-—tan® A 
1-3tan’ A 


Example 76. If sin A= = where 0° < A<90°, find the 


values of sin2A, cos 2A, tan2A and sin4A. 


3 
Sol. We have, sin A =~, where 0° < A < 90° 
5 


cos’ A=1-sin’ A 


= cos A=+./1-sin’A = [1 — 


A 3 
ito =— 
cosA 4 
3 4 24 
see See anes -=— 
a 
3 
cos 2A =1-—2sin*° A=1-2x]|= 
5 
ax a 
2tan A 7 4 _ 4 _ 24 


tan 2A = 


1—tan*’A 3) 1 9 7 
el af 
ri 16 
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E tan A = — 
sin 4A =sin 2A cos 2A =2 xX a x Ei toee 
25 25 625 
sin 2A = a 
25 
7 
and cos 2A = — 


25 | 


2 
1+sin20 {1+ tan® 
Example 77. Prove that si -| ia 


1-sin20 |1-tan@ 

i in? 2 ‘ 
Sol. L.H.S. = 1+sin20 _ sin* 0 + cos’ 0 +2sin 8 cos 0 
1-sin 20 sin’ 0 + cos’ 0 —2sin ® cos 0 


_{ sin 8 + cos 8 a 1+ tan@) 
sin 8 — cos 8 1— tan @ 
[dividing numerator and denominator by cos 0] 
Tl 
1— tan? ( - | 
4 
Tl 
1+ tan’ = 4) 
4 


1+tan'{ Za) jee 
Sol. : =— a [where = -0) 
1+ tan’ (E-a) aida 


=sin 2A. 


Example 78. Prove that 


= cos 20 = co 5 24) =sin 2A 


sec 80-1 tan80d 
Example 79. Prove that = 
sec40-1  tan20 
Sol. We have, LHS = set 
sec 40 - 1 
1 — 
= LHS = cos 80 _ 1-cos 80 __ cos 40 
1 1 cos80 1-—cos@ 
cos 40 
. 2 
4 LHS = 2sin“ 40 __cos 40 
cos 80 = 2sin’ 20 
+*1— cos 80 =2sin’ . =2sin’ 40 
and, 1 — cos 40 =2:sin’ “ =2sin’ 20 
a LHS = (2 sin 40 cos 40) x sin sa 
cos 80 2 sin’ 20 
=4 LHS = 2sin 40 cos 40 . 2 sin 20 cos 20 
cos 80 2 sin’ 20 
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cos 80 sin 20 


=e? x cone tan 80 cot 20 
cos 80 sin 20 
tan 80 
tan 20 


es uss (#2 209) «2 2) 


=> LHS = = RHS 


Example 80. Show that 


2+ ,{2+./2+2co0s 8 =2cos0 
Sol. We have, LHS = ye + 4/2 + ./2(1 +cos 80) 
=> LHS= e+ (2 + /2(2 cos” 40) 


80 
E 1+ cos 80 =2 cos” =| 
2 


LHS =,2+ (2 + (4 cos? 48) 
LHS = 2 + /2+2cos 40 
LHS = ,|2 +,/2(1 + cos 40) 
LHS = 2 +,/2 (2 cos? 20) 


LHS =e +2 cos 20 =e (1 + cos 20) 
= ,/2(2cos’ 8) =2 cos 0 = RHS 


Example 81. Show that ./3 cosec 20° — sec 20° =4 
Sol. We have, LHS = 3 cosec 20° — sec 20° 


[1+ cos 40 = 2cos’20] 


Yu du’duy 


= LHS = vs : 
sin20° cos 20° 
Oo g ve} 
am LHS = V3 cos 20 sin 20 


sin 20° cos 20° 


3 1 

2 3 cos 20° — — sin 20° 
2 2 

> LHS = 


sin 20° cos 20° 
Be 2(sin 60° cos 20° — cos 60° sin 20°) 
sin 20° cos 20° 


_ 2sin(60° — 20°) 


— LH 


2sin 40° 


> LHS - = LHS=— 
sin 20° cos 20° sin 20° cos 20° 
4 sin 40° 4 sin 40° 
—_ sin _ = = 4=RHS 
2 sin 20° cos 20° sin 40° 


Example 82. Prove that ' + cos = [ + cos =) 


5% 71 1 
1+ cos — || 1+cos — |] =-. 
8 8 8 


Sol. We have, 


71 Tl Tl 
cos — = cos | 1m — — |=— cos — 
8 8 
51 **) 31 
and cos —=cos — —]=- cos — 
8 


T 
8 
3 
= LHS =} 1 cos? = 1—cos* u 
8 8 


31 
8 


= tse [asin =) (asin *") 
4 8 8 
= LHs:= : [2 cos *)(1 cos =) 
4 4 4 
E 1— cos § =2sin’ 4 
2 
+ ins=2 1 : ee mene tet =Ris 
4 v2 v2J} 4\ 2) 8 


Example 83. If tan? 6 =2 tan’ +1, prove that 
cos 20 +sin*  =0. 


T 
= LHS =sin’ ; sin’ 


1— tan’ 0 
1+ tan’ 0 
1—(2 tan’? 6+1) 


Sol. We have, cos20 = 


=> cos 20 = 5 [. tan’ 0 = 2 tan’ +1] 
1+2tan*o+1 
— 2tan’ — tan’ 
=> cos 20 = = 2 = sa Oe sin’ o 
2+2 tan o sec’ 


cos 20 + sin® 0 =0 


Example 84. Prove that 
tana +2 tan2a + 4 tan 4% +8cos 84 =cot a 


Sol. We have, cot 0 —tan0= — tan 0 
tan 0 
_ 1-tan’6@ = 1- tan’ @ 
tan 8 2 tan 8 
=> cot 8 — tan 8 = 
tan 20 
=> cot 8 — tan 8 =2 cot 20 ...(i) 


We have to prove that 

tan a + 2 tan 20 + 4 tan 40 + 8 cot 8a = cota 
or, cot o — tana —2 tana — 4 tan 4a — 8 cot 8&4 =0 
Now, 

LHS = cot a — tan @ — 2 tan 20 — 4 tan 4@ — 8 cot 8a 
= LHS =(cot a — tan a) — 2 tan2m — 4 tan 4a — 8 cot 8a 
= LHS =2 cot 2a — 2 tan 2a — 4 tan 4m — 8 cot 8a 

[using (i)] 
= LHS = cot 20 — tan 20) — 4 tan 40 — 8 cot 8a 


= LHS = 2(2 cot 4a) — 4 tan 4a — 8 cot 8a 

[On replacing 8 by 2c in Eq. (i)] 
LHS = 4 cot 4a — 4 tan 4a — 8 cot 80 
LHS = 4(cot 4a — tan 40) — 8 cot 8a 
LHS = 4(2 cot 8a) — 8 cot 8a 

[On replacing 8 by 40 in Eq. (i)] 
= LHS =8 cot 8& — 8 cot 8a = LHS=0=RHS 


Yud 


Example 85. Determine the smallest positive value of 
x (in degrees) for which tan(x + 100° ) = tan(x + 50° ) 
tan x tan(x — 50° ) 

Sol. We have, tan(x + 100°) = tan(x +50°) tan x tan(x — 50°) 
tan(x + 100°) 
tan(x + 50°) 
sin(x + 100°) cos(x — 50°) _ sin(x + 50°) sin x 
cos(x + 100°) sin(x — 50°) 

sin(x + 100°) cos(x — 50°) + cos(x + 100°) sin(x — 50°) 

sin(x + 100°) cos(x — 50°) —cos(x + 100°) sin(x — 50°) 


_ sin(x + 50°) sin x + cos(x + 50°) cos x 


= tan(x + 50°) tan x° 


cos(x + 50°) cos x 


sin(x + 50°) sin x — cos(x + 50°) cos x 
sin(x + 100° + x —50°) —cos(x + 50° — x) 
sin(x +100°-—x+50°) —cos(x +50° + x) 
sin(2x + 50°) cos 50° 


sin 150° — cos(2x + 50°) 
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=> sin(2x + 50°) cos(2x + 50°) = — sin 150° cos 50° 
> 2 sin(2x + 50°) cos(2x + 50°) = — 2 cos 60° cos 50° 
[sin 150° = cos 60°] 


> sin(4x + 100°) = sin(270 — 50°) 
> sin(4x + 100°) =sin 220° 
> 4x + 100° = 220° => x =30° 


Example 86. Prove that 


sin x sin 3x sin 9x 1 
+ =— (tan 27x — tan x) 
cos3x cos9x cos27x 2 
Sol Wa have. sin x sin 3x sin 9x 
cos3x cos9x cos 27x 


_ 14J2sin x cos x 4, 2sin 3x cos 3x 2 sin 9x cos | 


2 | cos 3x cos x cos 9x cos 3x cos 27x cos 9x 


cos9x cos3x cos 27x cos 9x 


1 sin 2x sin 6x sin 18x 
= + + 
2 | cos 3x cos x 


1 in(3x — 
sin(3x x), 


2|cos3x cosx cos9xcos3x cos 27x cos9x 


sin(9x — 3x) ‘ sin(27 x — 9x) | 
1 
= 3 {(tan 3x — tan x) + (tan 9x — tan 3x) 


+ (tan 27x — tan 9x)} 


1 
= —(tan 27x — tan x) 
2 


Exercise for Session 8 


1. This question has statement which is true or false. 


If <0< 7. then the value of ./1—sin 260 =cos 0-sin 0. 


2. lfn<0< om. fiend heveuee 
2 1+ cos 20 


3. Iftanx =- ax lies in Il quadrant, then find the value of sin > 


4. Prove that sin = + sin’ al + sin’ at + sin’ ic : 
8 8 8 2 
5. If A=2sin? @—cos 20and A €[a,f], then find the values of « and B. 
6. \fsin x + cos x = > then find the value of tan 2x. 
3 
7. Iftan3A= Say i aA then k is equal to 


1-3tan?A 


Iftan A+ 2 tan2A+4tan4A+ 8cot 8A=k cot A, then find the value of k. 


O: Wace as” ou au 


S — COS —_—C 
15 15 15 15 


2 n? 


OS =n?, then find the value of ” 


n? 


. + =T7, tnen tin e value O cos 0 COS Cos ... COS i. r 
10. \f(2" + 1)@=n, then find the value of 2” cos @cos 2 Ocos 276 2"-1'9 
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Trigonometric Ratios of Submultiple of an Angle 


Definition 
An angle of the form kas where n is an integer is called a 
n 


submultiple angle of A. 


For example “, 2. “ ...etc., are submultiple angles of A. 


In this session we shall express the trigonometric ratios of 
Ain terms of the trigonometric ratios of submultiple 


AA 
angles —,—,...etc., and vice-versa. 
2 3 


Trigonometric Ratios of : in Terms of 
Trigonometric Ratios of 7 


(i) sin2A =2 sin Acos A. Putting “ in place of A, we get 


AS ws" 
2 2 


(ii) cos2A =cos* A-sin’ A. Putting “ in place of A, we 


ae 


A, 
get cos A =cos”* — —sin 
2 2 


(iii) cos 2 A=2 cos’ A-1. Putting A in place of A, we get 
2 
cos A=2 cos” #4 
2 


(iv) cos2A =1-2sin’ A. Putting ‘ in place of A, we get 


A 
cos A=1-2sin’? — 
2 


(v) tan2A = _2tan A 
1-tan’ A 
2 tan 2 A 
“ tanA= , putting — in place of A 
A 2 
1— tan’? — 
2 


2tanA 
(vi) sin2A = | in A= 7 putting = 
1+tan° A ne ca 2 
2 
in place of A 
A 
2 1— tan’? — 
(vii) cos2A = a cos A= a putting = 
1+tan® A 1+ tan? 2 
in place of A 
A 
2 cot? —-1 
(viii) cot2A = ores cot A= ae putting cas 
2cot A as 2 


in place of A 
Trigonometric Ratios of Ain Terms of 
: A 
Trigonometric Ratios of 3 


(i) sin3A =3sin A—4sin’ A. Putting “ in place of A, we 


sete Agia Sdn = 
3 3 


(ii) cos 3A =4cos* A—3cos A 
“cos A=4cos* < —3cos putting - in place of A 


3 tan A—tan® A 


(iii) tan3A= 
1-3tan’ A 


, putting “ in place of A 


vey =<ee 2 
3 


“tan A= 7 
1-3 tan’® — 
3 


Values of cos - sin . and tan in 


Terms of cosA 
2 A_1+cos A A 


ee er [1+cos A 
2 2 2 


(i) cos 


Cer ale «gin at [2 ToO8A 
faypsnt sO 2 eg Re 

2 1+cosA 2 1+cos A 
Note 


Ifcos Ais given, then there will be two values of cos “ sin é and 


tan é but if Ais given, then there will be only one value of cos 
sin . and tan 3 because + sign or — sign before the radical sign 


can be fixed by knowing the quadrant in which : lies. 


. A A. 
Values of sin > and cos zi in Terms of 
sin A 
[cos A+sin 4) =cos’” Bae Soce aa 
2 2 2 2 2 2 


=1+sinA 


cos sin = Ji+sin A ...(i) 
cos a in =+,/1-—sin A ...(ii) 


2 2 
Adding Eqs. (i) and (ii), we get 


Similarly, 


ooo es! fies +—Ji-sinA ...(iii) 
2 2 2 
Subtracting Eq. (ii) from Eq. (i), we get 
snot) Ji+enA =~ Ji-sin A ...(iv) 
2 2 2 
Note 


Ifsin Ais given, then there will be 4 values of sin ‘. and cos s but 


if Ais given. there will be one and only one value of cos and sing 


because the + or — sign can be fixed before the radical sign in the 
following way 
A... A 1 Pein. Ne cif 
cos — + sin = V2 cos — + sin 
2 2 Ls 2 2 5] 
= <2 (sin ® cas A y-c08 = sing} Bsin(? + -) 
4 2 4 2 4 2 


Similarly, cos Agnes V2 cos ( + 4 
2 2 4 2 


a and cos 


knowing the quadrant in which a + . lies, 


Thus the sign of cos “ + sin Pn sin “can be fixed by 
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Values of Trigonometric Ratios of 
Some Particular Angles 


I. (i) Value of sin 18° 
Let 0 = 18°, then 50 = 90°... 20 +30 =90° 
or 20 =90° — 30 .. sin20 = sin(90° — 30) 
or sin 20 =cos 30 or 2 sinOcos 0 =4cos’ 0-3 cos0 


or 2sin0 =4cos’ 0-3 [dividing by cos 8] 


or 2sin@ = 4(1—-sin* 0)-3=1-4sin’ 0 


or 4sin? 0 +2sin0—1=0 


—244+16 -2+2V5  -14+5 


“sin = 
8 8 4 
Thus sin 0 = el a - 1-15 
4 4 
° O =18° 
*, sin® =sin 18° > 0, for 18° lies in the 1st quadrant 
—1 
*, sin@ ie., sin 18° = v5 
4 
(ii) Value of cos 18° 
2 
=i 
cos’ 18° =1—-sin’ 18° =1- v5 
4 
_ 1541+ 2v5 _,_ 6-2V5 
16 16 
_16-6+2V5 _10+2V5 
16 16 


cos 18° = Z 10 + 25 
4 
(iii) Value of tan 18° 


ig = i 18° _ V5 -1 | 10 +2V5 


tan = 
cos 18° 4 4 


v5 -1 


a{10 42/5 


(iv) Value of cos 72° and sin 72° 


[cos 18° > 0] 


(a) cos 72° = cos(90° — 18°) =sin 18° = 


V5-1 
4 


(b) sin 72° = sin(90° — 18°) =cos 18° = + 4/10 +.2V5 
4 


II. (i) Value of cos 36° 


cos 36° =1—2sin’ i =1-2x 


e~d) 
4 
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sia AUP INS 
16 


4-345 V5 41 
4 4 


V5 +1 
4 


Thus, cos 36° = 


(ii) Value of sin 36° 


2 
sin? 36° =1—cos” va -[ S21] 


4 


a 6+2V5 16-6-2V5_10-2V5 


16 16 16 
sin 36° = , af10 —2/5 


(iii) Values of sin 54° and cos 54° 


[.. sin 36° > 0] 


+1 
(a) sin 54° = sin(90° — 36° ) =cos 36° = v5 
4 


(b) cos 54° = cos(90° —36°) = sin 36° = 2 (,/10 —2V5) 


4 


III. (i) Value of tan 7 =, 
2 

1° 
Let 6 =7—, then 20 = 15° 

2 


1- 2 
Now, tan = oy 


[.: 1—cos 20 =2 sin’ 0 and sin 20 = 2 sin 0 cos 6] 


Apts 

_ 1-cos 15° _ 2/2 
sin 15° =A 
2V2 


_ 202 -V3 -1_ (22 — V3 -1) (V3 +1) 
ipa Ceeuokes), 
_ 26 -3-V3 + 2V2 -V3 -1 


$44 
_2y6 - 23 - 4 +22 

2 
= V6 — 3 -24 V2 = V3(V2 -1) 


— /2(./2 -1) 
= (V3 — V2) (v2 -1)] 


(ii) Value of cot go 
2 


eereas Seat 90° -7 
2 2 
1° 
= tan 7 = =(V3 — Va) (v2 -1) 
a 1° 
(iii) Value of cot 7 — 
2 


Let 0 = an then 20 = 15° 
2 


1+ 2 1+ 15° 
Nowcore cos 20 _1+cos 5 


sin 20 sin 15° 
put #1 
ada _ 2243 41 
= ae | 
2/2 
_ (2v2 + V3 +1) (V3 +1) 


(v3 -1) (v3 +1) 


_ v6 +343 +2V2 + V3 +1 
a=4 


_2N6 +2v3 +2V2+4_ Fy oe 
2 


= V3(V2 +1) +V2(v2 +1) 
=(V3 +2) (v2 +1) 


cot 7 = (3 + V2) (2 +1) 


(iv) Value of tan go 
2 


1° 1? 
tan 82 — = tan| 90° —7 
2 2 


=cot 7 =(V3 +V2) (2 +1) 


IV. (i) Value of cos 221 
2 


Le) 
Let 0 = 22 a then 20 = 45° 
2 


1+— 


° (eo) 
Nowuus oo _ 1tcos 45 _ V2 


Nei B42 
2/2 4 
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37 
cos22 = 2+ 2 f 


fe) 
“COS 22) >0| 
2” | 


1 
= =— 44242 
4 2 
.. . 1° 
(ii) Value of sin 22 — 
2 


(i) 


fe) O° fe) 
Again, cos 67 ies sin 67 — V2 sn 45° — 67 =| 
2 2 
ee 
° _ ° = = 
sin? 222. = cos 45" _ v2 _ v2 12 V2 
2 


1° 
2 sin 22— <0 
= 2 
2 2 2/2 4 ° ° 
v2 “. COS 67 = —sin 67 a 
fe} fe} 2 2 
noe yea ee ae 
aa | 2° | 
1° 
(iii) Value of tan 22 — 


° ° 2 
= “— 67 -sino7 =) 
2 2 
2 
1° 
tan22— >0 
2 


= —./1—sin 135° 
1 fe =| 2/2 
1° 1—cos 45° 2 V2 4 
tan22— =_{——____ 
2 1+ 45° 
ae ee ae (i) 
2 | 2 
ne 1—cos 20 
. Al aoe 1 cos 26 | Adding Eqs. (i) and (ii), we get 
vc 41 
i 2e0s67—=—(y4 +2V2 ~ 4 —2V2) 
_ | V2 _ |v2-1 ie 4 
ji Gi Be cos 67— = (y[4 +202 - 4-202) 
v2 Similarly, subtracting Eq. (ii) from Eq. (i), we get 
2 2 ° 
_ | We-1) co sin 67 =— (4+ 2V2 +f4-2V2) 
\ (v2 +1) (V2 -1) 2-1 oa 
: 1° 
_ (J2 -1)? = 2-1 VI. Value of sin 157 — 
1° : 1° 1° 
V. Value of cos 67 — and sin 67 — Let0@=157— _—. 20 =315° 
2 
vc : 1° 1 1° i ae 1° _ eS 
cos 67 — +sin 67 — = Af cos 67 — + sin 67 Now, sin@ = pace Be sin 157 zs > 0 | 
2 2 V2 2° 2 2 V2 | 2° | 
: r ; 1° 
=/2 [sin 45° cos 67 — + cos 45° sin 67 ) 
2 2 1—cos 315° — 45° 
fe} Le} 2 2 
dsin( as" +677) = sin 112 >0 \ 
2 2 12 S = 
1° 1° Thus sin 157 = d =| v2 
*, COS rs + sin 67 — 24/2 4 
° o\2 2 — v2 
= |[cosor +sinor) =,4/1+sin 135° . 
2 2 


Similarly, cos 157 i [rete 
1+ 1 oc 4422 5 ; 
Y v2 V2 


2048 ~ i V2+ve f 


fe) 
“COS 157) <0] 
2” | 
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All these values are tabulated as follows: 


12° 15° 18° 22.5° 36° 67.5° 75° 
sn 8-26 - 25 v3 =1 qoai tia {10 — 25 Tse V3 +1 
4 22 4 2 4 2 22 
cos ig + 26 + 25 V3 +1 {10+ 25 y2tal2 V5 +1 Daya V3 -1 
4 24/2 4 O1 4 2 2/2 
tan G3 <2) 2 1) 2/3 i J2-1 5-255 J2+1 243 
V5 
cot G8 44/20/24 1h 2+43 (3+ 20/5) J2+1 [is *) J2-1 Fa 
V5 
Example 87. Show that =2+2cos(A —B) =2[1+ cos(A —B)] 
9 ,A-B ee: 
14+ tan — ; =2X2 cos = 4 cos 
2 1+sin@ tm O 
6 =tan| —+—|. 
i<to “939 2-2 Example 89. Prove that, 
. 4 1 4 3 4 OT 4 71 
Q cos —+cos' —+cos —+cos. —==— 
sin : 8 8 
1+ T 77 310 4 oT 
cos . cos : + sin : Sol. L.H.S. -{ cos . + cos* 2 + cos! 7 + cos 7 
Sol. L.H.S. = = 
_ 0 6 . 6 7 ‘ 1 
sin cos sin =| cos’ —+ cos’ | t- — 
ie 2 2 8 8 
cos a 
2 + tie iene! meee 
0 2 8 8 
cos — + sin — 
2 | =2cost = +2 cos' a ['. cos( — 8) = — cos 8] 
2 28 8 
cos’ — — sin” — 2 Po 
a = 2] | cos’ = +] cos? — 
dais? 0 or 0 0 8 8 
: cos sin sin ; cos > 1+sin@ L 
2 _ 29 cos 0 1+ cos — 1+ cos — 
cos’ — — sin® — 
° = 2 7 2 
1+ tan 2 tan — + tan 2 
F 2 2 nm 0 L 
Again, = = tan + 
6 6 [- | 2 2 
1— tan 1— tan — tan = [1 1 “(1 1 ) 
5 ; 2/0" ya) “Ee 
1+ tan F 
Thus ie 3 [F +2) ris tf ee eee | 
ja 8 cos 8 4 2 2 J2 J2 
= ; =RHS 
Example 88. Prove that, 
A-B 


(cos A+cos B)* +(sin A +sin B)’ = 4cos* 


Sol. L.H.S. =(cos’ A + cos’ B +2 cos A cos B) 
+(sin’ A +sin’ B+ 2sin A sin B) 
=(cos’ A +sin’ A) +(cos” B + sin’ B) 
+ 2(cos A cos B+sin A sin B) 


Example 90. Find the value of tan a 


Sol. Let 0 = us then 20 = 2 
8 4 


2 tan 0 


tan20 = ——___ 
1— tan“ 0 


Now, 


2 tan — 
tan —= 
1— tan’ 
2x 
=> t= 7 Where x = tan — 
LX 
=> 1-—x" =2x 
> x? +2x-1=0 
—2+2V2 
=> v2 i-y2<1 
2 
x=tan—=7v2-1 


Example 91. If tan x =— o< x <7, then find the 


a. x x 
value of sin —, cos 5 and tan I 


Sol. Here a <x <1 
2 


x x 
Hence se — ,cos — —, tan — will be all positive. 
2 


dS 


4 T 
tan x =—-—and—<x<7 
2 


Given, 


Now, 


Example 92. Find the value of sin a 


fe} 


. 2370 ‘ T . 1 ; 
Sol. sin —— =sin| 1 = sin — =sin 7 
24 24 24 2 


12 
Let 8 = 7—, then 20 = 15° 
2 
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Now, sin’ 0 = ole (1 — cos 15°) 

2 2 
_1(,_ v3+1)_1/(2v2-V3-1 
2 a2 1 2 2/2 
_ 2v2- 3-1 
a2 
: 1° 
sin 0 =n 
sin7—= 2v2 ~ V3 ~ 1 _ 1 fg -2v6 - 22 
4/2 4 
Example 93. If « =112°30’, find the value of sina 
and cos &. 
Sol. Given, & = 112°30’ 
2a, = 225° 
or cos 20 = cos 225° = cos(180° + 45°) 
1 
=-— cos 45° = —- — 
J2 
Now, sin’a = a 


Since a lies in the 2nd quadrant .. sin & is positive 


; = — cos 20 
sing = = 


-/% 241 2+2v2 


22 2 


2+2v2 = 


But cos © is ae in 2nd quadrant 


1+ cos 20 
cos @ = — [aa 
2 


Hence, sin & = 


= __ 2-2 
2 
0 a—b 
Example 94. If tan—= tan ue prove that, 
2 a+b 2 
acos 9+b 
cos @ = ————_.. 
a+bcos 
Sol. Given, tan 2 = =e tan ° 
at+b 2 
es 1-2 tan’ © 
Now, cos 0 = a= a z 
1+ tan’ 1+ : tan’ ° 
2 a+b 2 


39 
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(a + b) cos? ha —(a— b)sin’ 


= 2 


(a + b) cos’ : +(a—b)sin’ 


cos a — cos B 


Example 95. If cos 6 = then prove 


f . 


is tan = cot 
2 2 


1—cos o cos B’ 


that one of the values of tan 2 


_ cos & — cos B 


0  1-cos® _ 
1+ cos 0 


1- cos & cos B 


Sol. tan’ 
1+ £08. % = Cos 6 


1-— cosa cos Bh 


_ 1—cos a cos B — cos @ + cos B 


1— cos a cos B + cos & — cos B 
_ (1— cos &) + cos B(1 — cos o) 
(1+ cos &) — cos B(1 + cos a) 


_ (1—cos @) (1+ cos B) _ tan? — cot? B 
(1+ cos ©)(1+ cos B) 2 2 


B 


2 


6 Oo 
.. tan — = + tan — cot 
2 


B 


68. (07 
Hence one of the values of tan B is tan mi cot a 


Example 96. Prove that 


cos 6° cos 42° cos 66° cos 78° = aa 


Sol. We have 
LHS = cos 6° cos 42° cos 66° cos 78° 


1 
= — (2 cos 66° cos 6°) (2 cos 78° cos 42°) 
4 


1 
= z [cos(66° + 6°) + cos(66° — 6° )] 
x [cos(78° + 42°) + cos(78° — 42°)] 


1 
= ae 72° + cos 60°) (cos 120° + cos 36°) 


1/. ek 1 5 
=—] sin 18° + — |} ——+ cos 36 
4 2 2 


[cos 72° = cos(90° — 18°) = sin 18°] 


1 (v5-1) 1 i (5 =1) 
4 4 2 2 4 
|: sin 18° — » and cos 36° = — "| 


_1 (v5 +1) (V5-1)_ (5-1) 


4 4 4 64 
27s RHS 
64 16 
_ Tm . un. 3m. An 
Example 97. Prove that sin— sin — sin — sin 
5 5 5 5 
_2 
16 
Sol. We have 
LHS = sin e sin An sin ail sin bal 
5 5 5 5 
_ Uw, 2, 2m). T 
= sin sin sin | 7 sin | 7 
5 5 5 | 
= sin’ . sin’ ll ['.. sin( — 6) = sin 0] 


= (sin 36°)’ x (sin 72°)’ 
= (sin 36°)’ x (cos 18°)’ 

[sin 72° = sin(90° — 18°) = cos 18°] 
_ (10 -2V5) 4 (10+ 2/5) _ (100 — 20) 


16 16 (16 x 16) 
sin 36° = = 
and cos 18° = 10+ 25 
“exe 


Example 98. Find the value of 

(i) sin 22°30’ (ii) Cos 22°30’ 
(iii) tan 22°30’ 
(1 — cos 20) 


Sol. (i) sin’ 0 = ; 


en 
_ sin?(22°30") = = <8 a a va) 2-1 


—oooan’y . [v2 -1) 
=> sin(22°30’) = ore 
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(ii) cos’ 0 acon) 1- tan? ~ 2 tan = 
2 - aan ot 
eo 5 1+ tan? = 1+ tan? > ss 
1 45° 2+1 
=> cos*(22°30’) = de via | _{ x jr se 2t 1 
2 2 24/2 Let tan — =f, then =+ 7 = 
2 1+¢? 14+? 2 
2+ 
=> cos(20°30’) = (v2 +1) => 3r7-4t-1=-0> t= v7 
3 
2/2 
say a Drgqoqnry . Siln”(22°30’) _ (v¥2-1)_(2V/2) = pee Nope ae 
(iii) tan “(22°30’) = 5 = x 2 3 > 2 2 
cos’(22°30’) (2/2) (V2. +1) 
x 
_v2~-1_ (2-1), (2-1) ain 
va+1 (e+) (2-1) ST os 
1— tan” — 
= (V2 -1) 2 
= tan(20°30’) =(v2 - 1) {2 tay 
, 7 2 __ 32+7) 1-27 
Example 99. Geax Teang chs cesIn x=, then ; [2+ ‘) 1+2V7 1-2v7 
3 
find the value of tan x. 
1 4+7 
Sol. Given, cos x + sin x = ; i tan x =— a 


Exercise on Session 9 


= 


If tar{ > =cosec x —sin x, then find the value of tan'( 3 


2. Find the value ofcos"| ©) 


1 


3. Find the value of expression + - : 
cos 290° 3 sin 250° 


4. \fx+ ad =2.cos @then find the value of x” + an 
x xX 


5. Show that sin 47° + sin 61° — sin 11° —sin 25° =cos 7°. 


2ab 


If « and 6 be two different roots of equation a cos 0+ b sin 8@=c, then show that sin(a + B) = a 
a+ 


= aia? — Re 
7. sin c+ sin =a andes a +08 =, then show that tan| “= B)=2 . ba 2 : 
\ a+ 


8. Show thatcot 1425 = /2+ 3-2-6. 


cos «+ cos B 
1+ cos acos B 


B 


9. Ifcos 0= , then prove that one of values of tan ; is tan 5 tan ry 


10. Find the value tan 4 +2 tan os +4cot “= 
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Trigonometric Ratios of the Sum of Three 


or More Angles 


Trigonometric Ratios of the 
Sum of Three or More Angles 


i(A+B+C) __ iA iB 
e =e :e@ :-e 


=> cos(A+B+C)+isin(A+B+C) 
=(cos A+ isin A) (cos B + isin B) (cos C + isinC) 
cos Acos BcosC +iXcos A: cos BsinC + i” 
Xcos A- sin B-sinC +i°- sin A- sin B- sinC 
=cos A-cos B-cosC- 
{1+iXtanA+i’ XtanA tanB+i’- tan AtanBtanC} 
Now, equating real and imaginary parts, we get 
cos(A + B+C)=cosA- cos B-cosC -{1— tan A tan B} 
sin(A + B+C)=‘cos A cos BcosC 
{tan A — tan A tan B tan C} 


and 


Generalising Using this Method 
cos(A, + A, +...+ A,) tisin(A, + A, +...+A,) 
=cos A,-cosA,...cosA, {1+i-Ltan A, +i° 
Ytan A, tan A, +i°X tan A, tan A, tan A,+...i" 
tan A, - tan A,...tan A, } 
(i) On comparing real and imaginary parts, we get 
cos(A, + A, +...+A,) 
=cosA,-cosA,...cosA, -{1—ZtanA tan A, 


+X tan A, -tanA, tanA,:tanA,...} 


(ii) (sin(A, + A,+...+A, ) 
=cos A, -cosA,...cosA, - {2 tan A, —X tan A, 


-tanA,-tanA,+...} 


(iii) tan(A, + A, +...+ A,)=S, —S,4+5S,... 
1=S p45; = S52 e 

S, =X tanA,, 

S, =X tan A, - tanA,; 

S, =X tan A,.tanA,.tanA, 


where, 


Example 100. If tan0,,tan6,,tan@,,tan@, are the 
roots of the equation 
x" —(sin2B)* + (cos 2B)x” — (cos B)x —sinB =0 
Then, tan(0,+0,+0, +8, ), is equal to 
Sol. tan(0, +9,+0,+0,)= ase 
ps aS, 
_ cosB(2sinB — 1) 
sinB(2sinB — 1) 


__ sin(2B) — cosB 
1— cos26 — sinB 


= cotB 


Multiple Angle Results in the General 
Form 


Using the De-Moiver’s theorem, 
(cosna +isinna) =(cosa + isina)” 
="C,-cos"a@ + "C,.cos"~’ a (isina) + 
"C, cos" * a (isina,)* +...+ "C,(isina)” 
=> cos(nc) +isin(na) =("C, cos” & — 


n-2 


"C, cos" *asin°a + "C,.cos” *a-sin* a...) 


+i("C, cos" @- sina -"C,cos™ °a.sin’ o 
+"C,cos"°- sin’ o...) 
On comparing real and imaginary part, we get 
cos(n&) =cos"a(1— "C,- tan?a+"C, tan’ o...)...(i) 
and sin(na) =cos” a ("C, - tana — 
"©, tan a+ °C, tan? a...) (ii) 
On dividing Eq. (ii) by Eq. (i), we get, 


"C,-—"C, tan°a+"C, tan’a... 
tan(na.) = 


1-"C, tan’a+"C, tan*a-"C, tan°a... 
On adding and subtracting Eq. (i) and Eq. (ii), we get 
sin(na) + cos(na) =cos" a {1+ "C, tana + 
"C, tan°a—"C, tan?a+"C, tan*a+"C, tan>a...} 
and sin(na) — cos(na) = cos” a {-1+ "C, tana 


+"C, tan’a-"C, tan°a-"C, tan‘ a+...} 


Example 101. Express sin’® 6 in term of sin(n®); ne N. 
Sol. We know, 
1 ( ; . 
sin® = —] z — — |, using 
2i Zz 


e'° =cos@ + isin® =z 


5 
sin’0 = Fe - 1)) 
2i Zz 


1 1 
= ie 2 °C, -2 4+ °Cy-z- o4) 


~ 320i 


i \f, 4 yt 1 
le eae) 
321 Zz z Z 
= a {2i sin50 — 5(2i sin30) + 10(2i sin®)} 
i 


1 
= —{sin50 — 5sin30 + 10sin0} 
16 


Summation of Series Containing sine 
and Cosine of Angles Forming an AP 
(i) Sine of angle forming an AP 
Let the series be, 
S =sin(a) + sin(a +B) + sin(a + 2B) + 
... tsin(a +(n—-1)B) 


On multiplying and dividing by 2 sink 


; 2 a(® i aa y +2sin(a +B). sn) 
2 


+...+2sin(a +(n—-1)B). sn( 
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mle) fet 


2sin — 
2 


“. sina + sin(a +B) + sin(% + 2B) 
+...4+sin[(a +(n—-1)B)] 


B | 


i B -sin n—1)— 
-sin( nb a +(n-1) 2 | 


a 


(ii) Cosine of angle forming an AP. 
Let, 
S =cos(a) + cos(a +B) +cos(a + 2B) + 
... tcos[ +(n— 1) ] 


On multiplying and dividing by 2 sin( we get 


1 


S= =(] , sal ©) -cos(O) + 2ain( F) -cos( +B) + 
2 
2ain(®) -cos( + 2B) +...+ 2ain(£) cos(a +(n+ vn| 


= i a sin [a + 4 — sin [a - al + 


2 


“apy tet AD sin{ A] 


cos(o) + cos(a +B) +... + cos(% +(n — 1)B) 


lesan ee 
- Ae) 
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II Method 
Let S =sing + sin(a + 8) + sin(a + 28) + 


.. +sin(a +(n-1)8) ...4 


C =cosca + cos(a +B) + cos(a@ + 2B) + 


.. + cos(a(n—1)B) — ...(ii) 
C+iS =(cosa + isin) +(cos(a +B) + isin(a + B)) 
+(cos(& + 2B) + isin(a + 28)) +... +(cos(a + (n —1)B) + 


isin(o +(n — 1)B)) i(& +(n — 1)B) 


ia 


=e pelttB) 4 cet BD) 1 te 


= ei . (e"?) =I 
e'P 4 


ig, | cos(nB) — 1+ an 


cosh —1+isinB 


potest fo 
Fae peal of 

etalon nel) 

mat) (=e) =(9 J 


i(a + (n-1)B) 


.. On comparing real and imaginary part, we get 


nea 
’ ooo 


1. sin(A + B+ C) =sin Acos BcosC + cos Asin Bcos C + 


cos Acos BsinC —sin Asin BsinC 


or sin(A + B+C)=cos Acos Bcos C(tan A + tan B + 


tan C — tan A tan B tanC) 
2. cos(A + B+ C) =cos Acos Bcos C — sin Asin Bcos C — 


sin Acos BsinC —cos Asin BsinC 


uo 


On 


“I 


ge 


10. 


12. 


13. 


.tan(A, +A, +...+A,)= 


cos(A + B+ C) =cos Acos Bcos C(1 — tan A tan B - 
tan B tan C- tanC tan A) 
tan(A + B+C) 
_ tanA+tanB+tanC—tanAtanBtanC 
~ 1—tan A tan B — tan BtanC — tanC tan A 


In general; 
sin(A, + A, +...+A,) 
=cos A, cos A,...cosA,(S, —S, +5, —S, +...) 


.cos(A, + A, +...+A,) 


=cos A, cosA,...cosA,(1-S, +S, —-S, +...) 
5,04 Se _5, ig 


18:48, 6 4, 


where; 
S,=tanA, +tanA,+...... + tan A, 
= tan sum of the tangents of the separate angles. 
S, =tanA, tanA, +tan A, tanA,+... 
= the sum of the tangents taken two at a time. 
S, =tanA, tanA, tanA, +tan A, tanA, tanA, +... 
= sum of the tangents three at a time and so on. 


If A, =A, =...=A, =A, then 
S, =ntanA 
S,="C, tan’ A 
S52 °C, tan Ace 


. sinnA = cos" A("C, tanA—"C, tan? A+ "C, tan’ A...) 


cosnA =cos" A(1— "C, tan? A+"C, tan* A-...) 
tannA 

"C, tanA-"C, tan? A+"C, tan’ A.. 
: 1-"C, tan° A+ "C, tan* A—"C, tan® A+... 
"C, tan® A- 
“CO Fan" As) 


sinnA +cosnA =cos" A(1+ "C, tanA- 
"C,tan° A+ "C, tan* A+"C, tan’ A- 


. sinnA—cosnA =cos” A(-1+"C, tan A 


+"C, tan? A-"C, tan’ A 
—"C, tan* A+ "C, tan? A+ "C,tan® A..) 
sin(a) + sin(a +) + sin(a + 2B) +...+sin(a +(n—1)B) 
_ sin{o. +(n— 1)(B / 2)} - sin(nB / 2) 
sin(B / 2) 
cos() + cos(x + 8) + cos(@ + 2B) +... + cos(a +(n — 1)B) 


_ cos(a + (n — 1)(B / 2)) - sin(n(B / 2)) 
sin(B / 2) 


Example 102. Let n be an odd integer. In 
sinn@ = vo: sin’ 0, for all real@. Then, findb, and 
r=0 


b 
Sol. Here, 


1° 


Putting 0 = 0, we get 
0=b, 


sinnO = b, + b,sin® + b,sin’O +... 


(ii) 


Again, on differentiating Eq. (i) both sides w.r.t. 8, we get 


ncosn0 =0+ b,cos0 + b,2sin8-cos0 +... 


Again, putting 0 = 0, we get 
n= b, 
.. From Eggs. (ii) and (iii), 
b, =Oand b, =n 


Example 103. If cos 50 = acos’ 6 +bcos* 6+ ccos8. 


Then, find the value of c. 


Sol. Here, cos50 = acos*0 + bcos*@ +c cosO 
On differentiating Eq. (i) w.r.t. 6, we get 


...(iii) 


—5sin50 = a(5cos* 0)(—sin®) + b(3cos’8)(—sin®) — csinO 


. T _ oT . 
Putting 0 = 5sin — = — csin 
2 


c=5 


T 
as cos— =0 
2 


Example 104. If sin’ xsin3x = Sc, .cos mx is an 


m=0 


identity in x, where c,,’s are constants, then find the 


value of n. 
3sin x — sin3x 


4 


Sol. Here, sin? xsin3x = sin3x 


Se F T2 
= —(2sin xsin3x) — —(sin?3x) 
8 4 


3 
= —(cos2x 
8 


1 
cos 4x) — —(1 — cos6x) 
8 


3 1 
=——+-—cos2x ——cos4x + —cos6x 
8 8 8 
n 
Also, ¥\c,,.cos mx =c, +c,cosx + c,cos2x 


m=0 


+... +, cosnx 
On comparing Eqs. (i) and (ii), we get 
n=6. 


n 


n-1 
Example 105. Evaluate Yycos:( =] 
r=1 


r=1 n 


n-1 
Sol. Sum = Si + cos) 


i) 


(ii) 
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2 4 2n — 2) 
= —(n — 1) + —, cos— + cos— +... + wag! 2) 
n n n 
oT 2m 27 
1 sin(n — 1)— (=) +i(n — 2)— 
=—(n-1)+ 2 . cog 
2 2 . 27 2 
sin — 
n.2 


Using, cosa + cos(a +B) + cos(% + 2B) +... 


45 


+ cos[% + (n — 1)B] 


2 


aa 
eae os} +(n 2] 
B 


sin — 
: —1)1 
pera ) 


=1(n-1)++ n 
2 2 sin(7/n) 


. WU 
at al [sin )(-1 
2 


2] sin(m/n) 


COST 


Using, sina + sin(a +B) +... +sin(a +(n —1)B) 


_ sinnB/2 sin| 2 +(n- He | 


sinB/2 2 
sint | |2m+2nnm — 27 
- sin 
sint/n 2n 
sin’ 7 
sintt/n 
. 1 . 30 , 
sin— + sin + sin +... ton terms = 0 
n n n 


n 
=-(n—-1) = 1 
2 2 2 
n-1 - rT n 
¥' cos =—-1 
r=1 n 2 
Tm  , 3t . ST 
Example 106. Evaluate sin—+sin— + sin 
n n n 
n terms. 
. 1 , 31 . 
Sol. sin— + sin + sin +... to n terms 
n n n 
n2. Tt oT 
sin on 2-—+(n-1)-— 
~~ . sins —2 
4 Ode 2 
sin — 
2.n 


Poses 


to 
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Exercise for Session 10 


1. IfA+B+C =180°, then prove that sin 2A + sin2B + sin2C =4 sin AsinB sin C. 
2 Pa) B Cc : : : 
IfA+B+C=180°, then prove that tan 3 = tan a tan a when cos @(sinB + sinC)=sin A. 
3. IfA, B, Care angles of a AABC, then prove that sin2 A + sin2B —sin2C =4cos Acos BsinC. 
4. \finaAABC, “ aS = Be a c = 2A cot A cot B , then find the value of A. 
sinA+sinB-sinC 2 2 
5. \fA+B+C = 180°, then find the value of 284 _ , _°88 cet... 
sinBsinC  sinCsinA_ sinAsinB 
6. In AABC, show that VERB APEOEE SEO ap age = 
1-—cos C +cos A+cosB 2 2 
7. \InaAABC, if tan (? EA )tan( © SAN tan A*3-°) = 1, then find the value of cos A + cos B + cos C. 
8. \fin a AABC, cot a + cot 2 + cot Gg =Xcot ae cot = cot S then find the value of A. 
2 2 2 2 2 2 
9. IfA+B+C ast then show thatcos 2A + cos 2B +cos 2C =1-4sinAsinB sin C. 
2 
10. \fa+f+y=2n, then show that tan + tan Dien tan fn tan 
2 2 2 2 2 2 


Session 11 


Maximum and Minimum Values of 
Trigonometrical Functions 


Conditional Trigonometrical Identities 


(iii) If A+ B+ C=T, then cos(A + B) 


We have certain trigonometric identities like, 

sin’ 0 +cos* 0 =1and 1+ tan’ 0 =sec’6 etc. Such 
identities are identities in the sense that they hold for all 
value of the angles which satisfy the given condition 
among them and they are called conditional identities. 


If A, B, C denote the angle of a AABC, then the relation 
A+B+C=T enables us to establish many important 
identities involving trigonometric ratios of these angles. 


(i) If A+B+C=nT, then A+ B=nm-C, 
B+C=n-AandC+A=2-68 

(ii) If A+ B+C=T, then sin(A + B) 
=sin(m —C) =sinC 
Similarly, sin(B + C) =sin(m — A) =sin A 
and sin(C + A) =sin(z — B) =sin B 


=cos(m — C) =—cosC 
Similarly, cos(B + C) =cos(m — A) =—cosA 
and cos(C + A) = tan(m — B) =— tan B 

(iv) If A+ B+ C=T, then tan(A + B) 
= tan(m —C) =—tanC 
Similarly, tan(B + C) = tan(m — A) =— tan A 
and, tan(C + A) = tan(m — B) =—tan B 


Wratten et 
2 2 2 
B+C nm A C+A aT B 
and = and = 
2 2 2 2 2 2 
cee rer 
sin = ———|]=cos| — 
2 2 2 
Cc 


(A) [= c) (<) 
tan = tan — —— | =cot]|. — 
2 2 2 2 


All problems on conditional identities are broadly 
divided into the following four types : 


(i) Identities involving sines and cosines of the 
multiple or sub-multiples of the angles involved. 
(ii) Identities involving squares of sines and cosines of 
the multiple or sub-multiples of the angles involved. 
(iii) Identities involving tangents and cotangents of the 
multiples or sub-multiples of the angles involved. 


(iv) Identities involving cubes and higher powers of 
sines and cosines and some mixed identities. 


TYPEI Identities involving sines and cosines of the 
multiple or submultiple of the angles involved 
Working Method 
Step 1 Use C and D formulae. 
Step 2 Use the given relation(A+ B+C=7) in the 
expression obtained in step 1 such that a factor 
can be taken common after using multiple angles 


formulae in the remaining term. 
Step 3 Take the common factor outside. 


Step 4 Again use the given relation(A+ B+C=m7) 
within the bracket in such a manner so that we 
can apply C and D formulae. 


Step 5 Find the result according to the given options. 
TYPE II Identities involving squares of sines and 


cosines of multiple or sub-multiples of the 
angles involved. 


Step1 Arrange the terms of the identify such that either 
sin’ A—sin’ B =sin(A + B).sin(A — B) 

or cos’ A-sin* B=cos(A + B)cos(A-— B) can be 
used. 

Take the common factor outside. 


Use the given relations (A + B +C=17) within the 
bracket in such a manner so that we can apply C 
and D formulae. 


Step 2 
Step 3 


Step 4 Find the result according to the given options. 
Type III Identities for tan and cot of the angles 
Working Method 


Step 1 Express the sum of the two angles in terms of 
third angle by using the given relation 
(A+B+C=nT) 
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Step 2 Taking tangent or cotangent of the angles of both 
the sides. 
Step 3 Use sum and difference formulae in the left hand 
side. 
Step 4 Use cross-multiplication in the expression 


obtained in the step 3. 


Step 5 Arrange the terms as per the result required. 


Example 107. If A+8+C=7, then, find 


sin2A + sin 2B + sin2C. 
Sol. sin2A + sin2B + sin2C 


. (2A 4+2B 2A —2B ‘ 
= 2sin - cos 5 +sin2C 


= 2sin(A + B) cos(A — B) + sin2C 
= 2sin(m — C)-cos(A — B)+sin2C 
[<-A+B+C=1,A+B=n-C 
“. sin(A + B) =sin(m — C) =sinC] 
= 2sinC cos(A — B) + 2sinC cosC 
=2sinC [cos(A — B)+ cosC] 
= 2sinC [cos(A — B) — cos(A + B)] 
['. cos(A — B) — cos(A + B) =2 sinA sin B, 
by C and D formula] 


=2sinC [2 sin A sin B] 
= 4sinA sin BsinC 


Example 108. If A+8+C =r, then, find 


tanA+ tanB+B+ tanc 
Sol A+B+C=mT 


A+B=n-C = tan(A+ B) = tan(m - C) 


tan A + tan B 
=-—tanC 
1-— tan A tan B 
> tan A + tanB=-— tanC + tan A- tan B- tanC 


tan A + tan B+ tanC = tan A- tan B- tanC 


Maximum and Minimum Values 
of Trigonometrical Functions 


As we have discussed in previous article that —-1<sinx <1 
and—1< cosx <1 


If there is a trigonometrical function of the form 
asin x + bcos x, then by putting a =rcos0, b=rsin0, we 
have 


asinx + bcosx =rcosOsinx +rsin9-cos x 


=r(cos@sin x +sinOcos x) 


=rsin(x +0), where r=,/a’ +b’, tan =" 
a 
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Since, —1<sin(x +8) <1 
—r <rsin(x +8) <r 


or —/a’ +b’ <asinx +bcosx <a’ +b’, for all x. 


Hence, the maximum and minimum values of 
trigonometrical functions of the form asin x + bcos x are 


ya’ +b* and-a’ +b’, respectively. 


Note | acosA+ bsinA| <a’ + 0°. 
Also, cosA+ sinA= vsin(2 + A)= V2cos Gi =| 


Example 109. Find the maximum and minimum 
value of 3sin2x+4cos2x + 3. 


Sol. As we know, 


—,ja’ +b’ <asinA + bcosA <.J/a’ +b’ 
=> —,/3? + 4? <3sin2x + 4cos2x < ./3’ + 4° 


=> —5 <3sin2x + 4cos2x <5 
—5+3<3sin2x + 4cos2x+3<5+4+3 
=> (3sin2x + 4cos2x + 3) € [-2, 8]. 


Example 110. Find the maximum and minimum 
value of 6sin xcos x + 4cos 2x. 


Sol. We have, 6sinx cos x + 4cos2x 


> 3sin2x + 4cos2x 


—,/3° + 4° <3sin2x + 4cos2x <./3* + 4? 


= 3sin2x + 4cos2x € [-5,5] 


Hence, the maximum value is 5 and minimum value is —5. 


Example 111. Prove that 


Tl 
—4<5cos0+ 3cos| 0+ oF 3<10, for all values of 0. 


Sol. We have, 5cos@ + 3cos [6 + z) 


T Tt 
= 5cos0 + 3cos@ cos— — 3sin@ sin — 
3 3 


13 


3 13 3 
cosO sin8 = -7 < —cos0 sin® <7 


-7 <5cosO + 3cos(0 + 1/3) <7, for all 0. 
-7+3<5cos 0 + 3cos(0 + 7/3) +3 <7 +3, for all. 
—4 <5cos0 + 3cos(8 + 1/3) +3 < 10, for all 9. 


i oe 


Hence proved. 


Example 112. Find the maximum value of 


1+ sin{ +0] 200s( 2 - 0| for all real value of 0. 


Sol. We have, 1+ sn + 0| + 2004 * - 0| 


=1+ | (e686 + sin®) + /2(cos® + sin®) 


2 
=14 [= + v2 feos + gin) 
ae [45+ sa} veo 0 z 2) 
“. The maximum value of 1 + (= + A} sh = 4, 


Example 113. Find the maximum and minimum 
value of cos* 6 — 6sin@cos@ + 3sin’ 6 + 2. 


Sol. We have, cos’@ — 6sin@ cos®@ + 3sin’@ + 2 
=(1—sin’@) — 3sin20 + 3sin’0 + 2 
= 2sin’@ — 3sin20 +3 
=(1— cos20) — 3sin20 + 3 
= 4 —(cos20 + 3sin20) .-(i) 
As we have, aa it < cos20 + 3sin20 < V10 
—V10 < — (cos20 + 3sin20) < 10 
or 4-10 < 4 —(cos20 + 3sin20) < 4+ /10 
*. From Eqs. (i) and (ii), 
4-10 < cos’@ — 6sinO cos@ + 3sin?@ +2<4+-/10 


ii) 


Example 114. The minimum value of cos 26 + cos0 
for all real values of 0. 


Sol. cos20 + cosO = 2cos’® — 1+ cosO 


1 
=-1+2] cos’0 + Leos0] 
2 


1 1 1 
=-1+2 cos'8 + Leos + 2-1 
2 


16 16 


=-1+2 


2 
1 1 
cos8 +—| —— 
4 8 
9 i) ...9 
=—-—+2]cos0+—| =>-— 
8 4 8 


a : 9 
So, the minimum value of cos20 + cos@ is ——. 
8 


in3 , 
Example 115. If f(x) = aul “x # mm, then find range 
sin X 
of f(x). 
Sol. _ sin3x _ 3sin x — Asin’ x 
ie sin x sin x 
=> f(x) =3- 4sin’ x. (i) 


We know, 0< sin’ x < 1(sinx #0as x # nT) 
or -1<-sin’x <0 


or -4<-4sin’x <0 or 3-4<3-4sin’x <3 


or -1<3-4sin’x<3 => -1< f(x) <3 


Hence, range of f(x) € [—1, 3). 


Application on Quadratic Equations 


As we know, ax’ + bx +c =0, represents the quadratic 


equation whose, 


—b 
sum of roots = —. 
a 


c 
product of roots = —. 
a 


—b +,/b’ — 4ac 
2a 


and if we want to form quadratic equation whose roots 
are given. 


(a, B) roots = 


= x’ —(sum of the roots)x + (product of the roots) =0. 


As above mentioned results are basics for quadratic 
equations, we discuss certain application on trigonometry. 


B 


Example 116. Find cos(a + B), if tan = and tan are 


roots of the equations 8x* —26x+15=0. 


a : oO 
Sol. It is given tan— and ine are roots of 8x° — 26x + 15=0. 
2 2 


B B15 


a 13 a 
> tan — + tan— = — and tan—.tan— = — 


1- tan (228) 
2 


cos(a +f) = , 
(+B) oe 
1+ tan“) ——— 
2 
104 
fe +B in eee” 
where tan )- 2 a 7 
1 — tan— tan — 
2 2 
13 
a+ 4 - 
or tan p =_4 = ae 
2 15 7 
P= % 
8 
676 
-(2) 627 
=> cos(a + B) = ge 
676 725 
1+) — 
49 
—627 
=> cos(a% + B) = —— 
725 


Example 117. If the solutions for @ from the equation 


_ Tt Tt 
sin? @ —2sin0+A=Olie in U [ann -" antes =] 


nez 


Then, find the possible set values of A. 
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24+.,/4-4A 
Sol. sin’® — 2sin0 + A =0 > sin® = ; =1+,/1-d. 
For real values,1— A 20,i.e.A <1. 


As —1¥sin@ <1,sin@ =1- t=, (neglecting 1 + t=) 
From question, sin® > -5 

~5<1- 1-21 

or aging BOS ian <; 


2 


Thus, 


>> 
2 4 


Example 118. If ABCD is a convex quadrilateral such 
that 4sec A+ 5=0, then find the quadratic equation 
whose roots are tan A and cosec A. 


5 
Sol. os ear So, a sas 


3 5 
Hence, tan A = —— and cosecA = — 
4 3 


.. Required quadratic equation is 


3 Sees} 3 5 
x += |x + x-=0 
4 3 4 5 


=Oor12x* —11x —15=0 


5 
ie 4 
Example 119. If sec and cosec a are the roots of 
x? — px+q=0, then show p* = q(q+ 2). 
Sol. Since, seco, and cosec o are the roots of x* — px +q =0 
sec + cosec & = p and sec cosec & = q 


: : : 1 
sind + cosa = psindgd cosa and sina cosa = — 
q 


P 


sing + cosa = — 


q 
On squaring both sides, we get 


2 
sin’ + cos’ + 2sina cosa = . 
2 


q 
1+ 2sina cosa =P 
q 
2 2 
or 1+ =P => p’=q(q +2) 
q q 


Example 120. Find the number of values of x in the 
interval [0, 57] satisfying the equation 
3sin* x —7sinx+2=0. 


Sol. 3sin’ x —7sinx +2=0 
. 7+.,/49-24 745 1 
> sinx = 3 — ; = 208 


1 
sinx =— (where, 2 is not possible). 
3 
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sinx = : =sina;(0<a@ < 7/2) 
x=0,1-Q,207+0,307 -A,407+0,57 - 
Thus, the number of values of x is 6. 
Example 121. 0<a< 3, 0<b<3 and the equation, 
x* +44 3cos(ax +b) =2x has atleast one solution, 
then find the value of (a+b). 


Sol. x° —2x + 4 = —3cos(ax + b) 


=> (x — 1)’ +3=—3cos(ax + b) (i) 


As—1< cos(ax + b)<1and(x — 1)? >0 
.. Eq. (i) is only possible if, 
cos(ax + b)=—1and(x —1)=0. 


So, a+b=N,30,57,... 
and 3m >6 
where a+b<6 
> a+b=T1 


Example 122. Find the values of p if it satisfy; 


cos8=x+ P x ER for all real values of 0. 
x 


Sol. x° — cosOx + p=0 


+ ,/cos’@ — 
af 2 = 088 t cos°0 — 4p 


2 


For realx, cos°@-4p 20. > 4p <cos’O 
4p <cos’0 <1. 
=> ps for all values of 8. 


Example 123. Find the set of values of AR such 
that tan? @ + sec @ = A holds for some 0. 
Sol. tan*8 + sec0 =A = sec’O +secO —(A +1) =0 


-1+./1+ 4(A +1) 


secO = 
2 
tt f4n45 
2 

For real secO, 4X +520, 
5 

ie. AZz-— (i) 
4 


Also, sec0 >1 or secO <-1 


2 
-14+,4A4+5 
or ———__4——s$-1. 
2 
=> -14+ 4A +522 
or -14j4A4+5<-2. 


=> 4X4+529 
or 4X4+5>1 
=> rAz21 
or A2>-1 


From Eqs. (i) and (ii), 
r= ee 21 
4 
i) 
or ver ees 


X21 0rAz-1 
X €& [=-1, ). 


Proving Trigonometric 
Inequality 


Jensen's Inequality 


(i) Suppose that ‘f? is a convex function on[a, b]€ R, for 
all x,,x,,x,..,x, €[@,)b], 


we have 
F(x,) + f(x.) +. Af (x,) zn. p(t) 


Proof If f(x) is concave up, 


‘ Ag bn) 
GER, y) An Xa: 1Xp-1)) 
be, fc) 
A Aga, fX2)) 
1 L 
O x *X 
Here, gf Steet, Alt fen fee)) 
n n 
and p(B tathette ptt) 
n n 


From figure, ordinate of G = ordinate of P. 


f(x,) + f(x). 4f(x,) 2 A * “ees 


n 


flx,)+ flra)e fx, ane ff AEE) 


(ii) Similarly, suppose that f is concave function on 
[a, ble R, for all x,,x,,x,,...x, €[a, b], we have 


f (x1) + f(x,)+..4+f(x,) nf BAe) 


ii) 
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Example 124. If A,B,C, [-2,2| Then prove that 


3 
cos AcosB+cosC < a 


Sol. Since, for a function which is concave downwards 


X,+X,+X, 


3 


fl 


|; F(x) + f(x,)+ f(s) 
3 


and we know that the graph of y = cos x is concave 


downwards for all x € 7 —f 


Tl ™ 
2 


Let P(A, cos A), Q(B, cos B) and R(C, cosC) be any three 
points on y = cos x, then it is clear from the graph 


GM < ML 


Exercise for Session 11 


a KR WH DS 


> 


10. 


Prove that the minimum value of 3 cos x +4 sin x + 5is 0. 
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cos A +cosB+cosC 
<co 


3 


3 
cosA+cosB+cosC <—,asatB+C=T7 
2 


If sin @, + sin 8, + sin 8, =3, then find the value of cos 0, + cos 0, + Cos 05. 


If x =r sin 0cos 6, y =rsin Osin 6 andz =r cos 8, then prove that x? + y* + z? is independent of 0 and 0. 


Find the least value of 2 sin? 6 + 3cos? 0. 


c, B, y are real numbers satisfying « + 6 + y =. The find the minimum value of given expression 


sina +sinf+sin y. 
If A=sin? 6 + cos‘ 0, then find all real values of 6. 


Find the minimum value of sec? + cosec’6 — 4. 


If P =cos (cos x) + sin(cos x), then the least and greatest value of P respectively. 
(a) land 1 (b) 0 and 2 (c) -V2 and /2 


(d) 0 and 2 
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Let Oe (0, 4 and t, =(tan 6)*"°, t, =(tan 6)”, t, =(cot 6)*"° and t, =(cot 6)**°, then show thatt, >t, >t, >t). 


Find the ratio of greatest value of 2—cos x + sin? x to its least value. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


» Ex. 1. In the inequality below, the value of the angle is 
expressed in radian measure. Which one of the inequalities 
below is true? 

(a) sinl< sin2 < sin3 
(c) sin2 < sinl< sin3 


Sol. (d) We have, sin1 — sin2 


(b) sin3 < sin2 < sin1 
(d) sin3 < sinl< sin2 


3 3 Ol 
= —2cos—-sin— <0 
2 2 


sin3 
ae sinl < sin2 
Similarly — sin1 — sin3 ...(i) 
=— 2cos2sin1>0 
> sin1 > sin3 ... (ii) 


From Eqs. (i) and (ii), we get 
sin3 < sin1 < sin2 


) Ex. 2. Ina AABC, ZB< ZC and the values of B and C 
satisfy the equation 2 tan x — k (1+ tan’ x) =0, where 
(0 <k <1). Then, the measure of ZA is 


Tl 27 
a) — b) — 
@e ( 

Tl 31 
c)— d) — 
Oe os 

Sol. (c) k= 2BX x sinax 
1+ tan*x 
= sin2C = sin2B 
But ZC>ZB 
=> 2C =n -2B = B+C=7 
xee® 
a 


Ex. 3. IfM and m are maximum and minimum value of 
tan’ x+4tanx+9 


the function f(x) = dhedlekees) 

1+ tan’ x 
equals 

(a) 20 (b) 14 

2 

Sol. (c) Given, f(x) = tan® x + ican 49 
1+ tan* x 
oe 2 
_ 2tan x) 1A 1 tan’ A 3 
1+ tan’ x 1+tan’A 


= 2sin2x + 4cos2x +5 
a, = (v5 —V20,5 +120] 


Hence, (M + m) = 10. 


Alternate Method 
tan’ x 4tanx 9 
f(x)= ; at 2 
1+tan°x 1+tan°x 1+tan’x 


= sin’ x + 2sin2x +9cos’ x 


=1+ 4(1+ cos2x) + 2sin2x 
=5+ 2sin2x + 4cos2x 


TT TU Tu. 
>» Ex. 4. The value of 4cos 3 sec tan — is equal to 
10 10 
(a) 1 
(b) V5 -1 
(c) V5 +1 
(d) zero 
Sol. (d) We have, 4 cos18° — — 2 tan 18° 
cos 18° 
_ 4cos" 18° —3 — 2sin 18° 
cos 18° 
_ 21+ cos36°) — 2sin18° — 3 
cos 18° 
_ 21+ cos36° — sin18°) —3 
cos 18° 
1 
se a =3 
a a, 
cos 18° 


» Ex. 5. For0<A< ., the value of 


log, ! + is equal to 
3 \1+2cos? A 


sec A+2 
(a) 1 (b)-1 
(c) 2 (d)0 
1 2 
Sol. As, + 
@ [sia er 
_ 1 2cos’ A 
1+2cos*A 1+2cos’A 


_ (1+2cos” A) _ 
(1+ 2cos’ A) 
Hence, log, (1) = 0. 


2 


1 1 


Ex. 6. The sum + 
sin 45° sin 46° sin 47° sin 48° 
1 1 ; 
+ ahoeidh is equal to 
sin 49° sin 50° sin133° sin134° 
(a) sec (1°) (b) cosec (1° ) 


(c) cot(1°) (d) None of these 


1 in(46° — 45° 1 
Sol. (b) T, = anes |. [cot 45° — cot 46°] 
sin 1° | sin 45° sin 46° sin 1° 
ee | sin(48° — 47°) 
* sin 1° | sin 48° sin 47° 
1 
7 = [cot 47° — cot 48° ] 
sin 1 
ent | sin(133° — 134°) 
‘sin 1°] sin 133° sin 134° 
1 
= 5 [cot 133° — cot 134° ] 
sin1 
On adding 


l 
1 
es = —— [{cot 45° + cot 47° 
= sin 1° 


+ cot 49° + ...+ cot133°} 
— {cot 46° + cot 48° + cot50° + ...+ cot134°}] 

= cosec 1° 
[all terms cancelled except cot 45° remains] 


Ex. 7. The range of k for which the inequality 
k cos’ x —kcosx +120V x€ (99, 09), is 


@k<— (b)k <4 


—1 1 
<k<4 d)—<k<5 


Sol. (c) We have 
k cos’ x —kcosx +120V x €(-c9, 0) 
> k(cos’ x — cosx) +120 


2 
1 1 
But cos*x —cosx =| cosx——]| —— 
2 4 
fh 
=> ——<cos* x —cosx <2 
k 
“. Wehave, 2k +12>0and——+120 
4 
1 
Hence, --<k<4. 
2 


— sin 20 +cos 20 
2cos 20 


Ex. 8. If f(0) =" 


f?)- f(34°) equals 


1 3 
(a) > (b) a 


, then value of 


1 
i (d) 1 
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— sin20 + cos20 
2 cos 20 
_ (cos — sin®)’ + (cos’® — sin’®) 
2cos® — sin@)(cos@ + sin®@) 
_ (cosO — sin®) + (cos® + sin®) 
2cos@ + sin®@) 


Sol. (a) f(0) =. 


= 2cos0 - 1 
2Acos8 +sin@) 1+ tanO 
f(it?): F342) = 
(1+ tan11°) (1 + tan34°) 
2D 1 1 
(1+ tan11°) (1+ tan(45° — 11°)) 
_ 1 1 
(1+tanii?) ,, 1- tani? 
1+ tan11° 
_ 1 1+tanll° 1 
(1+ tani1°) 2 2 


Ex. 9. The variable ‘x’ satisfying the equation 


‘sin X COS x| + 2 +tan? x + cot? x = V3, belongs to the 


T TU 
(b) F. | 


(d) Non-existent 


interval 


Tl 
[93 
of 


Sol. (d) sin x cos x| + |tan x + cot x| = V3 


: 1 
=> |sin x cos x| + ————— = 3 
|sin x cos x| 
: il 
but |sin x cos x| ++ —————__ > 2 
sin x cos x| 


Hence, no solution. 


Ex. 10. Leta be a real number such that0 <a <1. If 
F(x) =cos x + cos(x +0) + cos(x + 20) takes some constant 
number c for any x € R, then the value of [c +a] is equal to 

Note [] denotes greatest integer less than or equal to y. 

(a) 0 (b) 1 (c) -1 (d) 2 
Sol. (d) f(x) = cos x + cos(x + 2a) + cos(x +a) 
= 2cos(x +) cosa + cos(x + Q) 
=(2cosa + 1)cos(x + a) 
As cos(x + 0) can take any real value from —1to1,VxeER 


f(x) is constant, so (2cosa + 1) = 0 must hold. 


21 
= a =—andc =0 
3 


27 
(e+a)=[0+ 7 |=2 
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Ex. 11. Ina AABC, if4cos AcosB+sin2A 
+sin2B+sin2C =4, then AABC is 
(a) right angle but not isosceles 
(b) isosceles but not right angled 


(c) right angle isosceles 
(d) obtuse angled 


Sol. (c) We have, 4cos A cosB + 4sin A sin BsinC = 4 
4 sinC = 1 608A 0088 | 
sin A cos B 
> 1<sinA sinB+cosA cos B 
> cos(A — B)>1 
= 2 
=> pepdenes aa 
sin? A 
C =90° 


and A=B= 7 (each). 


Ex. 12. For0,,0,,....0, € [0 | if 


In(sec8, — tan®,) + In(secO, —tan@,) +...+ 


In(sec8, —tan@,) +ln 2 =0, then the value of 
cos ((sec8, + tanO,)(secO, + tanO,)...... (secO, + tan®, )) 
is equal to 


(a) cos (=) 
Tl 


(c)1 (d) 0 
Sol. (b) In {(sec0, — tan®,)(secO, — tan®O,)... (secO, — tan, )} 


“fs 


. (secO, — tan®,)(secO, — tanO,)...(secO, — tanO,,) = 7 
T 


i) 


(b) —1 


1-sinx > 0] 


T 
[Note If O<x<—, secx—tanx = 
2 cos x 


Let (secO, + tan@,)(secO, + tan@,)... 
(secO, + tanO,) = x (ii) 

On multiplying Eqs. (i) and (ii) we get 

t= 

Tl 
as x=T 
*, cos((secO, + tanO,) (secO, + tan@,) ... (sec6, + tan, )) 
= cost =—1 


Ex. 13. If A, B,C are interior angles of AABC such that 
(cosA+cosB+cosC)* +(sinA+ sinB+sinC)’? =9, then 
number of possible triangles is 

(a) 0 
(c) 3 


(b) 1 
(d) infinite 


Sol. (d) (2 cos A)’ +(Zsin A)’ =9 
X(cos’ A + sin’ A) + 2Xcos A cos B + sin A sin B) 
3+ 22 cos(A — B) <3+2(3) =9. 
Equality holds if A= B=C 
= AABC is equilateral = Infinite many equilateral 
[Note We can vary side length of equilateral triangle] 


Tl Tl 
Ex. 14. Ifcosec — + cosec * + cosec= +cosec = + 
32 16 8 4 


Tl Tl : 
cosec — = cot then the value of k is 


(a) 64 (b) 96 (c) 48 (d) 32 


sn(o - 

Sol. (a) T, = cosec 8 = z o=2 
4108 = 32 

on sin0 


T, = cot — cot0 


T, = cot0 — cot20 

T, = cot20 — cos2°0 
T, = cot2°0 — cos2°0 
T, =1 


5 


0 
sum = 1+ Coy — cot8d 


0 
Sum =1+ nS — cot80 


Tt tT tT 
=1+ cot cot — = cot— =cot— .. k =64 
64 k 
2 T 
Ex. 15. LetS= Y'cos(2r —1) — and 
a4 11 
: Tl 
P={ [cos 2" — |, then 
r=1 15 
(a)log,P=-—4 (b) P =3S 
(c) cosec S > cosec P (d) tan’'P <tan''S 
2 T 
Sol. (d) We have, ¥' cos(2r -1)— 
= 11 
Tl 510 Tl 
= cos— + cos— + cos— + cos— + cos 
11 11 11 11 
57U . {57 . {107 
2. cos} — }. sin} — sin} —— 
_ 11 i) = 1) 1 
Tt 
2+ sin — 2-sin a 2 
11 
me 2 41 870 167 
Also, [cos] 2” = cos cos cos cos 
rel 5 15 15 15 15 


Therefore, tan™' P < tan'S. 


Ex. 16. Set of values of x lying in[0, 271] satisfying the 


inequality | sin x |>2 sin’ x contains 
Tl 71 77 
0,— | U} 1, — b)]| 0, — 
olessz) OF) 
T 
(c) > (d) None of these 


Sol. (a) | sinx|>2sin’ x 


=> |sin x |(2|sin x |-—1)<0 


1 
=| |S 


T 51 71 117 
=>xeE!0, U ,»™ | U} 1, — |U] —., 27 
| e ) [ 4 & 


Ex. 17. The number of ordered pairs (x,y), when 


baci s : 1 sec? : 
x,y € [0,10] sats sn rosin 2 ” <1is 
2 


(a) 0 (b) 16 
(c) infinite (d) 12 


2 
Sol. (b) ,|sin? x —sin x ++ = [sin x3 eo SA 
2 2 2 2 


and sec’ y > 1, Vy, so 2” > 2. Hence, the above inequality 


holds only for those values of x and y for which sin x = ; 


and sec’ y = 1. 


TM Sm 130 177 

—; . and y = 0, 1, 27, 37. Hence, 
6 6 6 6 
required number of ordered pairs are 16. 


Hence, x = 


Ex. 18. The least values of cosec* x + 25 sec’ x is 
(a) 0 (b) 26 
(c) 28 (d) 36 
Sol. (d) cosec” x + 25sec’ x =26+ cot” x +25 tan’ x 
= 26+10+(cot x —5 tan x)’ > 36 


Ex. 19. Ifxsina+y sin 2a+ z sin 3a =sin 4a 
xsinb+y sin 2b+z sin3b=sin 4b 


x sinc +y sin 2c + z sin3c =sin 4c 


Then, the roots of the equation 


te Ga [2 )e+( 2%) =0.0.b.cmm, ar 
2 4 8 
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(a) sina, sin b, sinc 
(b) cos a,cos b, cos c 
(c) sin 2a, sin 2b, sin 2c 
(d) cos 2a, cos 2b, cos 2c 
Sol. (b) Equation first can be written as 
xsinat+yX2sinacosa+z sin a(3—- 4sin’ a) 
= 2X 2sin a cos acos 2a 
> x + 2y cos a+ 2(3+ 4 cos’ a— 4) 


=4 cos a(2 cos*° a—1) assina #0 


=> 8 cos’ a— 4z cos’ a—(2y + 4) cos a+ (z— x) =0 


3 z 2 ya w= xX 
> cos’ a cos’ a cos a+ =0 
2 4 8 
which shows that cos a is a root of the equation 
p= [2 |? -|Y*2 4/2 * | <0 
2 4 8 


Similarly, from second and third equation we can verify 
that cos b and cos care the roots of the given equation. 


Ex. 20. Leto and§ be any two positive values of x for 
which 2 cos x,|cos x|and1—3cos* x are in GP. The 


minium value of | + B| is 


T Tt 
(a) = (b) 7 
T 
(c) a (d) None of these 


Sol. (d) “2 cos x,| cos x |,1—3cos* x are in GP. 
: cos’ x =2cos x (1-3 cos’ x) 
> 6 cos’ x + cos’ x —2cos x =0 

1 2 


cos x =0,-,-- 
2. 3 
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T™ 1 a4 2 ail 
x = —,—, COS eed *O, b are positive 
a3 4 [."a,B are p ] 
Tl T 
If Qa=-, — 
2 B 3 
Then, ja -Bl=— 


Ex. 21. Let n be an odd integer. If sin n6 = y 4, sin’ 8 


r=0 
for all real®, then 
(a)b, =15,=3 
(c)b, =-16,=n 


(b) b, =0,b,=n 
(d) b, =0,b, =n*-3n-3 


Sol. (b) Given, sin nO = Yb, sin’ 0 = b, + b,sin ® + b, sin® 0 


r=0 


+..4+6, sin" 0. 


Putting 8 = 0 in Eq. (i), we get 0 = D, 


(i) 
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Again, Eq. (i) can be written as sin nO = Yb, sin’ 0 


r=0 
sinnOd ae 
——_ = by sin’”' 0 
sn@ “4 


On taking limit as 8 > 0, we get 


li b, 
8>0 sin O 
_ ee sin 0 Oe 
80 nO sin 0 
> n=b, 
Hence, b, =0;b, =n 


Ex. 22. The minimum and maximum values of 


ab sin x + b/(1—a’) cos x +c (|a| <1, b >0) respectively are 
(a) {6 —c,b +c} (b) {6 +c, b —c} 
(c) {c —b,b +c} (d) None of these 


Sol. (c) absin x + b,/(1— a’) cos x 
Now, (ab)? + (bya — @’))? 
= ab’ + b°(1-a’) 
=b(a’°+1-a’°)=b 


> b{(asin x + 4/(1 — a’) cos x)} 


Let, a=cosqQ, 
(1 - a’) =sin o 
> bsin (x + a) 


—1Ssin(x +a) <1 
os c—b<bsin(x+a)+c<bt+c 
“. bsin(x+a)+ceE[c—b,c+b] 
cos 8 
(1+cot’ 0) 
—2 tanOcot®@ =-1,0€ [0,27], then 


Tt Tt 
9e(s) il 
3m 51 T™ 
one(n2)-[}  woean-[.3] 


sin® @ — cos? @ 


Ex. 23 pt 8 —cos’ 0 


sin 8 —cos® 


Sol. (d) Fi Q 0 = sin? (¢) 4: cos” fa) + sat he 0, 
sin 9 — cos 
ee eae 
4 4 
=1+sin0cos0 
cos 0 cos 0 ; 
= (1+ cot?) | cosec@ | sin 8 cos @ V 8 € (0,7) 


and —2tan0 cot =- 204 = 


Hence, LHS = RHS 
But OF x aus ” 
4 4 2 
Hence, 6 €(0, 1) ~ es = 
4 2 


Ex. 24. Ifcos x + sin x =a(-3 < x<- 2) thencos 2x 
2 4 


is equal to 
(a) a’ (b) a,/(2 — a) 
(b) a,/(2 + a) (d) a,/(2 — a’) 
Sol. (d)°. - 7 <x<- a (- M<2x<- > i.e, in III cuadrant 


=> cos x+sinx=a 


: . Ps ee} . 2 
Squaring both sides cos’ x +sin° x +2cos xsinx=a 


> sin 2x =(a° — 1) 
cos 2x =,/1—(a’ —1) 
=ya'(2—-a’) 
= ay|(2— a’) 
Ex. 25. 1fS =cos’ 1 +608? 20. twos (nt then 
2 n n 
S equals 
n 1 
aes a 
ey 0) na 
1 n 
nn d) 2. 
(c) ey (d) ; 


Tt 2m Tt 
Sol. (c) S = cos* — + cos” +...4+ cos’(n— 1) — 
n n n 


1 


27 40 670 
1+ cos — +1+cos —+1+ cos — 
n n n 


T 
+...+1+4 cos 2(n — 1) — 
n 


1  .. 2kn 
=-|n-1+ ¥' cos — 
2 kad n 


1 1 
AL 1 HS 2) 


Ex. 26. Ifcos50 =acos@ + bcos* 0+ccos’ 6 +d, then 
(a) a = 20 (b) b = — 30 
(c)lat+b+c=2 (dja+b+c+d=1 
Sol. (d) Put 6 = 5 in the given inequality, we get d =0 
Put 0 = 0 in the given inequality, we get 


atb+ct+d=1 ...(i) 


So, (d) is correct and (c) is not correct. 


Now differentiate both sides with respect to 0, we get 
—5sin 0 = — asin 0 —3b cos’ 0 sin8 


—5c cos’ 6 sin @ ...(ii) 


Put 0= > thena=5 ...(iti) 


: . tT. : . F 
Again putting 8 = — in the given expression or in (2), we 
4 


get 

4a+2b+c=-4 ...(iv) 
From (i), (iii) and (iv) we have b= — 20 and c= 16 
[Note We have found correct answer at the second step 
only however the complete solution is desired for better 
understanding of the solution. ] 


Alternates Solution 
cos 50 = cos(20 + 30) = cos 20 cos 30 — sin 20 sin 30 
=(2 cos’ 0 — 1)(4 cos’ 0 —3 cos 0) 
— (2sin 0 cos 8) (3 sin 8 — 4 sin’ 0) 
=8 cos’ 8 — 10 cos* 0 +3 cos 8 — (1 — cos’ 0) 
cos 6{3 — 4(1 — cos’ 6)} 
=8 cos’ 0 — 10 cos’ 0 +3 cos 0 — cos 6 — cos’ 0) 
(4 cos’ 8 — 1)= 16 cos*® 0 — 20 cos’ 8 + 5 cos 0. 


Ex. 27. If A and B are acute positive angles satisfying the 
equations 3 sin * A+2 sin’ B =1and 
3 sin 2A — 2 sin 3B =0, then A + 2B is equal to 


T T 
(a) z (b) * 


31 21 
(c) Qa (d) "ae 


Sol. (b) From the given relations, we have 


3 
sin 2B = ;) sin2A and3sin’ A =1—2sin*’ B= cos 2B 


so that 
cos(A + 2B)=cos A cos 2B— sin Asin 2B 


; os : 
=cosA-3sin’? A -(2)sina sin 2A 
2 
=3cos Asin’ A —3sin’ A cos A=0 


A+2B=~ 
2 


cos & sin at | 


2 
[ cos and 


Ex. 28. IfA= 
Gost sin sin’ a 
gal cos?B ~~ cosBsinB| 
cosBsinB — sin’ B 
are two matrices such that AB is the null matrix, then 
(aja =B (b) cos(a — B) =0 
(c) sin(a — B) =0 (d) None of these 
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Sol. (b) AB=0 
= cos’ Ot cos & sina cos’ B cos B sin B 
| cos & sin sin’ o cos B sin B sin’ B 


_ 0 0 

~|0 0 
| cosa cos B cos(a —B) cos & sin B cos(a — 4 
| cos B sin % cos(a —B) sino sin B cos(a — B) 


“loo 


= cos(a — B) =0 


Ex. 29. Ifk, = tan 270 — tan0 
sin®  sin30 sin 90 
+ + th 

cos30 cos9@ cos 270 

(a) k,=k, 

(b) k, =2k, 

(c)k, +k, =2 

(d) k, = 2k, 
Sol. (b) We can write 


k, = tan 270 — tan 90 + tan 90 — tan 30 + tan 30 — tan®@ 
sin 30 cos 8 — cos 30 sin 0 


andk, = 


5) 


But tan 30 — tan 8 = 


cos 30 cos 0 
sin 20 
cos 30 cos 8 
_ 2sin 0 


cos 30 
eee sin 90 
cos 270 


sin 30 
cos 98 


m sin 8 7 
cos 30 


> Ex. 30. Ifa’ — 2acos x +1=674 and tan (=) =7 then 


the integral value of a is 
(a) 25 
(c) 67 


(b) 49 
(d) 74 


Ls tan) 
Sol. (a) 674 =a’ — 2a —— 


1+ tan’ i 
2 


7 48 
=a +2ax—+t+1 
50 


=> 25a" + 48a — 673 xX 25 =0 
(a — 25) (25a + 673) =0 
a=25 (taking the integral value of a). 


> 
> 
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Ex. 31. The maximum value of (cos a, ) (cos OL, ) ... 
Een Tl 
(cos &,,) under the restriction0 <@,,Q,,...,,, S— and 
2 


(cot &,)(cota,)...(cota, ) =1is 


1 1 
a) > 
2 2 
1 
() (d)1 


Sol. (a) From the given relations we have 


II (cos o,) = I (sin a,) 
ist ist 


ig e : ” ( sin 20, 
> Tl (cos’ a,) = I (cos @, sin a,) = if 5 | 
i=1 i=1 i=1 


T 
Since, 0<sa,S— > 0820,<7 
2 
2 2 1 F ‘ : 
II (cos* &,) < — as max. value of sin 20, is 1 for all i. 
i=l on 
Us 1 
> II (cos o,)< — 
i=1 


22 
: : etary. 
So, the maximum value of the given expression is —. 


22 


3 3 
x cos’ x 
Ex. 32. The value of expression + 


1+cosx 1-sinx 


is/are 


Tl 

(a) a2 cos - *| 
: TT 

(c) V2 sin * - x| 


1 
(b) V2 cos E + *| 


(d) None of these 


$8. 3 
sin” x cos” x 
Sol. (a) Let - = A, then 
1+cosx 1-sin x 
ae (sin* x + cos’ x) +(cos* x — sin* x) 


(1+ cos x) (1 — sin x) 
{(sin’ x + cos* x)} 
ip la x +sin x) (cos x — sin ') 
A 


(cos’ x +sin’ x) 


or - 
(1+ cos x)(1—sin x) 
(sin x + cos x) {(1 — sin x cos x) 
in as 
re he (cos x — sin x)} 
1+ cos x —sin x —sinx cos x 
or A =sin x + cos x 


or A= 2 Ee sin x + 5 cos *| (i) 


T T 
or A =v2| co Pe | 


a [TG 
=v2sin| —+x 


Again, by Eq. (i) 
A =v sn “sin x + cos 3 cos «| 


T 
= v2 cos|——-x 


Ex. 33. Let0 <0 au and x = X cos@+Y sin9, 
2 
y =X sin® -Y cos® such that x* +2xy ty’ =aX* +bY’, 
where a and b are constant, then 


(aja=-1b=-3 (b) 0 = 


()a=3,b=-1 (d) 0 = 


w/a Nia 


Sol. (cd x? +y? =X*°+Y’, 
xy =(X* —Y’)sin 6 - cos 8 — XY(cos’ 0 — sin’ 0) 
x t4xy ty? =X’? +Y?+2X*-Y’) 
sin 20 — 2XY cos 20 
=(1+2sin 20)X’* +(1—2sin20)Y’* — 2 cos 20 - XY 
From the question, 


a=1+ 2sin20, b = 1-—2sin 20, cos 20 =0 


Tt 
cos 20 =0=>0 =—, then 
4 


we AU . oT 
a=1+2sin —,b=1-2sin — 
2 2 


a=3,b=-1 


Tl “on n 
Ex. 34. If0 <x <—andsin" x+cos” x 21, then 
2 


(a)n €[2, 0) (b)n €(- ©, 2] 
(c)n € [— 1,1] (d) None of these 


Sol. (b) Since, 0< x < ° 


0<sin x <land0<cos x <1 
when x = 2,sin" x + cos" x =1 
when n> 2, bothsin" x and cos” x will decreases and hence 
sin" x + cos’ x <1. 
when n > 2, both sin" x and cos” x will increase and hence 
sin” x + cos” x >1. 


Thus, sin” x + cos” x >1forn <2. 


F ey ee ‘ : 
Ex. 35. Ifa=sin F sin sin and x is the solution 
18 18 


the equation y = 2[x]+2 andy =3[x — 2], where[x] 
denotes the integral part of x, thena is equal to 


(a) [x] (b) e 
(c) 2[x] (d) [x} 
Sol. (b) a=sin “sin ~ sin = 


= sin 10° sin 50° sin 70° 


1 
= ; [2 sin 70° sin 10° ] sin 50° 
1 \O Oo . Oo 
= — [cos 60° — cos 80° ] sin 50 
2 
1. 1 . 
= — sin 50° — — (2 cos 80° sin50° ) 
4 4 


1 1 
= sin 50° — Pa 130° — sin30° ) 


Me ay let. eh el 
= — sin50° — —sin 50° + —--=— 
2 8 
y =2[x]+2andy =3[x -2] 
= 2[x]+2=3[x -2] 
=3[x]+3[-2] => [x]=8 
1 


ea 


a 


Ex. 36. If the mapping f(x) =ax + b,a <0 and maps 


[-1,1] onto[0, 2], then for all values of 8, A=cos* 0 + sin‘ 0 


is such that 


@s{t]sas ro (b) f(0) SAS f(- 2) 
() s(2) <A<f0) — (d) f(- 1 <ASf(-2) 
Sol. (a) Given, f(x)=ax +b 
f'(x)=a 


Since, a < 0, f(x) is a decreasing function 
f(—1)=2 and f(1)=0 

=> —at+b=2anda+b=0 

os a=-landb=1 

Thus, f(x)=-x41 


Clearly, F(0) (3) Fak 2) = 3, 
1 2 
fi ]=2.4-0=2 
Ass, an ttes® (es) 


1. 1 1 1 1 
=-—+-cos 20 + ———cos 20 + — cos’ 20 
2 2 4 2 4 
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3 1/1+ cos 40 
= + 
4 4 


7 1 
=—+-—cos 40 
2 8 8 


“SAS1 = (F]sas ro 


Tu. 
is equal to 


Ex. 37. The value of cos OM ees" 4608 
7 7 


(a) 1 (b)-1 
1 1 
(b) 9 (c) - 3 


Sol. (d) cos il + cos = + cos a 
7 7 7 

ami ami oi 

= Ree" +e7 ve 


ani 4ni 6Ti —4ni —4ni — 6Ti 
e’?7 +e’ +e? +e 7 +e 7 +e 7 
2 


2m Ani 6ni — 2Ti — Ani — 6Ti 
—l+jite’ +e’ +e’ +e’ +e7 +e? 


2 
_ —1+4 (Sum of seven roots of unity) 
2 
_-1+0_ 1 
a ee 


Ex. 38. The number of integral value of k for which the 
equation7 cos x +5 sin x = 2k +1 has a solution is 
(a) 4 (b) 8 
() 10 (d) 12 


Sol. (b) Since, — Ja’ +b’ <asinx +bcos x <a’ +b’ 
ae = 74. <7 cosxt+5sinx <V74 
So, ~V74 <2k+1<V74 
Therefore, 2k +1=+48,+7,+6..,+1,0 
So, k=—- 4,+3,42,+1,0, so, 8 values of k. 
sin* x —cos* x +sin’ x cos’ x 


Ex. 39. Ify = ; 


4 4 2) 2 2 
xX+cos x+sin° xcos’ x 


sin 
1 
€| 0,— |, then 

2 

3 1 i 
joo eye Nips 
(a) a er (b)1sy : 
()-2sys1 (d) None of these 


7 4 4 - 2 2 
sin’ x — cos x +sin” x cos’ x 


Sol. (d) y= 


24 4 22 2 
sin’ x +cos x +sIn" x cos” x 


_ (sin’ x - cos’ x) (sin’ x + cos’ x) +sin’ x cos” x 


es 2 2 res 2 
(sin“ x + cos* x)° — sin“ x cos* x 
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1 F 
— cos 2x + — sin’ 2x 
4 


1. , 
1——sin“ 2x 
4 


_ — 4 cos 2x +1- cos’ 2x 


4—1+ cos’ 2x 


_ 1-4 cos 2x — cos” 2x 


3+ cos” 2x 
=> (1+ y)cos* 2x + 4 cos 2x +3y-1=0 


Since cos 2x is real, we have 
16 — 4(3y -1)(1+ y)>0 


or By? +2y-5 <0 
5 
or By+5)(y-1)S$0 => -=-SyS1 
3 
‘ F P TT ascot 
But y = 1 implies cos 2x = — lie. x i veal is not 


permissible. 


Ex. 40. The distance between the two parallel lines is 1 
unit. A pont ‘A’ is chosen to lie between the lines at a 
distance d’ from one of them. Triangle ABC is equilateral 
with B on one line and C on the other parallel line. The 
length of the side of the equilateral triangle is 


2 
(a) Vd a+ esa 
(c)2,/d* -d+1 


Sol. (b) From, figure 


(b) 2 


(d) a? —d +1 


x cos(8 + 30°) =d (i) 
and xsinO=1-d 
1+d 


Dividing V3 cot 0 = ; 


value of cot 0, we get 


x= (ad — 4d +4) 


60°+8 


Ex. 41. Ifa sin x + bcos(x +9) + bcos(x —9) =d, then 
the minimum value of|cos®| is equal to 


(a) | Ja —@ (bs) | fer -@ 


2|b| 2\a| 


() fa? = a? 


2\d| 


(d) None of these 


...(ii) 
7 squaring Eq. (ii) and putting the 


Sol. (a) asin x + b cos(x +0) + b cos(x — 0) =d 


=> asin x +2b-cos x-cos0=d 
> |d| <a’ + 4b’ - cos’ 0 
@-a @-a 
> as <cos*@ = | cos 0 |>*——— 
4b 2|b| 


Ex. 42. The set of values of XE R such that 
tan’ 8 + secO =A holds for some 8 is 


(a)(— ~, 1] (b)(>se,= 1] 


(c) ® (d) [1, ¢) 
Sol. (d)°- tan’ 0 +secO =A 
= sec’ 0 +sec0 —-1-A=0 
-i+ 
ee —_ 


5 
for real sec 0, 4X+520 ie, AZ-— 
4 


But we know that 
secQ <—1landsec@2>1 


14 (4045) — ead -14 (40 +5), 
2 


2 


=> -1-—.,/(4.4+5)<-2and—1+./(40.4+5) 22 
=> (4A +5) >1and (4A +5) >3 
= J4r +523 


or 4X4+529 or AZ1 
“. A€ [1, ) 


Ex. 43. Ford <0, ifx= Yicos” oy= yi sin™ & and 
n=0 n=0 


z= Yicos” sin” 0, then 

n=0 
(b) xyz = xy + 
(d) xyz =yz+x 


(a) xyz = xzt+y 
(c)xyz=xt+y+z 
Sol. (c) We have, 
x= ¥' cos” 6=1+ cos’ b+ cos* b+... 


n=0 


_ 1 _ oil 
1-—cos’ sin’ o 
1 1 
Similarly, y= = = SS 
1-sin’d cos’ o 
il 
and = = 5 
1-sin* 0 cos* x 
1 
a 
jae. Be il 
x y 


=> xyz=xy+z 


Ex. 44. If cos a +” sina =1,~ cosB + sinB=1and 
a b a b 
cosa cosB sina sinB 


; 5 =0, then 
a b 


b?(x’ +a’) 
a(y? +b’) 
(b) x? +y? =a’ +b* 


2 
a 


(c) tana tanB = 7 


(a) tana tanB = 


(c) None of the above 


Sol. (b) ~ cos a + 7a O =1...(i) 
a 


~ cos B+ » sin B=1 ...(ii) 
a b 


cosa-cosB | sina-sinB _ 
2 + 2 
a b 
From Eqs. (i) and (ii), we get 
sin aw — sin B 


0 ...(iii) 


sin(a — B) 
dail os cos B — cos & 
sin(a, — B) 
Now, 2° a4" = a’(sin o& —sin 8)’ + b’(cos B — cos o)? 
sin’(a — 8) 


a’(sin’ @ sin’ B) + b’(cos’ a + cos’ B) 


_ — 2a’ sina. sin B + b’ cos & cos B) 


sin’(a — 8) 
_ a’(sin’ @ +sin’ B) + b’(cos’ @ + cos” B) 
sin’(a — B) 


[from Eq. (iii)] 
a’{sin’ @ + sin’ B -sin’ (a — B)} 
+ b’{cos’ @ + cos’ B — sin’(a — B)} 


=a +b + 
sin’(a - 8) 


— 
sin’(a — B) 


«2 Ce 2 2 
sin® « +sin° B — sin” o cos* B 


=a +b? + 


a’| — cos’ o sin’ B + 2sina sinB 


cos a cos 8 


cos’ a(1 — sin’ B) 
ie cos’ B(1 — sin’ a) 
+2sin & sin B sino 


sin B cos & cos B 
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2a’ sin a sin B cos(a — B) 
+ 2b’ cos @ cos B cos(a — B) 
sin’(a — f) 
2a°b’ cos(a — B) 
sin’(a — f) 


ss sin B 4, £08 G1 cos 8) 


=a’ +b’ + 


=a +b’ + 


b’ a’ 


=a +b'+0=a +b’ 


[from Eq. (iii)] 


Thus, xty=sa tb’ 

Now, xty=satb’ 

=> x° -@’ =—-(y’ —}b’) 
xa 

=> oP =-1 

= b'(x?-a’) 


a(y? _ b’) @ 
= tana tanB [from Eq. (iii)] 
Ex. 45. Ifo, B, y are acute angles andcos 9 = sinB/sin a, 
cos d= sin y/sin & andcos(8 — 6) = sin sin y, then the 
value of tan* & — tan’ B — tan’ y is equal to 
(a)-1 (b) 0 
(c)1 (d) 2 
Sol. (b) From the third relation we get 
cos 8 cos 6 + sin 6 sin @ = sin B sin y 
=> sin’ 0 sin’ @ =(cos 0 cos — sin B sin y)’ 


+2 +2 
= ‘ a 6 i ad y 
sin” o sin” & 


. rn 2 
: [seBsny Ga en 7 
=  (sin’ o —sin’ B)(sin’? a — sin’ y) 


sin’ O 


= sin’ B sin’ y (1—-sin’ a)’ 
> sin‘a(1—sin’ B sin’ y) 
— sin’ a(sin’ B + sin’ y —2sin’ B sin’ y) =0 
sin’ B +sin’ y —2sin’ B sin’ y 


1-sin’ B sin’ y 


- 2 
sin’ Q = 


1-sin’ B - sin’ y + sin’ B sin’ y 


1-sin’ B sin’ y 


and cos’ = 


23) gets sin’ B — sin’ B sin’ y + sin’ y — sin’ B sin’ y 
an’ = 


cos’ B — sin’ y (1—sin’ B) 


_ sin’ B cos’ y + cos’ B sin’ y 


cos’ B cos’ y 
= tan’ B + tan’ y 


> tan’ — tan’? B — tan’ y =0 
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Ex. 46. If/2 cos A =cos B+cos’ B, and 
V2 sin A=sin B- sin’ B then sin(A — B)= 


(aja Gj! 
2 
1 1 
c)t— d) + — 
(c) 5 (d) 7 
Sol. (c) V2 cos A = cos B + cos’ B a(t) 
and V2 sin A= sin B- sin’ B ...(ii) 


=> 2 sin A cos B— V2 cos A sinB 
= (sin B — sin* B) cos B—(cos B+ cos* B) sin B 


=-—sin Bcos B 


a sin 2B 
Now squaring and adding Eqs. (i) and (ii), we get 
2=cos’ B+sin* B+ cos® B+sin® B 
+ 2(cos* B —sin* B) 


=> sin(A —-B)= 


> 1=(cos’ A +sin’ A)’ —3 cos’ A sin’ 
A(cos’ A + sin’ A)+2 cos 2B 


3 
— 1=1-{) sin 2B +2 cos 2B 
4 


—3sin’ 2B +8 cos 2B=0 


=> 
> 3 cos’ 2B +8 cos 2B—3=0 
1 
> cos 2B = — 
3 
2vV2 
— sin 2B = + —— 
3 
1 


sin(A —- B)=+- 
( ) ; 


Ex. 47. If x, and x, are two distinct roots of the equation 


: x, +x, . 
acos x +b sin x =c, then tan —_—— is equal to 
2 


a b 
(a) 5 (b) el 
()< (a)* 


Sol. (b) acos x + bsin x =c 


a [ — tan’ *) 2b tan aa 


=> + Vise 
2x 2x 
1+ tan“ — 1+ tan“ — 
2 2 
x x 
> (c +a) tan* — obi a=0 
x, x 2b 
=> tan + tan = 
2 2 ct+a 


Thus, tan oe | 2 
1 — tan = tan ~2 
2 
2b 
cta b’ 


c—-a a 
1- 
[<2] 


Ex. 48. The minimum value of the function 


sin x cos xX 
f(x) = 
yl —cos* x yl —sec’ x 
tan x cot x ees ; ‘ 
whenever it is defined is 
sec? x=] cosec? x-1 
(a) 4 (b) — 2 
(c)0 (d) 2 
Sol. (b) f(x) = sin x cos x 
qt — cos’ x af — sin’ x 
tan x cot x 
2 2 
sec x1 {cosec x= 1 
_ sin x cos x tan x cot x 
|sinx| |cosx| |tanx| |cot x| 


4, x € 1st quadrant 
— 2, x € 2nd quadrant 


0, x € 3rd quadrant 
— 2, x € 4th quadrant 


FAX) nin, = — 2 
Ex. 49. If0<a< = then &(cosec ) is 


(a) less than A (b) greater than 7 


(c) less than = (d) greater than _ 


Sol. (c) In the graph of y =sin x. Let 
A =(Q, sin &), B= E, sin =) 
6 6 


y 


Clearly, slope of OA > slope of OB, so 


. 
: sin — 
sind 6 _ 3 a Tt 
> = =>— <— 
a 3 T sina 3 
6 


Ex. 50. In which one of the following intervals the 
inequality sin x <cos x < tan x <cot x can hold good? 


71 31 
oF oF 
51 31 T 

() & | (d) [o =| 


JEE Type Solved Examples : 
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Sol. (d) In the second quadrant, sin x < cos x is false, as sin x 
is positive and cos x is negative. 


In the fourth quadrant, cos x < tan x is false, as cos x is 
positive and tan x is negative. 


; ; 5m 37). 
In the third quadrant, i.e. & if tan x < cotx then 
4 2 
tan” x <1, which is false. 
; : a Tl i 
Now, sin x < cos x is true in c and tan x < cot x is 
4 


also true. 


sin x 
Further, cos x < tan x, as tan x = (sin x) and cos x <1. 


cos x 


More than One Correct Option Type Questions 


Ex. 51. If x € (0,1) andcos x + sin x = u then tan x is 
2 


equal to 
4-7 Aealy 
(a) 5 (b) 3 
ge (d) ie 


; 1 
Sol. (c,d) Given, cos x + sinx = — 
2 


; 1 
=> 1+sin2x =— 
4 
: 3 
sin2x = —— => 2x€(T, 27) 
4 
T 
> xe(Z.n] => tanx <0 
2 
at 3 
>= => 8 =-3-3? 
1+t 4 


=> 3t?+8t+3=0, wheret = tanx 


= 78 t vod - 36, 


? 


o:3 
p= 84 N28. 
re 
jo 4 e871) 
3 
adgaly 
or — 


Ex. 52. The value of the expression 


Tl 27 4u 81 . 
ols + ee ee + es las is equal to 


27 27 Tl Tl 
(a) cosec — + cot — (b) tan— — cot — 
7 7 14 14 
. 27 Tl TU 
sin— 1+ cos— + cos— 
7 7 7 
c) ———— d 
(<) 27 (d) . 1 . 27 
1— cos — sin— + sin— 
7 7 


Tt 2m 4m 87 Tt 
Sol. (a,c,d) tan— + 2tan — + 4tan— + 8cot— = cot 
7 7 7 7 


Tl 
[tan® + 2tan20 + 4tan 40 + 8cot80 = cot0 when®@ = a 


1+ cot20 Tt 
(a) cosec 20 + cot20 = = = cot = cot 
sin 20 7 
Tl 
(where, 8 = —) 
7 
Tl Tl 
(b) tan MY otet == deat 
14 
. 27 . 1 ™ 
sin — 2sin — cos — tt 
(c) — Z 7 = cot 
27 ae Wi 
1 -— cos — 2sin* — 
7 7 


Tl T 
2cos* — + cos— 


27 Tl 
f + cox ™ | + ry 
(d) = 


. 1 . 1 ot Tl 
2sin— cos— + sin 2sin cos—+1 
7 7 7 TE: ( 7 
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Ex. 53. Two parallel chords are drawn on the same side 
of the centre of a circle of radius R. It is found that they 
subtend and angle of 8 and 20 at the centre of the circle. The 


1 1 
Also, tan(x — y) eS 28 
1+ tanx tany dias aa 
perpendicular distance between the chords is 23 
30. 0 mea 
(a) 2R a. sin— 8 °) 7 
(b) : = at poe °}R Now, verify alternatives. 


0 0 
(c) [ + cost | - 2cos") | 


Ex. 55. If2cos0 + 2/2 =3sec0, where @ € (0, 2m), then 
(d) 2Rsin= dae 


which of the following can be correct? 


1 
(a) cos8 = — (b) tanO = 1 
V2 
; 1 
Sol. (b,d) OM = p,=R sie (c) sin® = ~e (d) cot0 =—1 
ON = p, = RcosO 


Sol. (a,b,c,d) 2cos0 + 2/2 = 3sec0 


MN = p, ~ p= R{ cos!) — cox 2cos’@ + 2V2 cos® —3=0 
2 


=R ‘isin ig” (d) 
4 4 


~2/2 + 32 -2,/2 + 4/2 
os = = 
4 4 

a) cos = os or cos® = — = (rejected) 

Again convert cos® = 2 cos’ — — land factorise, we get /2 /2 
= R(1— cos 0/2)’ (1+2cos 6/2) “ O= or = sin® = - 
4 4 J2 

Ex. 54. If2x and 2y are complementary angles and Cee 
tan(x + 2y) = 2, then which of the following is(are) correct ? 
(a) sin(x +y)= 2 


(b) tan(x ~ y) == 
(c) cotx + coty =5 


Ex. 56. The value of x in(0, 1/2) satisfying the equation, 
v3 -1 Pace = 4/2 is 


(d) tanx tany =6 


sin x 
TT 
Sol. (b,c) We have, 2x + 2y = — 


cos x 
Tt ST 
a) = b) 2 
@)= = 
77 11 
Z : (j— qj 
> xty=— = sin(x + y)=—= 
4 v2 oe - 36 
31 3+1 
T 
Also, y=|——- x |, Sol. (ad ) + = 
[ aV2sinx 2/2 cos x 
Tt 
T ; fe a, eats 
So, tan(x + 2y) = tan| x + —— 2x oo Tiga 
2 
T a re Tl 
= tan{ ™ x)= cotx sin 2x = sin eae 
2 
1 5 = t 
2=cotx => tanx= “ ape 
2 
Tt 
u — 
Similarly, x =|—- or 2x =M™-x-— 
if (= »| 12 
Tt 
Tl 1+t =— 
So, tan(x + 2y)= tan} —+y |= cad x a 
4 1—tany 
11% 
1+ tany or 3x = —— 
= 2= => tany= 12 
oe Tl 11% 
coty =3 


Ex. 57. Which of the following statements are always 
correct? (where, Q denotes the set of rationals) 


(a) cos 20 € Q and sin20 € Q=> tanO € Q (if defined) 
(b) tan® € Q > sin20, cos 20 and tan20 € Q (if defined) 
(c) If sin8 € Q and cos® € Q > tan30 € Q (if defined) 
(d) If sind € Q => cos38EQ 


Sol. (a,b,c) 
1— cos 20 : 
(a) tan = a => (a) is correct 
sin 20 
2tan0 1— tan’@ 
(b) sin20 = a cos 20 = — 
1+ tan°@ 1+ tan°0 
2t : 
tan20 = _atane. => (b) is correct 
1— tan°0 
in3 : 
(c) tan30 = one => (c) is correct 
cos 


(d) sin® = ; which is rational but 


cos30 = cos0(4 cos*@ — 3) which is irrational > (d) is 


incorrect. 


Ex. 58. In AABC, tanB + tanC =5 andtanA tanC =3, 


then 


Sol. 


(a) AABC is an acute angled triangle 
(b) AABC is an obtuse angled triangle 
(c) sum of all possible values of tanA is 10 


(d) sum of all possible values of tanA is 9 


(a,c) tan A + tanB + tanC = tanA tanB tanC 
> tanA +5=3tanB 
> 5+ tan A = 3(5— tanC) 
> 5+ tanA =15- Z 
tanA 
> tan’ A —10tanA +9 =0 
> tan A =1ortanA =9 


14 1 
=> tan Band tanC are 2, 3 or —, -, respectively 
3.3 


= AABC is always on acute angled triangle and sum of all 
possible values of tan A is 10. 


Ex. 59. (m+ 2) sin® +(2m—1) cos 0 = 2m +1, if 


Sol. 


4 
b) tanO = — 
(b) tan = 


2m 
(m? +1) 


3 

(a) tan® = 7 
2m 
(m* — 1) 
(b, c) The given relation can be written as 
(m + 2) tan 8 + (2m — 1)= (2m + 1) sec 8 
=(m +2)’ tan® 0 + 2(m + 2)(2m — 1) tan 8 + (2m — 1)° 
= (2m + 1)’ (1+ tan’ 0) 
= [(m + 2”) — (2m + 1)’] tan’ 6 + 2(m + 2) tan 8 + (2m — 1)° 
— (2m +1) =0 


(c) tan = (d) tan6® = 
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= 3(1 — m’) tan? 6 +(4m’ + 6m — 4) tan 0 — 8m =0 
= (3 tan 0 — 4)[(1— m)’ tan 8 + 2m]=0 
2m 


(m? — 1) 


4 
which is true if tan 9 = — or tan 0 = 
3 


Ex. 60. Ifxcosa+y sina =xcosB 


+y sinB=20{0<0,8-<5) then 


4 
(a) cos & +cos B = aaa 
x+y 
A4@ — y? 
(b) cos o cos B = 
x+y 
4 
(c) sina +sinB = a 
x’ +y 
Airco? 
(d) sina sinB = ——— 
x+y 


Sol. (a, b, c, d) We find out the given relations that « and B 


are the roots of the equation 
x cos0 + ysin® = 2a 


> (x cos 8 — 2a)’ =(— y sin 0)’ 
=> x” cos’ 0 — 4ax cos 0 + 4a’ 

= y’ sin’ 0 = y*(1— cos’ 0) 
=>  (x°+y’)cos’ 6 - 4ax cos 8 + 4a’ — y’ =0 


which, being quadratic in cos 9, has two roots cos @ and 
cos B, such that 


4ax 

cos a + cos B = ——; 
x+y 

4@ — 2 
and cos O cos B = ———*— 
x+y 


Similarly, we can write (1) as a quadratic in sin 9, giving 
two values sin o and sin B, such that 


: : 4a 
sin a +sin B = — - 
x+y 
‘ ; 4a’ — x? 
and sin & sin B = ———.. 
x+y 


Ex. 61. Let y =sin* x +cos* x. Then, for all real x 
(a) the maximum value of y is 2 


(b) the minimum value of y is : 


(c)y S1 
1 
yes 


Sol. (b, c) y=cos' x — cos’ x +1 


5.24) 3 
=;];cos x--— + 
2 
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2 
3 : : ; 1), 
““Vnin = — and y is maximum when [cos x- is then 
4 2 
maximum 


i 3 
4 4 


Ex. 62. If in AABC, tan A + tan B+ tanC =6 and 
tan A tanB=2, thensin? A:sin* B: sin’ C is 


(a)8:9:5 (b)8:5:9 
(c)5:9:5 (d)5:8:5 
Sol. (b, c) tan A + tan B+ tanC =6 ...(i) 
=> tan A tan B tan C =6 
2tanC =6 
tan C =3 
ute tan’? C co 
1+tan?C 1+9 10 
From Eq. (i), tan A + tan B=3and tan A tan B=2 
tan A — tanB 
= {{(tan A + tan B)’ — 4 tan A tan B)} 
=f1 
we get, tan A= 2, 1 and tan B= 1,2 
co : and Co: 
1+4 14+1 1+11+4 
=> Ay eee 7 on 
10 0 10 


sin’ A:sin’ B:sin?C =8:5:9 or 5:8:9 


Ex. 63. If0 <x, y <180° and sin(x — y) =cos(x + y) = 7 


then the values of x andy are given by 
(a) x = 45°, y = 15° (b) x = 45°, y = 135° 
(c) x = 165°, y = 15° (d) x = 165°, y = 135° 


Sol. (a, d) sin(x — y)= ; => x—y=30° or 150° (1) 


1 
and cos(x+1)=— = x+y=60° or 300° (2) 
2 


Since x and y lie between 0° and 180”, (1) and (2) are 
simultaneously true when x = 45°, y = 15°, or x = 165°, 

y= 135°. But, for the values given by (b) or (c), (1) and (2) do 
not hold simultaneously. 


Ex. 64. Ifsina + sinB =L cosa cos B = mand 


= p =n en 
tan] tan (*) =n(#1), th 


(2) cos(ar = By = *™ =? 
(b) cos(a + B) = iid — 
m +l 


(gee 


1l-n 2n 


a5 =m 
eS fl 


Sol. (a, b, c, d) Now, I’ =sin’? ~ + sin? B +2sina sinB and 
m’ = cos’ @ + cos*B +2 cos a cos 
2cos(a —B) = 1° +m’ -2 (by adding) 
=> 2 cos2a + cos2B) =m’ —I (by subtracting) 
> 2 cos(a + 8) cos(a — B) + 2 cos(a +B) =m’? —L 
m -L 


m+? 


=> cos(a + B) = 


Ex. 65. Let f(x) =ab sin x + b/1—a’ cos x +c, where 
|a|<1,b>0 then 
(a) maximum value of f(x) if b isc =0 


(b) difference of maximum and minimum values of f(x) is 
2b 


(c) f(x)=cifx =— cos 'a 
(d) f(x) =cifx =cos'a 

Sol. (a, b,c) f(x) =absin x + b/1—- a’ cos x +c, where 
|a|<1,b<0 


f(x)= ab’ + b’ — b’a’ sin(x +a) +c 


= 2 — 
shineeeewhenas ai a 
ab a 
= b cos(x — &) +c, where tan a = 
ba/1 — a’ 
_ a 
y1-a’ 
F(X) max ~ F(X) min = ¢ + B- (¢ —b) = 2b 
f(x)=cifx+a=0 
or x=-Q or x=-cos ‘a 
Ex. 66. If(x —a)cos6+y sin® 
=(x-a) cos +y sin =a andtan{ >| —tan{ ©) =26 


then 
2 2 wd 6 1 
(a) y° = 2ax —(1— b*)x bey ee) 
x 
(c) y* = 2bx —(1-a’)x*  (d) tan © =< (y— bx) 
x 
iy ) 
Sol. (a, b) Let, tan(? = and tan (*) =, so that a — B = 2b. 


1~tan'(5) 4 
2) 1-a 


,(0 7 
1+ tan’ ) ee 


Also, cos 8 = 


1 = 
Similarly, cos 0 = and sin d= 
[ ° 1+? ? 1+’ 


Therefore, we have from the given relations 
L=o" 20 | 
- Ser +y( 2] ‘ 
> xa” — 2yo + 2a- x =0 


xB? — 2yB + 2a =0 


We see that @ and are roots of the equation 


Similarly 


xz’ —2yz+2a-x=0, 


So that ue ) 


a+Bp= 4y and af = 
x 
Now, from (a + 8)’ =(a — B)’ + 408 , we get 


= (2) =(2b)? + 4(2a — x) 


x x 


=> y’ =2ax —(1— b*)x? 


JEE Type Solved Examples : 
Statement | and II Type Questions 


» Ex. 68. Statement I tan 50 — tan 30 —tan 20 
= tan 50 tan 30 tan 20. 
Statement II x =y +z 
=> tan x —tan y —tan z=tan x tany tan z 
(a) A (b) B 
(c)C (d) D 
Sol. (a) * 50 =30 + 20 
tan 30 + tan 20 
1 — tan 30 tan 20 
=> tan 50 — tan 50 tan 30 tan 20 = tan 30 + tan 20 
=> tan 50 — tan 30 — tan 20 = tan 50 tan 30 tan 20 


=> tan 50 = tan(30 +20) = 


» Ex. 69. Statement | The maximum value of 
sin 8 +cos 0 is 2. 
Statement II The maximum value of sin ® is 1 and that of 
cos 0 is also 1. 
(a) A (b) B 
(c)C (d) D 
Sol. (d)°. - 2 <sin 0 + cos 0 <V2 
-. Maximum value of sin 0 + cos 0 is V2 


But maximum value of sin 0 is 1 and that of cos 0 is also 1 
which is always true. 
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Also, from & + B = ay anda — 8 = 2b, we get 
x 


ao=~%+band B=~-b 
x x 


> Moe ae 
2 x 

and tan $ = 2G — bx) 
2 x 


Ex. 67. Ifcos(B — 'y) +cos(y —&) +cos(a —B) =- then 


(a) X cosa =0 
(c) X cos sina =0 


(b) 2 sina =0 
(d) X (cos & + sina) =0 
Sol. (a, b, d) The given expression can be written as 
2 [cos B cos Y + cos Y cos & + cos a cos B] 
+ 2[sin B sin y + sin y sin & + sin @ sin B] 
+ (sin’ & + cos’ @) + (sin’ B + cos’ B) 
+(sin® y +cos* y) =0 
= (cos « + cos B + cos y)* + (sin a + sin B + sin y)’ =0 
> Xcos © =Oand Ysin a =0 
> x (cosa + sina) =0 


Ex. 70. Statement | /fa, b,c € R and not all equal, then 
(bc + ca + ab) 
ia +b +e) 
Statement II secO0 <—1 and sec8 =1 
(a) A (b) B 
(c)C (d) D 
Sol. (da? +b? +c’? —ab-be-ca 


sec = 


“ ; {(a—b)’ +(b—c)? + (c — a"} > 0 


— a+b? +c’ >ab+be+ca 
ab+be+ca 

or ea ap 
at+b+c 

— sec 9 < 1, which is false. 


Ex. 71. Statement | IT (1+ sec 2’ 6) = tan 2”0 cot 0 
r=1 


Statement II ll cos(2"' gyal) 
sat 2" sin® 

(a)A (b) B 

(c)C (d) D 
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n Il (1+ cos 2” 8) 
Sol. (a) *: TI (1 +sec 2’ 0) = = 
r=1 


TI cos 2’ 0 
r=1 
TI 2 cos’ (2’"'0) 
_ r=l 


Tl cos(2’0) 
r=1 


2". Il cos(2"~'0) I cos(2"~* 0) 


r=1 


eos’) ll cos(2" 0) 
cosQ "=! 
2” - sin(2"0) MG 
2" sin 8 
cos (28) 


= tan(2"0)- cot 0 


Ex. 72. Statement I cos 36° > sin 36° 


Statement II cos 36° > tan 36° 


(a)A (b) B 
(c)C (d) D 
Sol. (b) Since, cos 8 > sin 8 for0 <0 < 7 


So, Statement I is true. 


Now, cos 36° > tan 36° 
=> cos 36° > ee 
cos 36° 
=> cos’ 36° > sin 36° 
=> 1+ cos 72° > 2 sin36° = 2 sin(30° + 6°) 


> 1+2sin 9° cos 9° > cos 6° + 2 cos 30° sin6° 
which is true 


2T 
Ex. 73. Statement I cos’ & +cos’ [a + 
3 


[ =| “a 
=3cos cos} & + — | cos] & + — 
3 3 


Statement II /[fa+b+c=0@ a’ +b° +c?’ =3abc 


(a) A (b) B 
()C (d) D 


2m 4n 
Sol. (a) *. cos & + cos [o + =) + cos [a + =) 
Tl 
= cos & +2 cos(% + 7) cos a 


1 
= cos & +(— 2 cos ) lee 
2 


% 3 27 e 41 
“.cos” & + cos*| & + — }|+ cos*| & + — 
5 3 
) ( =) 
=3 cos & cos} © + — | cos} @ + — 
3 3 


Ex. 74. Statement | sin 2 > sin3 
Tl 2 : 
Statement II /f x,y € [F. x} x <y, then sin x > siny 
2 


Sol. (a) y-axis 
» 


X-axis 


2 2 83 


Ex. 75. Leta, B, y > 0 anda +B+y=s 


a! 


b! 
tana tanB - — 
6 


Statement I tanB tan y —-— 
2 


+ 


c! 


+) tan y tana —-— 
3 


<0, where n!= 1.2....n, then tana tan, 


tan tan y, tan y tan © are in AP. 
Statement II tang tanfB+tanB tany+tany tana =1 


Sol. (d) Statement IIa +6 = ; -~y 


tanat+tanB 1 
1-tanatanB tany 
> x tana tanB=1 
.. Statement II is true. 
a! 
Statement I tana tan B = —, 
b! 
tanB tan y = — 
2 
c! 
and tan a tanB = — 
3 
a! b! ce! 
—+—4+—=1 
6 2 3 
=> al=1b!=1c!=1 


=> tan o tan§, tan y tan © and tan B tany are not in AP. 
.. Statement I is false. 


Hence, (d) is the correct answer. 


Ex. 76. Statement I The triangle so obtained is an equi- 
lateral triangle. 


Statement II /f roots of the equation be tan A, tan B and 
tanC, thentanA+tanB+tan C= 34/3 


Sol. (b) tan A + tan B+tan C = a3. 
and tanA tanB tanC =3 
tan A + tan B+ tanC 
# tan Atan BtanC 


=> triangle does not exists. 


Ex. 77. Let us define the function f(x) = x* +x +1 


Statement I The equation sin x = f(x) has no solution. 


Statement II The curve y =sin x andy = f(x) do not inter- 
sect each other when graph is observed. 


Sol. (a) Let y=sin x andy=x’?+x+1 


JEE Type Solved Examples : 
Passage Based Questions 


Passage I 
(Ex. Nos. 78 to 80) 
Consider, f(x) =(x + 2a)(x +a- 4)(aeé R), 
e(x)=k(x° + x) +3k + x(k © R)and 
h(x) =(1 —sin@)x’* + 2(1—sin®)x — 3sin8 


[ee R-(an+n,ner] 


© Ex. 78. If f(x) <0 for—1< x <1, then a’ satisfies 
1 1 1 
—<a<3 b)--<a<-— 

Q) a (b) ‘eee 
jcteee | iat eue 
2 2 


Sol. (a) Given, f(x) =(x + 2a)(x +a- 4) 
=x’ +(3a-4)x +2a(a- 4). 


f(-1) <0 
fay<of” 


1 
On solving, we get —-<a<3 
2 


Ex. 79. If g(x) >-3 for all real x, then the values of k 


are given by 


(@)-1<k< (b)-1<k <0 


1 1 
0<k<— djk <— 
(c) a (d) A 


Sol. (d) g(x)=k (x? +x)+3k+x>-3V x 
> k(x? +x)+3k+x4+3>0V x 
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¥ 
y=xP+x+1 
13 
( 2 i) y= sinx 
Xx >X 
Yy 


2 
1 3 
Since, -1ssin xs tandy=[x +3) += 
2 4 


It is clear from the graph that no two curves intersect each 
other. 


or kx? +(k +1)x + (3k +3)>0V x 


k>0 
n 
D<0 
Here, D =(k +1)’ — 4k.3(k +1) <0 
=> k? +2k+1—12k? —12<0 
=> 11k? +10k —1>0 
> (k + 1)(11k - 1) >0 
=> k<-1 or cee 
11 
1 
=> k>— («. k > 0) 
11 


® Ex. 80. If the quadratic equation h(x) =0 has both roots 


complex, then® belongs to 


Sol. (d) Given, (1 — sin®)x* + 2(1 — sin6)x — 3sin® =0 has both 
roots complex, then D <0 
(1 — sin®) (1+ 2sin8) <0 
(sin® — 1)(2sin® + 1)>0 


(—) venumber 


> 2sin0 +1<0 
1 
sin®@ < — — 
2 
11 
> Oe iM 
6 6 
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Passage II 
(Ex. Nos. 81 to 83) 
Let f(6) = sin® — cos’8 — 1, whereO € R andm < f(0)< M. 


Ex. 81. Let N denotes the number of solution of the 
equation f(8) =0 in[0, 47] then the value of 


log p> (N) + log p> a) is equal to 


1 
is (b)1 
—1 
OS (d)-1 
Sol. (c) f(8)=sin® -(1-sin’@)-1 
=sin’@ +sin® —2 


2 
1 1 
=/sin0+—| -—2-— 
2 4 
1) 9 
=|sind+—| —— 
2 4 


9 -9 
0 — 0 a — 
F (8) min a7 | 
-9 
> m=— 
4 
1) 9 9 
9) max =| 1+ 7 =0 
f( ae =( 7] -_ 
=> M=0 
Hence aro 
Now, f(0) =0 
=> (sin® + 2) (sin® — 1) =0 
=> sin® =1 
=> ba aaa” 
2 2 


Hence, N = 2, i.e. number of solution s of sin® = 1 in [0, 47]. 


log; (N) + log a) 


Ex. 82. The value of (4m +13) is equal to 


(a) 0 (b) 4 
(c) 5 (d) 6 


Sol. (b) Asm= =. so (4m+13)=4 


Ex. 83. Sum of all values of x satisfying the equation 


ee ee eee 
pm] Ym] Ym | 


1 2 
(a) — (b) — 
3 3 
3 4 
(c)— (d) — 
3 3 
4 4 4 
Sol. (d)x= 4, /As fe Hee eased nee oo 
9 9 9 
=> x=,/-+xXx 
=> x =—+x 
9x° =44+9x 
=> 9x° -9x —4=0 
=> 9x°-12x+3x-4=0 
> (3x — 4) (3x +1)=0 


x= = and x = — (rejected) 
3 3 


Passage III 
(Ex. Nos. 84 to 88) 


The method of eliminating ‘0’ from two given equations 
involving trigonometrical functions of ‘6’. By using given 
equations involving ‘0’ and trigonometrical identities, we shall 
obtain an equation not involving ‘0’. 


On the basis of above information answer the following 
questions. 


Ex. 84. If x sin’ 8+ y cos* 8=sin® cos 0 and 
x sin 8 — y cos 9 =0 then(x, y) lie one 
(a) a circle (b) a parabola 
(c) an ellipse (d) a hyperbola 
Sol. (a) We have, x sin*® 0 + y cos’ 0 =sin 8 cos 0 ...(i) 
...(ii) 


and xsin®—ycos@=0 


From Eq. (ii), tan 8 = y 
x 


& y 
4 


d 


x 
x 


sin 9 = ——=———. and cos 0 = —————— 
(x +y’) 


y 
(x? + y’) 


3 3 


From Eq,., (i) x Xx —Y_4y x — 
(aay) Ce 
ary 
(x? + y’) 
2 2 i 
or (x Ha) = 5 => (x? +y*)?=1 
2 oe ) 
(x? +y’)? (x y 
or x’ + y” =1 which is a circle 
Ex. 85. | y a) 
ere cos 8 5 sin® 
and Py =a’ —b’, then(x, y) lie on 
cosQ sin® 
(a) a circle (b) a parabola 
(c) an ellipse (d) a hyperbola 
ae y : 
Sol. (c) Panel 
9 acos 8 ~ bsin ® 0) 
and = iy =a-b? ...(ii) 
cos@ sin® 
From Eq. (i), tan 0 = & 
bx 
os 
SN 
gy . 
bx 
From Eq. (ii), 
ax by = (a 7 b’) 
bx ay 
ai *x? + a’y’) l(b x’ +a’y’) 


= (a’ — b*) y(b°x’ + a’y*) = ab(a’ — b’) 
= b’x’? +a’y? =a’b’ 
2 2 
hale + oo = 1 which is an ellipse. 
a 


Ex. 86. Iftan0 + sin® =m and tan8 — sin® =n, then 


(m? =e 


(a) 4Vmn (b) 4mn 
(c) 16/mn (d) 16mn 


Sol. (d)°. m+n =2 tan 0, m—n =2sin 0 ...(i) 
and mn = tan’ 0 — sin’ 0 = sin’ O(sec’” 0 — 1) 
= sin’O tan’0 
2 2 
_(m-—n mtn 
Grice 


(m? — n’)’ =16 mn 


[from Eq. (i)] 
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Ex. 87. Ifsin®@ +cos 0 =a and sin® 0 +cos* 0 =b, then 
we get Aa*+ Ub +va =0 when d, UW, v are independent of 9, 
then the value of A? +? +v° 


(a) -—6 (b) — 18 (c) — 36 (d) — 98 
Sol. (b) sin ®@ + cos0 =a ...(i) 
sin’ 0 + cos’ 0 =b ...(ii) 
From Eq. (i), 
sin’ 0 + cos’ 8 + 2sin 8 cos 0 = a’ 
or sin 8 cos 8 = cea ...(iii) 


From Eq. (ii), 
(sin 8 + cos 0)’ + 3sin 0 cos O(sin 6 + cos 0) = 


3(a° -1 
=> a - ED a= 


=> 2a° —3a° +3a=2b = a’ +2b-3a=0 


[from Eqs. (i) and (iii)] 


On comparing, we get 
N=1p=2v=-3 
A+u+v=0 
V+ +v? =3Auv = 3(1) (2) (- 3) =—- 


Ex. 88. After eliminating 8’ from equations 
ASES8 4. VE crdaeine pees 
a 


= y(a’ sin’ 0 + b’ cos’ 0, we get 


2 
(ax ty =a +b? () + 
x? y? 
Cc + =1 (d)x?+y’ =(at+by 
an hate 
Sarge = 2" me 21.0) 
a 


and xsin0—ycos@= Va’ sin’ 0 + b’ cos’ 0 ...(ii) 
Sayan Eq. (i), we a 


xy 


an 6+2— sin tp 2" aa Oeoa8 
a b’ ab 


=1=sin’ 0 + cos’ 0 


2 
- | cos’ 8 {z - | sin’ 0 


+ = sin 8 cos 0 = 0 ...(iii) 
and squaring Eq. (ii), we get 


a 
x’ sin’ 0+ y’ cos’ 0 — 2xy sin 8 cos 0 
=a’ sin’ 0 +b’ cos’ 0 


(x? — a’) sin’ 6 + (y’ — b’) cos’ 6 — 2xy sin 8 cos 8 =0 


xe-@ 2_ p? 
=> sin’ 0 + y cos’ 0 
ab ab 
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aay sin 8 cos 8 =0 ...(iv) 
a 


Adding Eqs. (iii) and (iv), we get 
x’—a’\(sin?® cos’ 0 y -B 
+ + 
a b a b 


JEE Type Solved Examples : 
Matching Type Questions 


© Ex. 89. Match the statement of Column | with values of 
Column II. 


Column-I Column-II 
(A) The number of real roots of the equation (p) 1 
cos’ x + sin’ x =1in(-17, m)is 
(B) The value of /3 cosec 20° — sec 20° is (q) 4 
(C) 4 cos 36° — 4 cos 72° + 4sin 18° cos 36° (r) 3 


equals 


(D) The number of values of x where (s) 2 
x €[- 2m, 27], which satisfy 


cosec x =1+ cot x 


Sol. (A) > (x), (B) > @), (©) > @), (B) > (s) 
(A) cos’ x+sin* x =1 
cos’ x =(1+sin’ x) cos’ x 


5 2 2 
=> cos x =Oorcos’ x =1+sin* x 


T 5 » 2 
-cos x=1+sin x 


T 
cosx=0>5 x 5 
2 
[' LHS < 1 and RHS > 1] 
ees 
(B) V3 cosec 20° — sec 20° 
3 cos 20° — sin 20° 


V3 1 
sin 20° cos 20° sin 20° cos 20° 


8 


oe 
2| —— cos 20° — — sin 20° 
2 2 


| ence 


sin 40° 


4 


sin 20° cos 20° 


(C) 4 cos 36° — 4 cos 72° + 4 sin 18° - cos 36° 


FEE) 


=J5 +1-V5414+1=3 


1 _ sin x + cos x 


(D) cosec x =1+ cot x; 


sin x sin x 


sin x + cos x = 1landsin x #0 


“eth 


Tl 
= x =-2n+-, 
4 


or ee yy 50 or pe =(a+ b) 
a b b 
Tl Tt 
x 27 5 270 
3m 1 
> x=-—,— 
2 2 


© Ex. 90. Match the statement of Column | with values of 


Column II. 


Column-II 
(p) No solution 


Column-I 
(A) The number of solutions of the equation 


(0<x<T) 


| cot x |= cot x + 
sin x 


(B) Ifsin 6+ sin o mS and cos 8+ cos d= 2, (q) 
2 


then cof a °) 
2 
©) sin? a+ sn( * = a] sn( 2 = a| @) 1 
3 3 


(D) Iftan 0 =3 tan o, then maximum value of (s) 4 
tan’(0— 6) is 


Sol. (A) > (1), (B) > (8), (C) > (p), (BD) > @) 


(A)| cot x |= cot x + 


sin x 


foex< "Scot xs0 
2 


So, cot x = cot x + —! =0no solution 


sin x sin x 


T 
If— < cot x <1,-— cot x =cot x + 
2 


sin x 


2 cos x 1 
+ =0 


sin x sin x 


27 
1+2cos x =0andx #0>x = — 
3 


‘ : . 1 
(B) Since, sin  +sin0 = . and cos 8 + cos @ = 2 has no 


solution. 


(C) sin’ o + sn( - a| : sn( + 7 


59 _ 27 ae 3 
= sin“ O + sin* — — sin* @ = — 
3 4 


(D) tan@ =3 tan o 


alee tanO—tangd _ aang 
1+tan@tangd 1+3tan° o 
2 


= —_______—_.- Max of tan 0 > 0 
cot 6+3 tan 


cot @+3tand. G 
2 


(using AM > GM) 


> (cot 6+3 tan 0)’ >12 => tan*(0- 6)< ; 


Ex. 91. Match the statement of Column | with values of 
Column II. 


Column-I Column-II 
(A) The tangents of two acute angles are (p) 1 
3 and 2. The sine of twice their 
difference is 
(8) Ifn= emt then tan @ tan2o tan 30... @ 9 
4a 
tan(2n — 1)Qis equal to 
1 
oe If x =y cos an =Z cos at, then Ca 
3 3 7 
xy + yztex= 
(D) The ratio of the greatest value of (s) 7 
2-cos x + sin’ x to its least value is 25 
Ki) 8 
4 
Sol. (A) > (s), (B) > (p), (C) > q), DB) >) 
(A) Given, tan a =3 and tanB =2 
tan o — tan 3-2 1 
tan(a — B) = Bis = 
1-tanatanB 1+3x2 7 
= sin( —B) = and cos(a — 8) = 2 
sin(® — p) = —= cos(Q — p) = —= 
50 50 
sin 2(a — 8B) =2sin(a — 8) cos(a — B) 
1 
=2*x x ame 
v50 50 25 
Tt 
(B) We have, tan & -tan(2n — 1) = tana - tan 3 - iJ 
Ol 


T 
= ton -tan{ a= tana cota =1 


.. The given expression = 1. 


2 4 
(C) We have, x = y cos 7 = ZcOSs - = k (say) 


tt aie we | oat 
x ky k 7z k 

1 1 1 =1 27 4m 
—+—+-—=-—/1+ cos — + cos — 
k 3 3 


x y Zz 


1 1 1 
=—!1----/=0 
ere) 


=> xyt+txzt+yz=0 
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(D) We have, 2 — cos x +sin’ x =2— cos x +1- cos’ x 


2 
F 1 1 
= —(cos*x + cos s9e-|(sore3) -t]+s 
2 


4 
2 
13 1 
— =|) COS = 
4 2 


; 1 tok 
.. Maximum value occurs at cos x = — — and it is 1 
2 


13 ame ie 
— and minimum value occurs at cos x = 1 and it is 
4 


5 »«, 13 
“. The required ratio is —. 
4 


Ex. 92. Match the statement of Column | with values of 
Column II 


Column-I Column-II 

(A) if a, 8, y and 6 are four solutions of the (p) V2 

equation tan(@ + *) = 3 tan 30, no two of 

4 

which have equal tangents, then the value 

of tan a+ tanB+ tan y + tan dis 
B _ 
(B) if cos(8, — 8,) cos(6, + 6,) aes. (qy) V3 

cos(8,+ 8,) cos(®, — 8,) 


tan 0, tan 0, tan 0, tan 0, = 


(C) Ifsec(a—),sec @ andsec(o + B) are in 


AP. (with B # 0), then cos asec B = 
2 


D = s) 0 
©) ifesgee pen tes 6) 


2 — cos 


R 


tan — 


bt 


is equal to 


no) 


tan — 


iS] 


Sol. (A) > (s), (B) > (®), (C) > (p), (DB) > @) 


(A) Using tan df 4 _1i+tan@ 
4 1— tan 0 
— a 
and 3 tan30 _ 3(3 tan 8 tan 0) 
1-3 tan’ 0 


the given equation becomes 
3 tan’ @ —6 tan’? 0+8tan0—1=0 
If tan o, tan B, tan y and tan6 are the roots of this equation, 


then the sum of these roots, tan @ + tan Bh + tan y + tand 
equals zero, since the coefficient of tan’ 0 is zero. 


(B) The given equation can be written as 
cos 0, cos 0, + sin 9, sin 0, 


= 
cos 8, cos 0, —sin 9, sin 8, 


cos 8, cos 8, — sin @, sin 0, 


cos 8, cos 8, + sin 0, sin 0, 
1+ tan 0, tan 0, 
1— tan 0, tan 0, 


1—tan0, tanO, © 
1+ tan 0, tan0, 


0 
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2+2tan 0, tan 0, tan 0, tan0, 
(1— tan 0, tan@,)(1+ tan 0, tan 0,) 
Showing that tan 0, tan 0, tan 0, tan0, =— 1. 
(C) For the given A.P., we have 
2 sec 1 = sec(a — B) + sec(% + B), which gives 
2 1 1 
= + 
cosa  cos(a—f) cos(% +P) 


2 cos a cos B 


2 + 2 
cos’ a — sin’ B 


=> cos’ & — sin’? B= cos’ a cos B 
=> cos’ a&(1 — cos B) = sin’ B 
=> cos’ | 2 sin’ ae 4 sin’ B cos* 
2 2 2 
=> cos* Ot sec? BL, 
2 
2 =1 
misses 
2-cosB 
_2-cosB+2cosB—-1_ 1+ cosB 
2-cosB 2-cosB 
gee 
=> cos” eee ...(i) 
1+ 2sin? — 
2 


JEE Type Solved Examples : 


Single Integer Answer Type Questions 


Ex. 93. tan 46° tan14° — tan74° tan14° + tan74° tan 46° 
is equal to 
tan 46° + tan 14° 
1 — tan 46° tan 14° 
tan74° — tan14° 
1+ tan74° tan14° 


Sol. (3) 


= tan(46° + 14°) = V3 ...(i) 


= tan(74° - 14°) 


= 13 ...(ii) 
tan74° + tan 46° 
= an = tan(74° + 46°) 
1 — tan74° tan 46° 
=- 3 ...(iii) 


From Eqs. (i), (ii) and (iii) 
tan 46° + tan 14° 


3 


tan 74° — tan14° 


V3 


tan74° + tan 46° 
h 


. tan 46° tan 14°— tan 74° tan 14°+ tan74° tan 46° = 3 


tan 46° tan14° =1 


tan74° tan14° = 


tan74° tan 46° = 1 


ica = fae 
2 2 


—— (ii) 


tan” — =3 tan’ B 
2 
tan — 
= a =3 
tan — 
2 


Ex. 94. Maximum value of the expression 
log ,(9 — 2cos* @ — 4 sec’ 8) is equal to 
Sol. (1) For the expression a cos’@ + bsec’@ if b >a, then 
minimum value attains at cos’@ = sec’0 = 1 
= max of {9 — (2 cos’ + 4sec’@)} =3 


So, maximum of log,(9 — 2cos’@ + 4sec’0)) = 1 


Ex. 95. Letxe [0 4 and log 5, in, (24 cos x) = > then 


find the value of cosec’x. 
Sol. (9) (24sinx)*” = 24 cos x 
> /24 (sin x) = cosx 
=> 24sin’ x = cos°x =1-sin’ x 
Put sin x = t, we get 
24° +t7-1=0 
=> (3t—1)(8t? +3t+1)=0 
a 


1 
=> i 
3 
: : 1 
t =-1e.sinx =— 
3 
=> cosecx =3 
=> cosec’x =9 


Ex. 96. If x andy are non-zero real numbers satisfying 
xy(x* —y’) =x? +y’, then find the minimum value of 
x? +y*, 

Sol. (4) Put x =r cos@ and y =r sinO 
Hence, we have to minimise r’? 
Now, r’ cos@ sin@r’(cos’@ — sin’@) =r? 
r’ sin20 cos20 = 2 
r* ead =1 
4 
2. 4 
sin 40 


r’ = 4cosec’40 


r 


2 
romin = 4 


Ex. 97. Using the identity 


‘ 3.1 1 ar 
sin* x =~ — —cos 2x +—cos 4x or otherwise, if the value of 
8 2 8 


sin* x + sin’ nid + sin’ am ws where a and b are 
7 7 7 b 


coprime, find the value of (a — b). 


Sol. (5) sn'(®) ae voos( + soos (i) 


8 2 
. 4 37 ee 61 1 127 
and sin = cos +—cos 
7 8 2 7 8 7 
.4{ 37 3 T 1 ST - 
or sin =—+-—cos cos (ii) 
7 8 2 7 8 7 
aa .a( OT 3d 107 1 207 
Similarly, sin = cos cos 
7 8 2 7 8 7 
5 3 1 (3m) 1 1 os 
or sin =—+-—cos cos ...(iii) 
7 8 2 i 8 7 


On adding Eqs. (i), (ii) and (iii), we get 


.4{ 1 .4f 370 .4{ OT 

sin — |+sin°“| — | + sin°} — 
7 7 vi 
9 1 
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sinm™™ (9, +0 

ore 2 cos} 12 

| sin& 2 | 
_9, 3 _ 21 
8 16 16 


Ex. 98. In any triangle, if 
(sinA + sinB+sinC) (sin A + sinB—sinC)=3sinA sinB, 


then the angle < (in degree). 


Sol. (6) We have, (sin.A + sin B)’ — sin’ C = 3sin A sinB 
sin’ A —sin’C +sin® B=sinA sinB 
sin(A + C)sin(A — C)+sin’ B=sin A sinB 
sin B[sin(A — C) + sin(A + C)]=sin A sin B 
[using, sin (A + C) = sin B] 


2sin A cosC =sinA (sin B # 0) 
C 60° 
cosC = = =6 
10 +10 


Ex. 99. Find the exact value of the expression 
_ sin 40° 4 sin80° sin 20° 


sin80° sin20° sin 40° 


T 


1 


+ 4 cos 40°: cos 20° — ————— 
2 cos20° 


Sol. (3) We have, 
2cos 40° 


aif 4 
2} cos 40° 
_ 1} cos20° — cos 40° 
2! cos 40° cos20° 


7 + 2(cos60° + cos20°) 
cos 20 


]+2--2cosa0 


_ 2sin30° sin 10° 
~ 2cos 40° cos 20° 
_ 2sin10° sin20° 
7 sin 80° 
_ 2sin 10° 2sin 10° cos 10° 
cos 10° 
= 2(1-— cos20°) + 2cos20° +1=3 
2sin 20° cos 20° 
cos 10° 
= 2(sin30° — sin 10°) 
T, =1-—2sin10° 
_ sin80° _ 2sin 40° cos 40° 
sin 20° sin 20° 
= 4 cos20°-cos 40° 


T, = 2[cos60° + cos20° ]= 1 + 2 cos20° 


+1+2cos20° 


+1+2cos20° 


+2co0s20° +1 


= 2-2-sin10°-cos20° 


Alternatively T, = 
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_ sin20° _ 1 


sin40° 2 cos20° 


oi 


Pas ea ee oe ee Oe 


1 
=(1-—2sin10°) + (1 + 2cos20° ) —- ———_— 
2 cos 20° 
1 
= 2 + 2(cos20° — sin 10°) 
2cos20° 
1 
= 2+2(cos20° — cos80° ) —- ———— 
2 cos20° 
1 
= 2+ 2-2sin50°- sin30° — ———— 
2cos20° 
; 1 
= 2+ 2sin50° — ————_ 
2cos20° 
4 sin50° cos20° — 1 
T=2+ 
2 cos 20° 
2[sin 70° + sin30°]-1 
aaa [sin sin 30° ] 
2 cos20° 
2 sin 70° 
=2+ =2+1=3 
2 cos20° 


Ex. 100. Ifcot(® —«), 3cot, cot(® +) are in AP 


2 sin’ 
(where, 0 om a #kn,n,k€ 1), then 280 © 
2 


is equal to 
sin” Ol 


Sol. (3) We have, 6 cot0 = cot(0 — a) + cot(@ +) 


6 cosO sin 20 
=> ry = . . 
sin8 ~—sin(0 — @) sin(® + a) 
6 cosO 2sin8 cosO 
= . ae: sD 
sin8 sin’ 8 — sin*a 
> 3(sin’0 —sin’a) =sin’6 
or 2sin’@ = 3sin’o 
2sin’@ 
=> —— = 
sin” Ol 


Ex. 101. If 4sin’ x +cosec’x, a, sin’ y + 4cosec’y are in 

AP, then minimum value of (2a) is 
Sol. (9) 2a = 4sin’ x + cosec’x + sin’ y + 4 cosec’y 

= (2sin x — cosecx)’ + 4 +(siny — cosec y)’ 

+3 cosec’y +2 
= 6 + (2sin x — cosec x)’ + (siny — cosec y)” + 3 cosec’y 
“. Minimum value of 
2a=6+3=9, 


when 2sin x = cosecx 


and sin y = cosec y 


Ex. 102. If sina, sinB, siny are in AP and 


cosa, cosB, cosy are in GP, then the value of 
cos’ +cos* ¥ + 4cosa@ cosy —2 sina siny — 2 


1-2 sin’B 


, where 


Tl. os 
B #—, is equal to 
4 


Sol. (4) Now, sina + siny = 2sin and cos’B = cosa. cosy 
a cos’ + cos’y + 4 cosa cosy — 2— 2sina siny 
1-2sin’B 
Se sin’ —sin’y — 2sina siny + 4cosa cosy 
1 —2sin’B 
_ —(sina +siny)’ + 4cosa cosy 
1-2sin’B 
_ —4sin’B + 4cos’B 
cos 2p 


4 


Ex. 103. Let 
51 r 51 r 
II tan {4 2 )-tteot]2f- 2 }| 
rel 3 37 1 ral E 3° -1)| 


. . Tl 
On solving equation, we get, 1—3 tan” 
3 


(a,be 1), then value of (a — b) is equal to 
Sol. (5) We have, 


31 
Let = ~ 0. 
51 T T 
II tan] — +6, | tan} —+0, |=k 
r-1 3 3 
ll tan30, _ i 
1 tan@’ 
-_ tan0, 7 tan®, tan6,, 
tan@, _tan0, tanO,, 


3° 1 
tan a 
_ tanO,, _ 3° 1 


tan tT 
tan 3 4 


TT 
tan . 
_ 3 Sa 
Tl 
tan a 
3° -1 


Tt 
Let, Oat a? 
tan 300 
fees an 
tana 
F 8 
1-—3tan°Q = 
k-1 
So, a=8,b=3 
a-b=5 


Ex. 104. If sec A tan B + tan A sec B = 91, then the value 
of (sec A sec B + tan A tan B)* is equal to 
Sol. (8282) (sec A sec B + tan A tan B)’ 
—(sec A tan B + tan Asec B)’ 


- ? + sn Asn B| [= Bt sa) 


cos Acos B cos A cos B 


_1+t+ sin’ A sin’ B— sin’ B—sin’ A 


2 2 
cos’ A cos” B 


«2 2 Bt ae 
_ 1-sin" Bcos” A —sin" A 


cos’ A cos’ B 
2 2 
cos’ A cos’ B 
- 
cos’ A cos* B 


= (sec A sec B+ tanA tan B)’ =(91)’ + 1 = 8282. 


Ex. 105. If(25)* +a* +50acos 0 
= (31)? + b? +62 bcos 0 =1and 
775 + ab + (31a + 25b) cos 0 =0, then the value of cosec* 0 is 


Sol. (1586) We can write (a + 25 cos 0)’ + (25) — (25 cos 0)” =1 


and 
=> (a +25 cos 8)? = 1 —(25 sin 8)’ 
Similarly (b + 31cos 0)” = 1- (31sin 6)’ 


Multiplying we get 
[(a + 25 cos 8) (b + 31 cos 8)}’ = [1 — (25 sin 8)”] 
[1 — (31 sin6)’] 
> [ab + (31a + 25b) cos 8 +775 cos’ 0] 
= 1-—(625 + 961) sin’ 6 + (775 sin’ 6)’ 
=>  (-775+775 cos’ 0)’ = 1 - 1586 sin’ 0 + (775 sin’ 6)’ 


— cosec” 0 = 1586 
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Ex. 106. If sin x, + sin x, +sin x, +...+ SiN X93 = 2008, 
then find the value of sin” x, + sin” x, + sin” x 
2008 


+...4 SIN X yo. 


3 


Sol. (2008) We know that, sinx, <1V i 
=> sin x, tsin x, +sin x, +....+ SIN Xy, S 2008 
Thus, equality holds only when each of the terms is 1 
sin x, =1V i=1, 2, 3, ..., 2008. 
and consequently 
cos x, = 0,Vi = 1,2,3, ..., 2008 


2008 2008 


ie. 


s_. 2008 


2008 
Keg HSIN Kg 


Now, sin” x, + sin” ” x, + sin 


=14+1+1+...+1= 2008 


Ex. 107. If 4 sin 27° = Va +./B, then the value of 
(a +B —O + 2)* must be 
Sol. (400), We know (cos 27° +sin 27°)’ 
=1+sin 54=1+ cos 36° 


=> cos 27° + sin 27° =,/(1 + cos 36°) [. LHS > 0] 
(1 — cos 36°) 
[cos 27° > sin 27°] 


2 sin 27° = ,[(1 + cos 36°) — «(1 — cos 36°) 


(Ef E) 
4 4 

4 sin27° = (5 + V5) — (3 - V5) 
On comparing, we get 

a =5+ 75,8 =3-V5 
a +6 =8 a8 =10-2V5 

a+B-of8 +2=2V5 
“(a +B — af +2)* = 400 


Also, cos 27° — sin27° = 


Ex. 108. If0<A< 7 and sin A+cos A+tanA 


+cot A+ sec A+cosec A=7 and sin A andcos A are the 
roots of the equation 4x* — 3x + a =0, then the value of 25a 


must be 


Sol. (28) sin A and cos A are the roots of the equation 
4x? —3x +a=0, then 


3 
sin A+cos A=—,sinA cos A= = ..-(i) 
4 4 


Also, sin A + cos A +tan A + cot A +sec A+ cosec A =7 
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> (sin A + cos aye(an4 


cos A 
+ 
cosA sinA 


1 1 
+ +— 
[— A sinA 


> (sin A +cos A) + 


1 
=> 
) =7 sin 20° 


1 , (sin At cos A) _, 


sin A cos A sin A cos A 


> ~4+-+4+557 
4 aia 
> 547227 
4 a 
2 ti 3 
a 4 4 
25a = 28 
: 2 sin® 
Ex. 109. Given that, f(n0) =—_—~——, and 
cos 20 —cos 4n8 
f(0) + f(20) + £(30) +... + f(n®) 35 hentie 


sin ® sin WO 
value of U — A is 
Sel p= __ ® 


cos 20 — cos 4n0 


2 sin 20 
2 sin(2n + 1)0 sin(2n — 1)0 


_ sin((2n + 1)0 —(2n — 1)0) 
sin(2n + 1)0 sin(2n — 1)0 


sin(2n + 1)8 cos(2n — 1)0 
_ — cos(2n + 1)0 sin(2n — 1)0 
sin(2n + 1)0 sin(2n — 1)0 


= cot(2n — 1)0 — cot(2n + 1)0 
. f(8) + f(20) + f (30) +... + f(n8) 
= cot 8 — cot(2n + 1)0 
_ sin(2n + 1)8 cos 8 — cos(2n + 1)0 sin 8 
sin(2n + 1)0 sin 0 


= sin 2n0 
sin(2n + 1)0 sin 0 


& TM =2nandu=2n+1 
Hence, U-A = 2n+1-2n =1 


Ex. 110. if —\— +1 
cos 290° aa sin 250° 
9M +814? +97 must be 


=A, then the value of 


Sol. (785) Here, cos 290° = cos(270° + 20°) = sin 20° and 
sin 250° = sin(270° — 20°) = — cos 20° 


. . 1 1 
. The given expression = — 
sin 20° V3 cos 120° 


cos 60° 


sin 60° cos 20° 


sin 60° cos 20° — cos 60° sin 20° _ 
sin 20° cos 20° sin 60° 

sin(60° — 20°) 

sin 40° . V3 


nr 


=X 


=> x 


256 
Then, 9A* + 814’ +97 =9 x +81x 


16 
+97 

3 

= 256 + 432+ 97 = 785 


Ex. 111. Iflog,, sin x +log,, cos x =—1and 


| = 
log ,,(sin x +cos x) = (089 A) = then the value of 'n/3’ is 
2 


Sol. (4) Given, log,, (= ==) =-1 


2 
sin 2x 1 
or —— et 
2 10 
: 1 
or sin 2x = — 
5 
n 
logy| = 
Also  log,,(sin x + cos x) = ——~—+ 
2 
‘ 2 n 
or log,,(sin x + cos x)’ = log,, ms 
. n 
or 1+ sin 2x = — 
10 
1 n 6 =n 
or 1+-=— oor -= 
5 10 5 10 
or ae 4 
3 


Ex. 112. If 498[16 cos x +12 sin x] = 2k + 60, then the 
maximum value of k is 


Sol. (4950) 16 cos x + 12sinx = 4/16" + 12’ cos(x — @), & 


eat ie: 
=tan'|—|. 
4 


> | 2k + 60| S$ 498 x 20 as| cos(x-—@)| <1 
> k < 4950 


Ex. 113. Ifatana+,|(a’ —-1) tanB 


+.4/(a’ +1) tan y = 2a, where a is constant anda, B, Y are 
variable angles. Then the least value of 2727 (tan* « + tan’ B 
+ tan’ y) must be 


Sol. (3636) We have, 
(a tan B — ,{(a’ — 1) tana)’ + (,/(a’ — 1) tan y 
— f(a’ +1) tan B)’ +(,/(a’ +1) tana —atan y) >0 
=>(a’° +a’ —-1+a’ +1)(tan’ a + tan’ B + tan’ y) 
—f{atana +4/(a’ — 1) tanB+ (a? +1) tan yP >0 
(using Lagrange’s identity) 
= 3a’(tan’ @ + tan’ B + tan’ y) — (2a)? >0 
3(tan’ @ + tan? B + tan’ y) > 4 
Hence, 2727 (tan’ a + tan’ B + tan’ y) > 3636 
.. Least value is 3636. 


Ex. 114, if 20% = AY = 2 vty +z=m and 


38 
tan’ x+tan’ y+tan’ ear then K =..... 


Sol. (3) tan x = 2t, tan y = 3t, tan z =5t 


Also xt+y+z=T 
tan x + tan y + tan z= tan x tan y tan z 
> pat 
3 
> tan’ x + tan’ y + tan’ z=t°(4 +9 + 25) = 388’, 
K=3 
30 . (27 
Ex. 115. If tan] — | +4 sin} — |=A, then the value of 
11 11 


1+A> +A* +X° must be. 


Sol. (1464) Let A = tan & +4 sin (| 
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ers 


2 
6 
=9+1 cos 
11 x (me 
sin} — 
61 
=9+11cos|—J|+2 
11 
61 2 | 37 
=11])1+ cos} —|]=11] 2 cos | — 
11 11 
vV=11 


Then,1+A° +A° + A°=1411+4 121+ 1331 = 1464 
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Subjective Type Examples 


Ex. 116. For all in[0, 1/2], show that 
cos(sin®@) > sin(cos®). 
Sol. We know, 


cos8 + sin®8 = Al ~c080 + sain | 


V2 V2 
= Jal ane” eee + cos T ino | 
4 4 | 


= Daal * + 0] 
4 


Tt 
=> cos@ + sin®O <J2<= fas /2 = 1.414} 
2 
' 1 
=> cosO + sinO < — [1/2 = 157 approx] 
2 
T 
> cos0 < 3 — sin® 


On taking sine both sides; 
sin(cos®) < sin( 2 a sn0 


> sin(cos®) < cos(sin®) 
Ss cos(sin®) > sin(cos@) 
Alternate Method 


Tt 
For0< x <— 
2 


x 2sinx ...(i) 
Replace x by cos8, we get 
ii) 


cos® = sin(cos0) 


Also, we know cos@ is decreasing for 0 <0 < 


wla 


As 0, <0, = cos0, > cos@, when 6,, 0, € [0, 2/2] 
.. Taking cos on both side of Eq. (i) and putting 8 for x, we 
get 
cos0 < cos(sin®@) ..-(iii) 
Using Eqs. (ii) and (iii), 
cos(sin®) = cos®@ = sin(cos@) 
> cos(sin®) > sin(cos@) 


1 
1 


Ex. 117. Show that 25"* +2°°* >2 v2 for all real x. 
Sol. Clearly, 2°"* and 2°” are positive, so their AM > GM 


sin x cos x 
2 2 


> afgsin x pcos = a[gsin x + cosx ..(i) 


As we know, 


sinx + cosx >— 2 


[using —,/a? + b? < asinx + bcosx <a’ +b’] 


gsin x + cos x > a V2 


_ [psin x + cos x > 92/2 


or 2sinx a gs ..-(ii) 
From Eqs. (i) and (ii), 
gsinx 4 gcosx . Freronran ro 
2 
gsin x 4 908% 5 9 97/2 
or gsinx 4 °8% > 9! W? for all values of x. 
Ex. 118. Eliminate ® and 6 if 
asin’ @ + bcos’?@ =m 
bsin? @ + acos’? =n 
and atan®9 = btand 
Sol. Dividing asin’® + bcos’@ = m by cos’, we get 
atan’@ + b= msec’@ 
or (a— m)tan*@ =(m-— b) ..-(i) 
Dividing bsin’ » + acos’ o = n by cos’ 0, we get 
btan* + a=nsec’o 
or (b—n)tan? @ =(n—a) ..-(ii) 


On dividing Eq. (i) by Eq. (ii), we get 


(a- m) (sane) _m-—b 
(b—n) \tano n-a 
=> [s=").4 iam [given, atanO = btan ] 
b-n)}) a n-a 
or b?(a— m)(n — a) = a*(b — n)(m — b) 
or b?{(m +n)a- a= mn} = a’ {(m +n)b- pb? - mn} 
or (m +n)(ab? — a’b) + mn(a? — b*) =0 
or (m + n)ab(b — a) + mn(a — b)(a + b) =0 
or (m + n)(ab) = mn(a + b)[a — b #0] 


Ex. 119. Letcos A+cosB+cosC = : in aAABC, show 


that the triangle is equilateral. 
Sol. In a triangle, A+ B+C=m1 


> cos + 008 B+ cosC =20os{ 4* 9) 
(4 -B 
cos 
2 


(= <| (A) 916 
=> 2cos -COS +1-2sin a 
2 2 2 2 


) + cose = 


3 
2 
3 
2 


.92C LG A-B 3 
=> 2sin 2sin cos 1+-=0 
2 2 2 


2 
iG (Cc A-B : 
> Asin 4sin cos +1=0 ...(i) 
2 2 2 
Now, Eq. (i) is quadratic in (sin C/2) and is real. 
3 D20 
= 1sc0s"{ 4 = *) 16>0> cos'(4 ; *) 120 
> cos'(45?) 21 
2 
which is only possible if cos'[4 7 2) =1 
(4 - *) 
> cos =1 
2 
A-B 
=0 
=> A=B ...(ii) 
Similarly, we can show B= C, C = A. Hence, the triangle is 
equilateral. 
tan3A in3A 2k 
Ex. 120. If ane? =k, show that" = and 
tan A sinA k-1 
; : 1 
hence or otherwise prove that either k >3 ork <—. 
3 
oer. 
Sol. tan3A _ 3tanA — tan AL 1 = 
tan A 1—3tan? A tan A 
3—tan?A 
=> ——,— = 
1-3tan° A 
> (3 — tan* A) = k(1—3tan* A) 
=> (3k —1)tan? A =k -3 
=> tan? A = ame (i) 
3k -1 
. : _ Par: 
Nave sin3A _ 3sinA — 4sin” A See ree 
sin A sin A 
= 3-4sin? A =3 5 ‘ 
cosec”A 1+ cot? A 
1 
1+ > 
tan“ A 
4 F ; 
> 3 —- —_,___ [using Eq. (i)] 
3k -1 
1+ 
k-3 
- 4(k-3)_3k-3-k+3_ 2k hit 
4(k—- 1) k-1 k-1 
Again from Eq. (i), 
tan”? A = ice [tan A # Oand tan” A > 0] 


3k -1 
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k-3 
3k -1 


> 0, using number line rule. 


+ = + 
1/3 3 


which shows k <1/30rk >3 


Ex. 121. Let A, B,C be three angles such that A = 1/4 and 
tan BtanC = p. Find all possible values of p such that A, B, C 
are the angles of triangles. 

Sol. Let us assume AABC. 


A+B+C=nt 
3 
= B+C=m-2=— (i) [2 A = 1/4, given] 
Also, 0<B,C <3m/4 
=> tan BtanC = p 
sinB-sinC | p 
=> Oe 


cosB-cosC. 1 
sin B-sinC + cosB-cosC _1+p 


an 
cosB-cosC —sinB:sinC 1-—p 
= co(B-C) 1+ p 
cos(B+C) 1-p 
=> cos(B-C)= ; 2 E os(* 
1-p 4 
[using Eq. (i), B+ C =3n/4] 
= Yostiwie\ea 2 oi 
V2(p ~ 1) 
Since, B or C can vary from 0 to 37/4. 
0<(B-C)<3m/4 
1 
> —-—= <cos(B-C)<1 ... (iii) 
V2 
From Eqs. (ii) and (iii), we get 
1 1+p 
sg Ee 4 
V2 V2(p -1) 
1 1+p 1+p 


<1 


and < 
a ap 1) ap) 


= pee aaa (p +1) Vap=1) <4 
p-l V2(p - 1) 
2 
=> 2p >0 vag, SE] 
(p - 1) (p -1) 
+ = + + = + 
0 1 1 (2 +1)" 


> p<0orp>tand p<lorp>(V2 +1) 

The combining above expressions; 
p<0orp>(v2 +1) 

ie. p €(—~,0) U[(v2 + 1)”, ©). 
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: F A B Cc 1 
Ex. 122. If ABC is a triangle and tan—, tan—, tan — are Now, col A = 2) = ——_ —. 
2 2 2 tan(A — B) 
F ; as B 1+ tan AtanB 
in HP, then find minimum value of cot —. ee 
2 tan A — tan B 
Sol. A+B+C=mt me 
A B C 
=> Spo =e =-=—¥.14+=RH5 
2 2 2 2 x x y 
A.B mC 1 , 
=> cot| — + — |= cot (ii) 2cos A = x +—, since 4sin“ A = 4 
2 2 2 2 Ff 
A 1/ 
ree Cc 1 -4costa=a-(x+ 4] 
=> A = tan = C x 
cot — + cot — a cat[S) 1) 
a 2 ve ssint a =—|(+4) | 
A BC A B G ; % | 
> cot —-cot—-cot— = cot— + cot— + cot ...(i) 
a oa 2 2 2 [ry 47] 
4sin’? A = i"|| x -— 
But in bas” ea are in HP m _ : (> ~) | 
2 2 2 
A B CG . 1 : 
> cot —, cot—,cot— are in AP => 2sin A = (> a | (i) 
2 2 2 x 
A Cc B a 1 
cot— + cot— = 2cot ..-(ii) Similarly, 2cosB=y+— 
2 2 2 y 
From Eqs. (i) and (ii), we get 1 
A B Cc B = 2sin B= i| y-— — (ii) 
cot 5 set er = 3cot y 
A C Now, 2cos(A — B) =2[cos Acos B + sin Asin B] 
> cot —-cot— =3 ..- (iii) 
2 2 2 ( 1) 1 ’( 1) 1 
- x+ y+—]t+iv}x-—]y-— 
As we know, AM => GM a] x y x y 
cot os + cot w 
> ae 1 1 y x 1 y x 
= 2 2> bee ap = [sy ++ | [sv | 
2 2 2 2 xy x y xy x y 
a . ‘oY 42% |=*%4¥ =RHs 
> are > V3 [{using Eq. (iii)] 2| x y y x 
> oe 2 3 a—-b 
2 Ex. 124. Iftan@ tan = |——, then prove that 
B a+b 
..Minimum value of cot — is V3. , 
2 (a — bcos 28)(a — bcos 2) is independent of 8 and . 
Sol. Let us put, 
Ex 123. (i) Iftan A — tan B= x andcot B—cotA=y. tan@ = t, and tang =t, 
1 1 a-b ‘ 
Prove that cot(A — B)=— +—. oe ty .t} = vill) 
x y at+b 
2 1 1 = 
(ii) If2cosA=x+—,2cosB=y+-—, then show that given, tan@ tan = a-b 
x y at+b 
2cos(A-B)=~ 4%, 1-tan’@ 1-¢#?7 “a 
x Also, cos20 = = (ii) 
y 2 2 
1+tan°O 1+; 
tan A — tan B 
Sol. (i) If cotB- cotA=y> = ~ tan? — 7-2 
0) 4 tan Atan B - cos2o = aoa 2 ...(iii) 


1+tan’?@ 14+83 


* = tan A tan B 
y i Now, (a — bcos20).(a — bcos 20) 


= I if = A | {s 3 — fa } [using Eqs. (ii) and (iii)] 
eae 1+22 


~|erPente nthe Mec cate 


1+t; 1+¢3 
_ (a+b) ia (a+b) a0 ig 
(1+t?), a+b (1+t5),a+b 
_ (a+b) (a+b) 


= [tt tp + ty] —[tit; +>] [using Eq. (i)] 
(1+ t;) (1+ t3) 


=(% 2 £2) H(q 2 (a—b)_ ah 
=(a+ by -(ty-t2)=(a+ 6) Gee) (a —b’) 


So, (a — bcos20)(a — bcos2) = a” — b”, which is 
independent of 6 and 6. 
Ex. 125. Find all possible real values of x and y satisfy- 
ing. 
sin? x + 4 sin? y—sinx — 2siny — 2sinx siny + 1=0, 
V x,y € (0, 2/2] 
Sol. Given, equation can be rewritten as, 
sin’ x — sin x(1+ 2siny) + (4sin’ y — 2siny + 1)=0 


=> sinx= 


(1+ 2siny) + Ja +2siny)” — 4(4sin’ y — 2siny + 1) 
2 


_ (1+ 2siny) + 3 —12sin® y + 12siny 


2 
_ (14 2siny) + /-3(2sin y — 1)? (i 


2 
Since, sin x is real. 
“. From equation (i) is real only if, 


5 : 1 : 1+1 
y= ae and er a 


=> y= Fand x= "asx, y € [00/2] 


Ex. 126. Find the roots of the following cubic equations 
2x* —3x* cos(A — B) -2xcos?(A+B)+sin2A 
sin 2Bcos(A — B) =0. 
Sol. We know, 


sin2Asin2B = sleos(2a — 2B) — cos(2A — 2B)] 


= 5 [2008?(A — B)—1-—2cos*(A + B) +1] 


= cos*(A — B) — cos*(A + B) 
sin2A.sin2B = cos*(A — B) — cos*(A + B) (i) 
Now, 2x* —3x*cos(A — B)— 2xcos*(A + B)+ 
sin2A.sin2B.cos(A — B)=0 
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= 2x? —3x* cos(A — B)— 2xcos*(A + B) + 
cos*(A — B)— cos*(A + B). cos(A — B) =0 


By inspection, we find that x = — cost — B) because 


[- - : + Joos" — B)+ cos*(A + B)cos(A — B) 


—cos*(A + B)cos(A — B) =0 
Hence, 2x + cos(A — B) is factor of the given equation 
which when divided by it, given the other factor as, 
x* —2xcos(A — B) + cos*(A — B) — cos*(A + B) =0 


2cos(A — B) + 
4 cos’(A — B) — 4cos*(A — B) + 4cos?(A + B) 
So, x = 
2 
— 2cos(A — B) + 2cos(A + B) 


2 
x = cos(A — B) + cos(A + B) or cos(A — B) — cos(A + B) 


Hence, the roots are, 


1 
2cos A cos B, 2sin Asin B and = ole — B). 


Ex. 127. If m? +m’? + 2mm’ cos0 =1. 


n* +n’? + 2nn’cos0 =1 
and mn + m‘n’ +(mn’ + m’n)cos® =0, then prove that 
m* +n? =cosec’0. 


Sol. m? +m’? +2mm’cos0 =1 


or (m’ cos’® + m’sin?@) + m’” + 2mm’ cos@ = 1 

or m’ cos’® + 2mm’ cos® +m” =1—m’sin’0 

or (mcos® + m’)’ =1— m’sin’@ ..-(i) 
Similarly, n° + n’” + 2nn’cos® =1 

> (ncos@ +n’)? =1—n’sin’6 (ii) 


Finally, mn + m’n’ + (mn’ + m’n)cos® =0 
=> (mncos’® + mnsin’®) + m‘n’ 


+mn’cos8 +m’ncos0 = 0 


= mncos’@ + m’ncos@ + m’n’ + mn’ cos@ = — mnsin’0 
= ncos0(mcos@ + m’)+n’(m’ + mcos@) = — mnsin’0 
> (mcos® + m’)(ncos@ +n’) =—mnsin*@ 
or (mcos®@ + m’)*(ncos® +n’)? = m?n’sin*@ 


=> (1—m’sin?@)(1—n’sin?@) = m’n’ sin‘ 0. 
[using Eqs. (i) and (ii)] 
2 


=> 1-(m? +n’)sin?@ + m’n’sin*®@ = mn’ sin*0 


(m® + n*)sin?® =1 


l 


2 2 2 
=> m° +n =cosec’ 0 
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Ex 128. Prove that from the equality A, Az °A3 ... Ay 
sin’a@ cos*a . =, cos—-cos is cos a ... COS a 
+ ; - oe the relation, 2? 3 on 
. 8 : : eee” COS 0 cos e cos a 2sin 2 
SING | COS O _ 1 aa - 2 92 3° on on 
a be (a +b)? mee 
sin’ x | cos*" x _ 1 a" 
= = 1" 0 0 0 
gn! peo! aa bye! cos—-cos— ... cos sin 
2? gn -1 gn aie 
Sol. Given condition can be rewritten as, = 6 
ee ri ab 2sin —- 
b(sin“ a)” + acos’ a = 2 
ads [‘. 2sing.cosa = sin20] 
2 \2 4 ab 
= B(1 — cos" a)" + acos” % = cos —-cos ’ ... COS -2sin 
at+b 92 gn 2 gn 2 
= 0 
b : 
> b(cos* a — 2cos?a@ +1) + acos*a = us 2” sin — 
n 
a+b 2 
=> (a + b)* cos* o& — 2b(a + b)cos’ + b(a + b) = ab cos 8 8 
gn-(n-1) gn (n—1) 
(a +b)* cos’ — 2b(a + b)cos? a +b’ =0 Senos = ; 
2” * «sin — 
> [(a + b)cos?a — b]? =0 a 
> cos’ = = sin?a =— ..-(i) aoe ind 
a+b a+b = 2 2 sin 
. 0 _ 9 
sin’'a cos®a a’ ri bt 2° *+sin— 2" sin — 
= 2 2 
3 3 3 4 3 4 
: b a (a+b) b'(a + b) : sin® sin® sin® 
a b a.a,...toc= lim i = 
= re noon . 9 n= sin(Q/2") 0 
re eb! oe See 
; ; 2 (6/2") 
at 
= = 1- a; 1- cos” 
(a+b)! (a+b) Vizag ee 
. 8 8 a,a,0,...t0 sin0 
sin” Ql i cos O il Q 
3 3 3 : 
a b (a+b) | 2 
+ 4n 4n 2n pb?” V1= 4 
No sin" x | cos" x _ a rn a 
a" = 7 p?" = az" = ‘a eh b)*" p" = a + by?" cos one hime _ cosO =a) 
14243 
— atb | 1 
(a+ by" (a+b)? 
n 
1 Ex. 130. Evaluate sinr a, where(n +2) = 27 (with- 
Ex 129. Ifa, ., =,|—(1+a,), the prove that 2 ( ) ( 
2 r=2 
[imate out using formula.) 
1- do n 
cos =o. _ F = gt é : : 
0, -G5-d;...to% Sol. Let S 2 enre sin2o + sin3a@ + sin4a@ +... +sinna 
re 
0) a Ol 
1 : in—-S = 2si i in —-si in — 
Sol. Let a, = cos0, then a, , , = At +a,) gives . 2sin 5 S = 2sino./2sin20 + 2sin - sin3a + 2sin 5 
1 i 0 ‘sin4Q +... + 2sinQ/2.sinna 
a, = ,/—(1+ a) = ,/-(1 + cos®) = cos— 30 504 70 
2 V2 2 = cos ; cos : + ae +t 
1 1 0 
a= hata) = —| 1+ cos— | = cos— 1 1 
2 \2 2 2 cos a ae 
aie 1 oye 1 = t 
a, = - Fade 8 ee etc. = c05°%— cos{n +3 a 


30 1 1 30 | 
—-+/n+—|o n+— |a -— 
: 2 : 2 2 
= 2sin sin 
2 2 
+2) -1)a 
2sin—-S=2 a ) ae ) 
2 2 
-1 
Pen m 
= = 2 (n +2) 
sin — e 
’ —1a 
sin? — DO - 
= - sin =0 
. a 2 
sin — 


Ex. 131. Sum the series vl +cosa + Jl +cos 20 


+.,/1+cos3a +...ton terms. 


Sol. We have, 


Jit cos + 1+ cos 20 + 1+ cos3a +... + 4/1 + cosna 


30 
= y2cos?0 {2+ v2cos2a + 2cos* +... ton terms 


104 20 30 
= V2: cos— + cos + cos +... + ton terms 
2 2 2 


. na 
sin — . 6 
= 2. 4 cos +(n-1) 
Qa 2 4 


sin — 


{using formula} 


Ex. 132. IfA+B+C =N, show that 


cot A+cotB+cotC —cosec Acosec B- cosec C = 
cotA-cotB-cotC 


cosC 1 


sinC 


cosA  cosA 


Sol. LHS = 


sinA sin B sin A-sin B-sinC 


_ cos A-sin BsinC + cos Bsin AsinC + cosCsin Asin B — 1 


sin Asin BsinC 


_ sinC(cos Asin B + cos Bsin A) + cosCsin Asin B — 1 


sin Asin BsinC 
_ sinCsin(A + B)+ cosCsin Asin B —1 


sin Asin BsinC 


7 sin’? C + cosCsin Asin B -1 


sin Asin BsinC 
[using sin(A + B) = sin(m — C) =sinC] 


‘ : 2 
cosC.sin Asin B — cos“ C 


sin Asin BsinC 
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_ cos C{sin Asin B — cosC} 
sin Asin BsinC 
[' cosC = cos(m — (A + B)) =—cos(A + B)] 
_ cosC{sin Asin B + cos(A + B)} 
sin Asin BsinC 
_ cosC{sin Asin B + cos A cos B — sin Asin B} 


sin Asin BsinC 


_ cosAcosBcosC _ cot A-cot B-cotC = RHS 


sin Asin BsinC 
Ex. 133. In AABC, ifcot® =cot A +cot B +cotC, 
prove that sin’ @ = sin(A — 8) sin(B — @) sin(C — 8). 


Sol. We have, cot@ = cot A + cot B + cotC 


=> cot(8) — cot(A) = cot B + cotC 
m cos@ cosA_cosB_, cosC 
sin6 sinA  sinB_ sinC 
cosOsinA —cosAsin® _ cos BsinC + sin BcosC 
sin@Osin A sin BsinC 
24 sin(A —@) _ sin(B+C) 
sinAsinO ~— sin BsinC 
ae ‘ 
A 
=> nae i) 
sin BsinC 
a) F 
Similarly, ings (ii) 
sin AsinC 
8 4 
C 
and sin(C — 0) = Sait ...(iii) 
sin Asin B 


Multiplying Eqs. (i), (ii) and (iii), we get 
sin(A — @)sin(B —@)sin(C — 0) = sin*0. 


Ex. 134. If A, B,C and D are angles of a quadrilateral 


_ A. B.C. D 
and sin — sin — sin — sin — = 


2 2 2 2 
A=B=C=D=nN/2. 


1 
, then prove that 
4 


Sol. Now, [25m = -sin 2) (asin 2 -sin >) =1 
2 2 2 2 


=> {cos 4 - *) = cos“ = *) feos 5 — ?) = cos © = > =1 
2, 2 2 2 
Since, A + B = 2m —(C + D), the above equation becomes, 


A-B A+B C-D A+B 
cos cos cos + cos 5 =1 


2 2 2 
=> cos'(4*8) a cos“ ui *) cos“ = * a cos © — 7 +1 
2 2 2 2 
(4 - *) [s - ) 
cos cos =0. 
2 2 


This is a quadratic equation in cos{ 


*) which has real 


roots. 
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2 
=> [cos — PO aa 24 
2 2 
—B C-D 
=> cos + cos 3 22 
Now, both cos ~~ and cos ——— <1 
A- = 
=> cos =1= cos 
2 
A-B C-D 
> =0= 
2 2 
=> A=B,C=D 
Similarly, A=C,B=D 
> A=B=C=D=T/2 


Ex. 135. Ifa, B are two different values of 8 which satisfy 


is bccosO cos @ +.ac sin® sino =ab, then prove that 
(b? +c? —a*)cosacosB + ac sina sinB =a? +b? —c’. 
Sol. We have, bccos@ cos = ab — acsinOsin 0. 
= b’c’ cos’ Ocos’ =a°b? + a’c’sin’ 0 sin’  — 2a7bcsin Osin 
=> (a’c’sin’ o + b’c? cos’ o)sin’ @ — 2a”besin@ sin o + 
a’b” — b’c* cos? =0 
a’b® — b’c* cos’ o 


2,2 


=> — sindsinB = 
a’c’ sin’ 0 + b’c? cos’ 


i) 


Similarly, acsin® sin 6 = ab — be cos dcosO 
BD os. Bip sD 22, p22. 2 2 2 
=> a’c’sin’ O0sin” > =a°b* + b’c* cos* Ocos* d — 2ab*c cos Ocosh 
a’b® — a’c* sin’ A 
...(ii) 


a’c*sin’ 0 + b’c? cos” 


cosa cosB = 


On substituting the value from Eqs. (i) and (ii) in 
(b® +c? —a’)cosa cos + acsina sin, we get 
ang (b? +c? —a’)(a*b? — a*c* sin? o) + ac(a*b? — b’c? cos” o) 
a’c’ sin’ @ + b’c? cos” > 


=> (a’+b?-c’)= RHS 


Ex. 136. Find all number pairs x, y that satisfy the 
equaion; 
tan“ x + tan’ y + 2cot? xcot? y =3 +sin?(x + y); V 


Tt 
x,yE]0, — 
y 2 


Sol. We know, a‘ + b* > 2a*b* {AM = GM} 
tan* x + tan’ y >2tan” xtan’ y ..-(i) 


Equality occurring only when tan’ x = tan” y = 1. 


Also, tan’ xtan’y + cot? xcot? y>2 (ii) 
Since, a + 2 > 2 and equality occurring only when 

a 

a=1,ie. tan’ xtan’ y=1 
From Eqs. (i) and (ii); 

tan’ x + tan* y + 2cot? xcot’ y= 4 ..-(iii) 
Also, RHS =3+sin*(x + y) <4 ...(iv) 
From Eqs. (iii) and (iv), 
LHS = RHS = 4 

> tan’ x = tan’ y = tan’ xtan’y=1 


tanx = tany =+1 


Y J 


tanx =tany=1 {as x, y € [0, m/2]} 
x=y=7/4 


Only one solution ie.(x = 1/4, y = 7/4). 


Ex. 137. Prove that tan oh +4sin 2m w/11, 
11 11 


31 . 27 Il sv STU . 27 31 
Sol. Let y = tan— + 4sin— = sin — + 4sin — cos 
11 11 31 11 11 11 
cos — 
11 
31 . 231 . 227 31 
y’.cos* — = sin? — + 16sin? —-cos* — + 
11 11 11 11 
270 TU 31 
8sin — - cos — -sin — 
1 11 
2 2 aD $2 2 3% 
=> 2cos y° =2sin + 32sin co i a 
F 61 
8sin — -sin — 
11 
61 4 
=|1- cos + 8] 1 — cos -| 1+ cos— |+ 
11 11 
870 
4| cos — — cos— 
11 
61 47 4m 6m 810 
=9+7cos 4cos 8cos cos 4cos 
11 11 11 11 
61 47 107 Tl 870 
=9+7cos 4cos 4! cos + cos 4co 
11 11 11 11 
8 


61 2m 4u 61 ™ 
=9 + 11cos— — 4] cos + cos + cos + cos 
11 11 11 11 11 11 


21 27U . {57 
cos +2: ‘sin 
(= ) Gl 
4 
sintt/11 


610 
=9+11cos 
11 


=9 x Tieos” 


2sin —— 
=9+11cos— — 
sin — 
11 


61 61 
=9+11cos— +2=11) 1+ cos— 
11 11 


310 310 
2y" -| cos? = 22cos* => y=11 
= ( =) 11 v 
=> y= J/11 [as y > 0] 
. 27 . AT . 81 7 
Ex. 138. Prove that sin — + sin — + sin — = v7 
7 7 2 
Sol. Put, 70 = 2nn, where n is any integer, then 
40 = 2nt — 30 
=> sin(40) = sin (2n m — 30) = —sin30 (i) 
; : _ 270 . AT 
This means sin® takes the values; 0, +sin Sait ag 
and een 
Since, 


_ 61 ; (=) 
sin — = — sin} — 
7 7 


From Eq. (i), we now get 2sin20.cos20 = 4sin’@ — 3sin® 


> 4sin@ cos@(1 — 2sin?@) = sin@(4sin’@ — 3) 
=> 4cos@(1— 2sin’@) = 4sin’® — 3 
=> 16cos’ @(1 — 2sin?)*? = (4sin?6 — 3)? 


= 16(1-sin’@)(1 — 4sin’@ + 4sin‘@) 
= 16sin*9 — 24sin?0 +9 
=>  64sin°@ — 112sin*® +56sin?® —7 =0 
This is a cubic in sin’ with the roots, 
sin’( 72 | sin'( sin‘( 5) 
7 7 wf 


.. Sum of the roots is 


. 2{ 27 . 2f 470 .2{ 87 112. =«7 
sin’| — | + sin™| — | +sin"}| — |=—=— 
7 7 7 64 4 


We already proved 


eT. . AN, . 8m. 
sin — sin + sin — -sin — + sin—sin— =0 
7 7 7 7 7 7 
on. 4m. 8n) 7 
So, sin + sin + sin = 
7 7 7 4 
om _ 8m V7 
> sin — + sin + sin . = 
Alternate Method 
7 
x -1=0 


[assuming x as the seventh root of unity] 
x’ =1+40.i = cos(2km) + isin(2k) 
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( 2kn a) 
xX =| COS + 1S1n 
7 7 


=> x = @l2ku7 [where, k = 0,1, 2, 3, 4, 5, 6] 
6 
= ei2kni7 _ 
k=0 
6 + 
= 14 yo -( 
k=1 
5 1+ by (ei2hni7 4 e 2k!) a6 
k=1 
3 2k m 
=> 1+ BY 2.COS = 
k=1 
3 
=> 1423) (1-2sin? St) =o 
k=1 
Tt 
=> 1+2/3 2 sin’ ; + sin’ + sin? ) 0 
27 . 7 
=> sin’? — + sin? + sin? = 
7 4 
870 12 24m 7 
=> sin + sin + = 
4 
27 : 8m = 7 : 
> sin + sin” + sin? — = (i) 
4 
. 2m . 47 . 4m . 81 . 8m . 20 
and sin ——-sin + sin sin — + sin sin 
7 7 7 
1] 2n 127 61 107 
= —| cos cos— + cos cos + cos cos 
2 7 7 7 7 
[ Tl 27U 4m | 
=-| cos + cos cos| 270 cos| 27 
2.7 7 7 | 
1] 2n 4m 2m At 2 
= —| cos — + cos cos cos =0 (ii) 
L 7 7 7 


From Eqs. (i) and (ii), we get 


. 2m , 4m. gn)" . 227 _ 24M . 28n 
sin + sin + sin = sin + sin + sin 
7 7 7 7 7 7 
ae 
4 
' v7 
=> sin + sin + sin = 
2 


Ex. 139. In a AABC, tan A + tanB + tanC =k, then find 
the interval in which k should lie so that 

(A) there exists exactly one isosceles triangle ABC 

(B) there exists exactly two isosceles triangle ABC 


(C) can there exist three non-similar isosceles triangles for 
any real value of k. 
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Sol. Let A = B, then 2A + C = 180° 


and 2tanA + tanC =k (i) 
Now, 2A + C = 180° 
=> tan2A =—tanC 
Also, 2tanA +tanC=k 
> 2tan A + tan(180 -2A)=k 
> 2tan A — tan2A =k 
= 2tan A — a 7 
1- tan’ A 
> 2tan A(1—tan* A—1)=k-—ktan’?A 
> 2tan®> A—ktan*?A+k=0 
Let, tan A = x,x >0(as A < 90°) 
Then let, f(x) =2x? —kx? +k ...(ii) 
f(x) = 6x? — 2kx =0 
=> x=k/3,0 


Following cases arises 


(i) k <0, three graphs of cubic equation (ii) are possible. 
Clearly, in all these case, only one triangle is possible 
and the condition for that triangle to be possible is 
f(0)<0=k <0so for k <0 only one isosceles triangle 
is possible. 

¥ Y % 


k/3 k/3 


[i\ 
ki3 \9 


(ii) k > 0, three graphs of the cubic equation (ii) are 
possible. In fig. (i), two such triangle are possible. The 
condition is f(k/3) <0. 


In figure (ii), one such triangle is possible. The 
condition is f(k/3)=0 
=> k= a3: 


In figure (iii), no such triangle is possible. The 
condition is f(k/3) >0 


2 
= {1-F|>0 
ar 


=> k <3v3. 


(iii) k = 0, graph will be shown as, so no such triangle is 
possible. Hence, the solution for mentioned 


conditions; 
“. (A) either k <0ork = 3/3 
(B) k > 3V3 
DA 
re) x 


(C) Clearly, there will never exists three or more than 
three non-similar isosceles triangle for any value 


of k. 


=— 


a 


> 


Trigonometric Functions and Identities Exercise 1: 
Single Option Correct Type Questions 


10 
. The value of Yin oa cos aa is equal to 
oe 1 11 
(a) 2 (b) 1 
(c) 0 (d)-1 


Given, a’ + 2a+ cosec* [3 (a+ ») = 0, then which of 
the following holds good? 
(aja=1;~ €1 
2 
x 
b)a=-1;—eEl1 
(b) a 5 E 


(c)aeERxEo 
(d) a, x are finite but not possible to find 


. The minimum value of the function 
f(x) =(sin x — 4 cos x — 10) (3sin x + 4 cos x — 10), is 
vas tb) 195 —_ 
(c) 84 (d) 48 


8 
. The value of expression ) ———_—__—- equal is to 
E DaRreETTT . 
21 
5 b) — 
(a) (b) i 
14 9 
eo d)2 
(c) A ( 5 
The value of ./1—sin’ 110° -sec 110° is equal to 
(a) 2 (b)-1 
(c)-2 (d) 1 


If tanc,, tan are the roots of the equation 

x” + px + q =0, then the value of 

sin’(a +B) + psin(a +B) cos(a +B) + q cos*(a +B) is 
(a) independent of p but dependent on q 

(b) independent of q but dependent on p 


(c) independent of both p and q 
(d) dependent on both p and q 


The value of the product 


é ™ TT TT 
ot 2009 £08 2009 Cos penne 
2 
TU Tl TT Tl . 
cos (= cos (=| éee-COS (=) cos (=) ,1S 
2 2 2 2 


1 1 
(a) 22007 (b) 2008 

1 1 
(c) 2009 (d) gue 


nsin A cosA 


8. If tan B= , then tan(A + B) equals to 
1—ncos’ A 
(a) sinA b (n- sere 
(1 —n)cosA sinA 
(c) sinA () sinA 
(n-1) cosA (n+ 1)cosA 
9. If P =(tan(3"*'@) — tan0) and Q = pec then 
4 cos(3"*' 0) 
(a) P=2Q (b) P =3Q 
(c)2P =O (d)3P =O 
10. The value of 


11. 


12. 


13. 


14. 


15. 


(cos* 1° + cos* 2 + cos* 3° +...+ cos* 179° )- 


(sin* 1° + sin* 2° + sin* 3° +...+sin* 179° ) equals to 


(a) 2cos1° (b) -1 
(c) 2sin 1° (d) 0 
Suppose that ‘a is a non-zero real number for which 


sin x + sin y = aand cos x + cos y = 2a. The value of 
cos(x — y), is 


3a” —2 7a” —2 
b 
(a) 5 ) 5 
9a’ -2 5a’ -2 
d 
(c) 5 (d) 5 
Let P(x) = 


(cos x + cos 2x + cos3x)’? +(sin x + sin2x + sin3x)’, 


then P(x) is equal to 
(a) 1+ 2 cosx 
(c) 1 —2cosx 


(b) 1 + sin2x 
(d) None of these 


If the maximum value of the expression 
1 


5sec’ 0 — tan’ 0 + 4 cosec’0 


q are coprime), then the value of (p + q) is 


is equal to Pp (where, p and 
q 


(a) 14 (b) 15 
(c) 16 (d) 18 
tab y tea sing + sin3a + sin5a +... +sin(2n — 1)a 


cos 0 + cos 30 + cos 50 +... + cos(2n — 1)a 


Then, the value of f, (=) is equal to 


(a) V2 +1 (b) V2 -1 
(c)2 + v3 (dj2-4/3 
The minimum value of| sin x + cos x + ees 


cos’ x —sin* x 


(a) 2 (b) ; (c) v2 (d)1 


90 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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If a= cos(2012 1), b=sec(2013 2) and c = tan(2014 7), 
then 


(aja<b<c 
(c)c<b<a 


(b)b<c<a 
(d)a=b<c 


In a AABC, the minimum value of 


sec’ — + sec’ — +sec’ — is equal to 
(a) 3 (b) 4 
(c) 5 (d) 6 


The number of ordered pairs (x, y) of real numbers 


satisfying 4x° - 4x +2=sin’ y and x’ +y’ <3, is equal 


to 
(a) 0 (b) 2 
(c) 4 (d) 8 


In a AABC, 3sin A + 4cos B=6and3cos A + 4sin B=1, 
then ZC can be 
(a) 30° 
(c) 90° 


(b) 60° 
(d) 150° 

An equilateral triangle has side length 8. The area of the 
region containing all points outside the triangle but not 
more than 3 units from a point on the triangle is : 

(a) 98 + 7) 

(b) 89 + 7) 


@os+2 


Tl 
@a(o+ =] 


Ifacos’ & + 3acosa@ sin’ ® = mand 


asin® & + 3acos’ & sina =n. Then, 


(m+n)*? +(m—n)’? is equal to 
(a) 2a* (b) 2a” 
(c) 2a°”* (d) 2a* 


As shown in the figure,AD is the altitude on BC and AD 
produced meets the circumcircle of AABC at P where 
DP = x. Similarly, EQ = y and FR = z. If a, b, c respectively 


denotes the sides BC, CA and AB, then 2 + # + = has 
2x ay 2 


the value equal to 


a) tanA + tanB + tanC 
b) cot A + cosB + cotC 
c) cosA + cosB + cosC 
d) cosec A + cosec B + cosecC 


ee ee 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


One side of a rectangular piece of paper is 6 cm, the 
adjacent sides being longer than 6 cm. One corner of the 
paper is folded so that is sets on the opposite longer side. 
If the length of the crease is / cm and it makes an angle 0 
with the long side as shown, then 1 is 


2. oe oo 
sin cos’ 0 sin’ @ cosO 
3 3 
c) ————— d 
¢) sin8 cos@ sin’ 0 


The average of the numbers n sin n® for n = 2, 4,6,... 180 
(a) 1 (b) cot 1° 
(c) tan1° (d) ; 


A circle is inscribed inside a regular pentagon and 
another circle is circumscribed about this pentagon. 
Similarly, a circle is inscribed in a regular heptagon and 
another circumscribed about the heptagon. The area of 
the regions between the two circles in two cases are A, 
and A,, respectively. If each polygon has a side length of 
2 units, then which one of the following is true ? 


5 25 
(a) A, = 7 (b) = “ot 
49 
(c) A, oe (d) A, = A, 


18 
The value of y cos” (5r)°, where x° denotes the x 


r=1 


degrees, is equal to 


7 

(a) 0 (b) 
17 25 
(c) a (d) > 


Minimum value of 4x° — 4x|sin x |— cos” @ is equal to 
(a) -2 (b)-1 
1 
=— d) 0 
(c) ; (d) 


If in a triangle ABC, cos 3A + cos 3B + cos 3C = 1, then 
one angle must be exactly equal to 


(a) = (b) (c)n (a) 


4m 
3 

If| tan A|<1and| A | is acute, then 

Va +sin 2A) + Ja — sin 2A) 


is equal to 
Ja + sin 2A) - Ja — sin 2A) 
(a) tan A (b) -— tan A 
(c) cot A (d) — cot A 


30. 


31. 


32. 


33. 


34, 


35. 


36. 


37. 


38. 


For any real 0, the maximum value of 
cos’(cos 0) +sin*(sin 0) is 

(a) 1 (b) 1 +sin? 1 
(c)1+ cos’ 1 (d) does not exist 


Minimum value of 27° ** -81°"** is 


1 
(a)-5 (b) a 
1 1 

(c) 243 (d) 27 


ABCD is a trapezium, such that AB and CD are parallel 

BC 1 CD. If ZADB=0, BC = p and CD = q, then AB is 

equal to 

? (p’ + q°)sin 8 
pcos 0+ qsin 0 

2 2 

(c) —— d 

p’ cos 0+ q’ sin 8 


(b) p +q° cos 8 
pcos 8+ qsin 0 
(p’ + q°)sin 98 


(p cos 8+ q sin 6)’ 


If 4na = 71, then cot & cot 2 cot 30... cot(2n — 1)m is 


equal to 
(a) 0 (b) 1 
(c)n (d) None of these 


If in a triangle ABC(sin A +sin B+ sin C) 
(sin A + sin B—sinC)=3sin A sin B, then angle C is 


equal to 

(a) 30° (b) 45° 

(c) 60° (d) 75° 

Ifa, B, y are acute angles and cos 8 = = B ; 
sin 


sin Y 


sin & 


cos d= and cos(8 — ) = sin f sin y, then 


tan’ a — tan’ B - tan” y is equal to 


(a)-1 (b) 0 

(c) 1 (d) None of these 
n sin & cos O ‘ 

If tan B = ———_—_, then tan(a@ — fs) is equal to 
1—nsin’ a 

(a) n tan a (b) (1 —n) tan a 

(c) (1 + n) tan a (d) None of these 

If ee . then 2 + is equal to 

a b sec20  cosec 

(a)a (b) b 

OF (d)a+b 

The graph of the function cos x cos(x + 2) — cos*(x +1) 


is 

a) a straight line passing through (0, — sin’ 6) with slope 2 
b) a straight line passing through (0, 0) 

c) a parabola with vertex (1, — sin’ 1) 


Pa eee 


d) a straight line passing through the point & —sin’ 7 and 


parallel to the X-axis 
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39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


f (8) =| sin 8 | +| cos 6 |,0 € R, then 

(a) f(®) € [0,2] (b) f(®) € [0, V2] 

(c) f(0) € [0,1] (a) (6) € (1, v2] 

If A = cos(cos x) + sin(cos x) the least and greatest value 
of A are 

(a) 0 and 2 (b) —1and 1 

(c) — V2 and V2 (d) 0 and V2 

IfU,, =sin n@ sec” 0, V, = cos nO sec” 6 #1, then 

V, ~ Vs =1 1 U 


7 + = is equal to 

tab n n 

(a) 0 (b) tan 0 

iene fate 
n n 


If0<sxs = then range of f(x) = se( 2 = *] 


T : 
+ sed + *] is 
6 


4 4 

——, co b =, 
ol) DE: 

4 4 

0, —= d)| 0, = 
| sl (oz) 
If A=sin® @+ cos” 0, then for all values of 0, 
(a) A>1 (b)0<A<1 
(c)1<2a <3 (d) None of these 


: : 310 : 
The expression fan’ = a + sin’ (3m + o| 
2 


- on’ [= + a + sin® (5m — o| is equal to 
2 


(b) -1 
(d)3 


: . vie Te} 
The maximum value of sin [x - 4 + cos [« ~ 4 in the 
6 6 


: 1 \. ‘ 
interval [o 4 is attained at 
2 


(a) = 


TT 
12 rs 


TT 
(c) a (d) — 


2 


If cot’ x = cot(x —y)- cot(x — z), then cot 2x is equal to 


(a8 


ia ; (tan y + tan z) (b) : (cot yy + cot 2) 


fei - (inp ging) (a) None of these 

The minimum value of the expression 

sin & + sin 6 + sin Y, where o,f, y are real numbers 
satisfying a +B + y =7, is 

(b) zero 

(d) None of these 


(a) positive 
(c) negative 
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48. 


49. 


50. 


54. 


95. 


56. 
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; : x. 
If cos x — sina cot 6 sin x = cos a, then tan — is equal to 
2 


B 


Qa 
(a) cot — tan — 
) 2 2 


B 


oO 
(c) tan — tan — 
2 2 


(b) cot B tan = 
2 2 
(d) None of these 
F 1 
If cos‘ @ sec’ &, — andsin‘* 0 cosec” © are in AP, then 
2 


8 6 i - 8 6 5 
cos’ O@sec° &,— and sin” 0-cosec’® are in 
2 


(a) AP (b) GP 
(c) HP (d) None of these 
The maximum value of 


cos, -cosa@, -cosQ,°...:cos , under the restriction 


T 
0SQ,,Q,,...,%, S—and cota, -cota,-....cota, =1 
2 


1 
(b) rs 


(d) 1 


51. If x € (0,2) andsin x- cos* x >cos x-sin* x, then 


complete set of values of x is 


Tt T 37 
(a)xe€ (0 *) (3, m) 
(c) x € & *) 


(d) None of the above 


52. Ifu= a cos’ 0 +b’ sin’ @ + ja sin’ 0+ b’ cos’ 0 
then the difference between the maximum and 
minimum values of u’ is given by 


(a) 2(a? + b”) (b) 2,/a? +b? 
(c)(a + by’ (d) (a — by’ 


53. For a positive integer n, let f, (0) = et 


(1+ sec 8) 


(1 + sec 20) ...(1 + sec 2"0), then 
T T 
@ £(2}- ws(2)-- 
T T 
@f{Z)=-1 ( )«(E)=3 


Trigonometric Functions and Identities Exercise 2: 
More than One Option Correct Type Questions 


Suppose cos x =O and cos(x + z)= zs Then, the possible 
2 


value(s) of z is (are). 


T 51 
(a) = (b) = 

71 117 
(c) %. (d) “e 


~|s 


+... ‘tein aan + iy ne N, 
2 2 


then which of the following is/are correct? 

Tl 1 2 

a b —|=0 N 
@6(2] 7) ws] sne 


wi(2)- 


Let P = sin 25° sin 35° sin 60° sin 85° and 

Q = sin 20° sin 40° sin 75° sin 80°. Which of the following 
relation(s) is (are) correct ? 

(a)P+Q=0 (b) P-Q=0 

(c) P? +Q’? =1 (d) P? -Q? =0 


57. For0<0 < if x= S)cos™ 0,y= ¥ sin” 0, 


n=0 n=0 


Z= Yi cos "9 sin” 0, then 
n=0 
(a) xyz =xzt+y 
(b) xyz = xy +z 
(c)xyz=xtytz 
(d) xyz =yz+ x 


2 
58. Let P(x) = cot” (3 + tan x + tan "| 


1+ cot x +cot’ x 


. ‘ \2 

eS x — cos3x + sin3x — sin | thet, Aehleae ike 
2(sin 2x + cos 2x) 

following is (are) correct? 

(a) The value of P(18°) + P(72° ) is 2. 

(b) The value of P(18°) + P(72°) is 3. 

(c) The value of (=) + o( yi is 3. 


(d) The value of P =). o( = “is 2. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


Ji-sin4A +1 
Cis 


: : 4 
It is known that sinB = — and0 <6 < 7, then thes value 
5 


V3 sin(a +B) — 


2 
cos(Ol + 
— cos(a. +B) 
cos —— 


of is 
sin & 
(a) independent of o for all B in (0, 71) 


(b) F for tanB > 0 


B 


3 (7 + 24 cot a) 
(c) ————_——_ 
15 


(d) zero for tanB > 0 


for tanB <0 


In cyclic quadrilateral ABCD, if cot A = 2 and 
4 


—12 
tan B = —,, then which of the following is (are) correct? 
5 


12 16 

a) sin D = — b) sin(A + B) = — 
(a) rr (b) sin( ) fe 
=15 =16 
os D = —— d) sin(C + D) = — 
(c) cos rE (d) sin( ) a 


If the equation 2 cos * x + cos x —a=Ohas solutions, 


then a can be 


-1 -1 

fie! b) — 
(a) Fi (b) ; 
(c)2 (d)5 
If A = sin 44° + cos 44°, B= sin 45° + cos 45° and 
C =sin 46° + cos 46°. Then, correct option(s) is/are 
(aj A<B<C (b)C<B<A 
(c)B>A (d) A=C 
If tan(2a + B) = x & tan(a + 28) = y, then [tan 3(a + B)]. 
[tan(a — B)]is equal to (wherever defined) 

x? + y’ x’ _, y’ 

b 

@) 1-x’y’ ©) 1+ xy’ 

x + 2 x? = 2 

= Oe 
1+ xy l= xy 


If x =sec o — tan d and y= cosec + cot @, then 


(a) x=2** (b) x=2—* 
ya yl 
(jysets (d)xy+x-yt+1=0 
-x 
If tan (=)- cosec x — sin x, then tan’ () is equal to 
2 2 


(a)2- V5 
(c) (9 — 4v5) (2 +5) 


(b) v5 -2 
(d) (9 + 45) (2 — V5) 


, then one of the value of y is 
aj/l1t+sin 4A —-1 


(a)-—tan A 
T 
(c) tan{ = + A) 


(b) cot A 
(d) — cot (+ + A) 


Chap 01 Trigonometric Functions and Identities 


67. 


68. 


69. 


70. 


ii, 


72. 


73. 


74, 


93 


If 3sin B = sin(2a +B), then 

(a) [cot & + cot(a + B)] [cot B —3 cot(2a + B)] =6 
(b) sin B = cos(a@ + B) sine 

(c) 2 sin B =sin(a@ + B) cos o 

(d) tan(a + 6) =2 tan o 


Let P, (u) be a polynomial is u of degree n. Then, for 


every positive integer n, sin 2nx is expressible is 
(a) P,,(sin x) (b) P,,(cos x) 


(c) cos x P,,_,(sin x) (d) sin xP, 


on —1(COS x) 


sin & — cos & 


If tan 0 = , then 


sin @ + cos 
(a) sin & — cos a = + V2 sin® 
(b) sin @ + cos 0 = + V2 cos 0 
(c) cos 20 = sin 20 
(d) sin 20+ cos 2a@=0 
If cos 50 = acos0+ bcos? 0+c cos’ 0+d, then 
(a) a =20 
(b) b = —20 
(c)c =16 
(d)d =5 


x =a’ cos’ a +b’ sin’? a = Ja’ sin? a+b’ cos’ o 


then x° =a’ +b? +2\/p(a’ + b’)— p’, where p is equal 


to 
(a) a’ cos’ a + b’ sin’ o 
(b) a’ sin? a + b’ cos’ o 


(c) 


sla + b? +(a? — b*) cos 20] 
(d) ; [a? + b? -(a? — b) cos 20] 


cos A+ cos B)" sin A+sin B )" : 
+ (n, even or odd) is 
sin A —sin B cos A-—cos B 
equal to 
(a) 2 tan" (4) (b) 2 cot" 4—*) 
2 2 
(c) 0 (d) None of these 
Let P(k) = 3 + cos =) 1+ cos Cee an 
4k 4k 


ice iaeng . Then 
4k 4k 


2-—~2 
(a) P@)=— () p(a) =2 =? 
16 16 
3-5 2-3 
P(6)= d) P(6) = ——— 
(c) PG) - (d) P(6) ia 
2 2\p 
If x=acos’ @ sin’ 0, y=asin’ 0 cos’ 0 Patna 
(xy)! 
(p, q € N)is independent of 0, then 
(a) p=4 (b) p=5 
(c)q=4 (d)q=5 
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Trigonometric Functions and Identities Exercise 3: 


Statement | and II Type Questions 


= This section contains 11 questions. Each question contains 
Statement I (Assertion) and Statement II (Reason). 
Each question has 4 choices (a), (b), (c) and (d) out of 
which only one is correct. The choices are 


75. 


76. 


77. 


78. 


79. 


(a) Both Statement I and Statement II are individually true 
and R is the correct explanation of Statement I. 


(b) Both Statement I and Statement II are individually true but 
Statement II is not the correct explanation of Statement I. 

(c) Statement I is true but Statement II is false. 

(d) Statement I is false but Statement II is true. 

Statement I tana +2 tan 20 + 4 tan 40 + 8 tan 80 

+16 cot 16% = cota 


Statement II cot © — tan & = 2 cot 2a 


Statement I If xy + yz + zx =1, then 


x x _ 2 


(i+x*) Jas x?) 


Statement II In a AABC sin 2A +sin 2B — sin 2C 
=4cos A cos Bsin C 


Statement I Ifo and are two distinct solutions of the 


3 4 OF ¥ 
equation a cos x + bsin x =c, then tan [ ,) is 
2 


independent of c. 
Statement II Solution of a cos x + bsin x =c is possible, 
if- f(a’ +b?) <c<./(a’ +b’) 


Statement I If A is obtuse angle in AABC, then 
tan Btan C >1. 
tan B+ tanC 


tan BtanC-1 


. 27 . 4m : 870 1 
Statement I sin (=) + sin (=) + sin (=) =--, 
7 7 7 2 


2m . 2m, 
Statement II cos — + i sin — is complex 7th root of 
7 


Statement II In AABC, tan A = 


unity. 


80. 


81. 


82. 


83. 


84. 


85. 


Statement I The curve y = 81°" * +81°° * —30 
intersects X-axis at eight points in the region 
-TMSXS<T. 

Statement II The curve y =sin x or y = cos x intersects 
the X-axis at infinitely many points. 

Statement I The numbers sin 18° and — sin 54° are the 
roots of a quadratic equation with integer coefficients. 
Statement II If x = 18°, cos 3x = sin 2x and if y = — 54° 
sin 2y = cos 3y. 


Statement I The minimum value of the expression 

sin & + sin Bh +sin y where , f, y are real numbers such 
thata +B + y =7is negative. 

Statement II Ifa +6 + y =7, then a, B, y are the angles 
of a triangle. 


Statement I If2 sin 5) = 1 +sin 0 + at — sin 0 then e 
2 Z 


; Tt 3m 
lies between 2n7 + — and 2nt + —. 
4 4 


T 30 . 
Statement II If — <0 < — then a >0. 
4 4 2 


Statement I If 2 cos 8 +sin0 = [9 x 4 then the value 
of 7 cos 8 + 6sin @ is 2. 

1 
Statement II If cos 20 —sin8 =-,0<0< > then 

2 
sin 8 + cos 60 = 0. 
Statement IIf A>0,B>0andA+B= x then the 

3 
maximum value of tan A tan Bis z 
3 

Statement II Ifa, +a, +a, +...+a, =k (constant), 


then the value a,a,a,...a, is greatest when 
a, =a, =a, =...=4, 
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Trigonometric Functions and Identities Exercise 4 : 


Passage Based Questions 


Passage I 
(Q. Nos. 86 and 87) 


If a, b, care the sides of A ABC such that 
330 _ 2. 37 +b° +e" 4 37° + 2° — 0, then 


86. Triangle ABC is 
(a) equilateral (b) right angled 


(c) isosceles right angled (d) obtuse angled 


87. If sides of APQR are a, bsecC, c cosec C. Then, area of 


APOR is 
(Bar (By (Be (a) abe 


Passage II 
(Q. Nos. 88 to 90) 


For 0<x< > let P_., (x) = mlog ,,,, (sin x) + nlog ,,., (cot x); 


where m,neé {1, 2,..., 9} 
[For example : 
Py (x) = 21og,,,, (sin x) + 9log ,,,, (cot x) and 
P., (x) = Tlog ,,,, (sin x) + 7log ,,,, (cot x)] 
On the basis of above information , answer the following 
questions : 


88. Which of the following is always correct? 
(a) P(x) 2mVm2n (b) P(x) 2nVm2n 
(c) 2P,,,(x) nV msn (d) 2P.,,,(x)S$mV msn 


89. The mean proportional of numbers P,, (=) and P,, (=) 
4 4 


is equal to 
(a) 4 (b) 6 
(c) 9 (d) 10 


90. If P,, (x) = P,,(x), then the value of sin x is expressed as 
Jq-1 
——— |, then (p + q) equals 
P 


(a) 3 (b) 4 
(c) 7 (d) 9 
Note Mean proportional of a and b(a > 0, b > 0) is Jab ] 


Passage III 
(Q. Nos. 91 to 93) 
If 76 = (2n + 1), where n = 0, 1, 2, 3, 4, 5, 6, then answer the 
following questions. 


: Tl 31 5TU . 
91. The equations whose roots are cos —, cos —,, cos — is 
7 7 7 


(a) 8x° + 4x° + 4x+1=0 
(b) 8x° — 4x? — 4x -1=0 
(c) 8x* — 4x* —-4x-1=0 
(d) 8x° + 4x? + 4x -1=0 


a 31 5Tt 
92. The value of sec — + sec — + sec — is 
7 7 7 


(a) 4 (b)-4 
(c) 3 (d) -3 
93. The value of sec? _ + sec? 7 + sec? * is 
(a)-24  (b) 80 (c) 24 (a) — 80 
Passage IV 


(Q. Nos. 94 to 96) 
If 1+ 2sinx+ 3sin’ x+ 4sin® x +... upto infinite terms = 4 and 


number of solutions of the equation in =? ; in] is k. 


94. The value of k is equal to 


(a) 4 (b) 5 (c) 6 (d) 7 

95. The value of = is equal to 
sin 2x 
(a) 1 (b) v3 
1 
2-—~3 d) — 

(2-3 (d) air 
96. Sum of all internal angles of a k-sided regular 

polygon is 

(a) 5m (b) 47 

(c) 3m (d) 21 

Passage V 


(Q. Nos. 97 to 98) 


Let & is a root of the equation (2 sin x — cos x) 
(1+ cos x)=sin’ x, B is a root of the equation 
3cos* x—10cos x + 3= Oand y is a root of the equation 


. T 
1- sin ci a ee as 


97. cos & + cos B + cos y can be equal to 


3V6 +22 +6 33 +8 
(a) = a — (b) a 
(c) wie . (d) None of these 
98. sin(a — B) is equal to 
(a) 1 (b) 0 


6 6 
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Trigonometric Functions and Identities Exercise 5: 
Matching Type Questions 


99. Match the statement of Column I with values of 


Column II. 
Column I Column II 
(A) If6+ o => where 0 and @ are (P) ! 
positive, then (sin 6 + sin ) sin (=} is 
always less than 
(B) Ifsin @-sind=aandcos@+ cos  (q) 2 
= b, then a + b’ cannot exceed 
(C) If3 sin 0+ 5 cos 0=5, (0 #0) then the (r) 3 
value of 5 sin 0-3 cos Ois 
(s) 4 
(t) 5 
100. Match the statement of Column I with values of 
Column II. 
Column I Colman 702. 
(A) If maximum and minimum values of (p) A+U=2 
7+ 6 tan 0-tan* 0 
7 for all real values 
(1+ tan” 0) 
of 8 a are A and ut respectively, then 
(B) If maximum and minimum valuesof (q) A-W=6 
5 cos 8+ 3 cos 0 + ) + 3 for all real 
values of 0 are A and Lt respectively, 
then 
(C) Ifmaximum and minimum valuesof (r) A+U=6 
1+ sin{ + 0 +2 co = a| for all 
4 4 
real values of and A and u 
respectively, then 
(s) A-pb=10 
(t) A-p=14 


101. Match the statement of Column I with values of 


Column IL. 
Column I Column IT 
(A) The number of solutions of the equation (p) no 
|cot x |=cotx + —— (0<x<M)is solution 
sin x 
(B) If sin @ + sin g = and cos 6+ cos o (q) ; 
= 2, then value of cot (“**) is 
“ The value of sin? a+ sin ( - a) @ 4 
: (z } ; 
sin| — + a |is 
3 
(D) If tan = 3 tan , then maximum value (s) 2 
of tan’ (0 — ) is 
(t) 4 
Match the statement of Column I with values of 
Column II. 
Column I Column IT 


- Ina aBC, sin 4) (p) -14 4 sin[ 


1 +4) ; 
sin 
4 


or (F]+ sin(S- E : |) me *¢) 


(B) Ina AABC, sin @ (q) 4 cos (7 ‘2 


2 4 
in[Z)-an(S = ome(25] 
+ sin| —]-sin| — |= cos 
2 2 4 
(C) Ina ABC, cos (r) 14 4 sin[ 74) 


4 
+ cos| — |— cos} — sin sin 
2 2 4 4 


(s) 


© 1+ 4 os 


a . (7) 
cos sin 
4 4 
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Trigonometric Functions and Identities Exercise 6: 
Single Integer Answer Type Questions 


In a AABC, ! + : + : 


, 8B 
1+tan?— 1+tan’® — 
2 


=k 


C 
1+ tan* — 


E + sin = sin s sin <| then the value of k is 
2 2 2 


; sin (e=*). cos (a8) cos 6 
104. rp Un _ cor a 2 2 ‘ 
amp: «ease sin (F%) -sin (Fey) -sinB 
2 2 
equal to 
105. Find the exact value of the expression 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


Tt 3m 5m 71 9 
tan — — tan — + tan — tan + tan —. 
20 20 20 20 20 
44 
y cos n° 
Let x = —— , find the greatest integer that does not 


4 
Y'sin n° 
n=1 
exceed. 


Find 9 (in degree) satisfying the equation, 
tan 15°- tan 25°- tan 35° = tan, where 0 € (0, 45° ) 


Find the exact value of cosec 10° + cosec50° — cosec70°. 
T : 

If cos 50 = cos’ o&, where o € ( | then find the 
2 

possible values of (sec’ a + cosec’a + cot’ ©). 


Compute the value of the expression 


Compute the square of the value of the expression 
4 + sec 20° 


cosec 20° 


sinA cosB_ tanC 


In AABC, if , then the value of 
8 
sin A cosB tanC ). 
+ + 1S 
cot2A cot2B  cot2C 


Let f and g be function defined by f(®) = cos’ 6 and 
g(0) = tan’ 0, suppose & and f satisfy 2f(a) — (6) =1, 
then value of 2f(B) — g(a) is 


114. If sum of the series 1+ x log, ,.. 


cos x 


‘ 1/2 
1+sinx 
cos x 


j 1/4 
1+sinx 
——-- F590! 
cos x 


oP then k is equal 


+ x log), — nx 


cos x 


(wherever defined ) is equal to 


to 


115.12 + >» 


cos@ sin 


9xsin®@ 5ycos@ 


= 56 and = 0 then the 


cos’ 8 sin’ 0 


2 273 
value | 039 + (5y)3 | is 


116. The angle A of the AABC is obtuse. 
x = 2635 — tan B tan C, if [x] denotes the greatest integer 
function, the value of [x] is 


117. If 4 cos 36° + cot [73° ]= +,/n, +,/n, +/n, +/n, 


6 
+.,/n,, then the value of Sin; must be 
i=l 
4 
118. If sin’? A =x and TI sin(r A) = ax? + bx’ + cx* + dx’, 
r=1 

then the value of 10a—7b+15c —5d must be 
119. If x, y € R satisfies (x +5)’ +(y —12)’=(14)’ , then the 

minimum value of \/ x? + y? is... 


120. The least degree of a polynomial with integer coefficient 
whose one of the roots may be cos 12° is 


in 2A + sin 2B + sin 2C 
121. 1f A+ B+C =180°, pieces 9 


sin A +sin B+sinC 


B C F 
sin — sin — then the value of 3k* + 2k? +k +1is equal to 
2 2 


122. The value of f(x)=x* + 4x* +2x* —4x +7, when 


123. In any AABC, then minimum value of 


sin A 
2020 ( ) must be 


(/(sin B) + (sin C) — (sin A) 


124. If sin 0 + sin’ @ +sin*® 0 =1, then the value of 


cos® @—4cos* @ +8 cos’ 6 must be 
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125. 1d co 8 — cos 4 [cos 8 — cos =m) [cos 8 — cos =") 


cos 08 — cos 72) = cos 40, then the value of A is 


126. If 


1 1 
+ 
sin20° /3 cos 20° 
18k* + 162k” + 369 is equal to 


= 2k cos 40°, then 


Trigonometric Functions and Identities Exercise 7 : 
Subjective Type Questions 


127. 


128. 


129. 


130. 


131. 


132. 


133. If 


134. 


135. 


Prove that tan 82° = (J3 + PN ery +1) 


or cot7° = V2 +3 + V4 + V6. 


If msin(a +B) = cos(& — B), prove that 
1 1 2 


1-—msin2x 1-—msin2B 1-m 


~ 
Ifa+B6+y = and 
tan (B+y—a)tan(y +o.—B)tan (0 +B—y)=1 


then prove that 1+ cosa + cos + cos y =0. 


Find the value of a for which the equation 
sin’ x + cos* x =ahas real solutions. 


If aand bare positive quantities and a = b, then find the 


minimum positive values of asec® — btan0. 


If a, b,c and k are constant quantities and o, f, y are 
variable subjects to the relation 
atana + btanB +c tany =k, then find the minimum 
value of tan’ @ + tan’ B + tan’ y. 

x y Zz 
tan(8 +o) tan(0 + y) 


tan(0 +B) 


, prove that : 


> **Y sin2(a, —B)=0. 
x—y 


Let a,,a,, 


...,@, be real constants, x be a real variable 


1 1 
and f(x)=cos(a, + x)+-—cos(a, + x)+—cos(a, + x) + 
2 4 


ats 


, cos(a, + x) 
is 

Given that f(x,) = f(x,)=0, prove that x, — x, = mm 

for some integer m. 

Eliminate 0 from the equations 


tan(n8 + a) — tan(nO +B) = x and 
cot(n8 + a) — cot(n6 + B) = y. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


If {sin(a — 6B) + cos(@ + 28)sinB!’ = 4cosasinPsin(a + B). 
tan 


(/2 cosB - 1 


Then, prove that tana + tanB = 


o,B € (0, 1/4). 

If A, B,C are the angle of a triangle and 
sin A sin B sin C 
cosA cosB- cosC |=0, then show that AABC is 
cos* A cos*B cos’ C 


an isosceles. 


In any AABC, prove that 


vsin A 


x 
sin B + Vsin C - vsin A 


23 


and the equality holds if and only if triangle is 
equilateral. 


If Acos(a — B) + cos(B — 'y) + cos(y — a) + 3=0, prove 


that a + ai + 
sin(B +9)sin(y +9) sin(a +8)sin(y +0) 
dy 


J 


sin(o + 0)sin(B + 6) 
where, ‘0’ is any real angle such that 
a +0,68 +0, y +0 are not the multiple of 1. 
If the quadratic equation 


4 sec” 0, 


x? +2x + G —-B+ ;| = 0 have real roots, then 
2 
find all the possible values of cosa + cos” . 


Four real constants a, b, A, Bare given and 


f(®)=1-acos® — bsin® — Acos20 — Bsin 20. Prove 
that if f(0)>0,V Oe R thena’ + b* <2and A* + B’ <1. 


cos0, sin®, cos, sin®, 


If 


=1, where 0, and@, 


cosO, sin®, cos0,  sin@, 


do not differ by an even multiple of 7, prove that 


cos0,-cos@,  sin@, -sin0, 
+ — 


=1 


cos’ 0, sin’ 0, 


143. Prove that 


n-1 
bye [cosk x.cos(n + k)x + sin(n — k)x.sin(2n — k)x]= 
k= 
(2” — 2) cos nx. 
144. Determine all the values of x in the interval x € [0, 27] 


which satisfy the inequality 
2cos x <|./1+ sin 2x = Jl — sin 2x | < V2. 


145. Find all the solutions of this equation 
x° 3 sin -*\\- 3, where [.] represents the greatest 
6 


integer function. 


146. Ina AABC, prove that 
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y'C,a'b" “" cos(r B-—(n—r)A)=c". 


r=0 


147. Resolve z* +1 into linear and quadratic factors with real 


coefficients. Hence, or otherwise deduce that, 


é Tl TT 
4sin| — |-cos] — |=1. 
10 5 


148. Prove that the roots of the equation 


‘ ; T 3m 51 
8x" — 4x° — 4x +1=O0are cos —, cos —, cos — and 
7 7 vi 


Tl 310 51 
hence, show that sec — + sec — + sec — = 4 and deduce 
‘ >» 1 3m > OT 
the equation whose roots are tan* —, tan’ —, tan’ 
7 7 


Trigonometric Functions and Identities Exercise 8 : 
~ Questions Asked in Previous 10 Years Exam 


149, Let o and B be non-zero real numbers such that 


2(cos B — cosa) + cos & cosB = 1. Then which of the 
following is/are true? 
[More than one correct option 2017 Adv.] 


) 8 tan( #)-tan(®) —o 
()tan{ & )- 8 tan(E =o 


(9 tan $ + VBtan(E }=0 
(V8 tan { 2 ) + tan{ E) - 0 


150. Let-~ <9 <-—. Suppose a, and, are the roots of 
6 12 


the equation x” —2xsec0 +1=0, anda , and, are the 
roots of the equation x” + 2x tan0 -1=0.Ifa, >f, and 
a, >B,, thena, +B, equals to 

[Single correct option 2016 Adv.] 
(a) 2(sec 8 — tan 8) (b) 2sec 8 
(c) -2tan0 (d) 0 


13 
151. The value of y : 


Roa sn + (i 7 inl + =) 
4 6 4 6 


to [Single correct option 2016 Adv.] 
(a)3-— V3 (b) 3 — V3) (c) 2-V3 - 1) (d) 2(2 + V3) 
2 


152. Let f :(—1,1) > Rbe such that f (cos 40) = ——~— for 
2-sec’ 0 


Be [0 *) U (-. =) Then, the value(s) of (=) is/are 
4 4 2 3 


[More than one correct option 2012] 


is equal 


3 3 2 2 
@1- wise @ 1-2 @i+ fe 


153. The number of all possible values of 8, where 0 <0 < 7, 
for which the system of equations 


(y+z)cos30 =(xyz)sin30 
. 2cos30 2sin30, 
xsin30 = + 
y Zz 


and (xyz)sin30 =(y+2z)cos30 +ysin30 have a 
solution(x,, y,,Z,) with y,z, #0,is...... 
[Integer Answer Type 2010] 


154. For0<0 < > the solution(s) of 


¥ cosec [s + Me me ) cosec [s + 7) = 4/2 is/are 


m=1 


[More than one correct option 2009] 


Tl 51 
a) — b a ad a 32 
(a) (b) (c) e (d) = 
so 4 
1 
155, f “4 8 * == then 
2 3 [Single correct option 2009] 
a : 
(a) ines = (b) sin’ x | cos x _ i 
: 8 27 125 
8 . 
(c) Gaipe” (a) sin’x cos*x 2 
8 27.125 


156. LetO€ («, =) and t, =(tan 0)" ,.t, =(tan 6)", 


t, =(cot®)""° andt, =(cot®)°, then 

[Single correct option 2006] 
(b) t, >t, >4 >t, 
(d) t, >t, >4, >t, 


a)t, >t, >t, >t, 
c)t, >t, >t, >t, 


( 
( 
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157. The number of ordered pairs (a ,B), where a , B € (—7, 7) 
satisfying cos (& — 8) =1 and cos (a +B) = z is 
e 


[Single correct option 2005] 
(a) 0 (b)1 
(c) 2 (d) 4 
II. JEE Mains and AIEEE 


158. 5(tan’ x — cos” x)=2 cos 2x +9, then the value of 


cos 4x is [2017 JEE Main] 
3 1 2 7 
(a) - 5 (b) 3 (c) 9 (d) - 9 


159. If f, (x)= 5 (sin‘ x + cos x), where x€ R,k >1, then 


f, (x) — f, (x) is equal to [2014 JEE Main] 
1 1 1 1 
a) — b) = c) — d) — 
(a) ; (b) : (c) Fi (d) re 
tan A tA 
160. The expression = pipe can be written as 
1-cotA 1-tanA [2013 JEE Main] 
(a) sinA cosA +1 (b) sec A cosec A + 1 
(c) tanA + cotA (d) sec A+ cosec A 


161. Ina APOR if3sin P+ 4 cos Q=6and 
4sin Q+3cos P=1, then the angle R is equal to 


[2012 AIEEE] 
51 T 
oe eee 
(a) ; (b) , 
T 31 
= d) 2 
(c) ; (d) , 
162. If A=sin’ x+ cos‘ x, then for all real x 
22 Si (b)1<AK<2 
16 [2011 AIEEE] 
3 13 3 
"<As— i o<A<1 
(c) Pi 7m (d) r 


Exercise for Session 1 


1. 72°, 18° 2, Tem 3.70m 4.45 5.82 


6. (=| 7.252cm 8.880cm/s 9. 1.7cm 10.7 


Exercise for Session 2 


3.-3 44 Jfa@e+B-¢ 5.13 6.2 74 


10.4 


Exercise for Session 3 
2k 
he+1 


4 4.x=1, y=0 6.0 


163. 


164. 


165. 


166. 


167. 


Answers 


ae ay 9.10 10. 2 


Let cos(a% +B) = = and sin (a — 6) = a, where 
5 13 


0<a,B< ‘ Then, tan 2a is equal to 
4 [2010 AIEEE] 

25 56 19 
a) — b) — c) — d) — 
(a) - (b) a3 (c) a (d) 7 


Let A and B denote the statements 
A:cos + cosh +cos y =0 
B:sina +sinB+sin y =0 


If cos (8B — y) + cos (y —) + cos (at ~B) =~, then 


(a) Ais true and B is false [2009 AIEEE] 
(b) A is false and B is true 
(c) Both A and B are true 
(d) Both A and B are false 


A triangular park is enclosed on two sides by a fence 
and on the third side by a straight river bank. The two 
sides having fence are of same length x. The maximum 


area enclosed by the park is [2006 AIEEE] 
x 1 3 
la b a 2 2 d . 2 

(a) ; iD) Se (c) mx or 


. 1 F 
If0<x<mandcos x+sin x =-, then tan x is 
2 [2006 AIEEE] 


(a) (4 a b) - (4 sel ) 

(1+ 7) (1-7) 
(c) ri (d) ; 
Ina APOR, Z R= . If tan (=) and tan (2) are the roots 
of ax’ + bx +c =0,a#0, then [2005 AIEEE] 
(a) b=ate (b) b=c 
(c) c=at+b (d) a=b+c 


g 7 


5 


a b 


Exercise for Session 4 


1. 28 3.-2 


% 
1 


~<o- 


o- 


> 


pier ; ,; ; 

-3n/2 —1 -n/2 | n/2 
~ a 4 

From the graph, the period of the function is 7. 


t t : +—> X 
T 3n/2 2n 5n/2 


>X 


a 0 76 


10. ul 
4 


Exercise for Session 5 


1./3 2. Negative 3.-1 4.1 5.1 
7.2 8. does not exists any real solutions 
10.0 


Exercise for Session 6 


1. land IV 3, = qe 5. tan B+ 2 tan y 
4 33 
6a+bh 8.27 
Exercise for Session 7 
ae 5.0 6. 2 cot” (437) pe -2 
5 2 8 8 
Exercise for Session 8 
1. False 2. tan 0 3,2. 5.a=-1LB8 =3 Qo 
V5 7 
7-1 81 9. 15 10. 1 
Exercise for Session 9 
1.-2+ 52. 25 2/2, 4 4.2cosn0, 10. cot 
V3 5 
Exercise for Session 10 
ri 5.2 121 8.1 


2 


+ + +—> X 
/3 n/2 /2n/3 5n/6/n 7n/6 


6. 1 
9.2 
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Exercise for Session 11 


2.0 4.2 5. positive 6. : <A<1 7.4. 
8. — J2 and J2 10.13:4o0rl:4 
Chapter Exercises 

1. (b) 2. (b) 3. (a) 4. (a) 5. (b) 6. (a) 

7. (b) 8. (a) 9. (a) 10. (b) 11.(d) 12. (d) 
13.(d) 14. (b) 15. (a) 16. (b) 17.(b) 18. (b) 
19.(a) 20. (a) 21. (c) 22. (a) 23.(a) 24. (b) 
25.(d) 26. (c) 27. (b) 28. (b) 29.(c) 30. (b) 
31.(c) 32. (a) 33. (b) 34. (c) 35.(b) 36. (b) 
37. (a) 38. (d) 39. (d) 40. (c) 41. (c) 

42.(b) 43. (b) 44. (c) 45. (a) 46.(b) 47. (c) 
48.(b) 49. (a) 50. (a) 51. (a) 52.(d) 53. (a) 
54. (a,b,c,d) 55. (a,b,c) 56. (b,d) 57. (b,c) 58. (b,c) 
59. (b,c) 60.(a,b,d) 61.(b,c) 62.(c,d) 63.(d) 64. (b,c, d) 
65. (b, c) 66. (a, b, c, d) 67. (a, b, c, d) 68. (c, d) 
69. (a, b, c, d) 70. (b,c) 71. (a, b, c, d) 72. (b, c) 
73. (a, b, c, d) 74. (b,c) 75. (a) 76.(b) 77. (b) 
78.(d) 79. (d) 80. (a) 81. (a) 82.(c) 83. (b) 
84.(b) 85. (b) 86. (b) 87. (a) 88.(b) 89. (b) 
90.(c) 91. (b) 92. (a) 93. (c) 94.(b) 95. (d) 
96.(c) 97. (b) 98. (c) 
99. A—(p, q, I, s, t); B—(s, t); C—(r) 
100. A—(1, s); B—(r, t); C—(p, q) 
101. A—(r); B—(p); C—(p); D—(q) 
102. A—(r, t); B—(p, s); C—q 
103.(2) 104. (1) 105.(5)  106.(2) 107.(5) 108. (6) 
109. (5) 110.(35) 111.(3) = =112.(2) 113.(1) 114. (2) 
115. (3136) 116. (2634) 117. (91) 118. (3448) 
119.(1) 120. (4) 121. (1673) 122.(6) 123. (6060) 
124. (4) 125. (2) 126. (1745) 
130. ; S<as<l 131. Minimum value is Va’ — b* 
132. Minimum value is aa] 
at+ht+e 
135. cot(a+ B) = Po 
x y 
= 1, when 7 is an even integer 
140. cosa—cos'B = J 3 
a + 1, when 7 is an even integer 
144, x€ 5. 7 
4 4 
145. Only two solutions, x = 0, V3 
148. Required equation is, z’ — 21z* + 35z—7 = 0 whose roots are 
tan? ee tan? on 5 tan? ae 
7 7 
149. (b, c) 150.(c) 151.(c) 152. (a,b) 153. (3) 
154. (c,d) 155.(b)  156.(b) 157. (d)_-158.(d) 159. (d) 
160.(b) 161.(b) 162.(d) —163.(b) 164. (c) 165. (b) 
166. (b) 167. (c) 


Solutions 


1. Given series 


17 11 11 11 
(si 2n «4 . on) 
=| sin— + sin— +... + sin— 
11 11 11 
( 2n An oe 
-| cos + COS +... + COS 
11 11 alg 
, : On 
sint-sin——  cost-sin—— 
" 11 
sin — sin — 
11 11 
( =) 
sin| ™ — — 
=0+ U4 
sin— 
11 
Ta Ux 
2. (a+1)* cosec!( } } =0 
2 2 
T T 
or (a 1) + eot*| eae *)=0 
2 2 
—-™ [x 
From option (b} if =—1and cot + 2*) =o 
o( x 
> tan“} —|=0 
2 
Tt 
=> —=1 
2 


3. f(x) =9sin® x — 16cos’ x — 10(3 sin x — 4cosx) 
—108sin x + 4cosx) + 100 
=25sin” x — 60sin x + 84 
=(5sinx — 6)" + 48 
“. f(X)min Occurs when sin x = 1 


Minimum value = 49 


ul al 1 
4.S= aed pop tet 7 
1+ tan°0° 1+ tan°’10° 1+ tan” 80° 
1 1 
Now, ant - 
1+tan°@ 1+ tan°(90-6) 
=~ ft 1 
~ 3 3 
1+tan°@ 1+cot’d 
_ 1 tan°0 
1+tan°@ 1+ tan°0 
1+ tan°0 
— Scans ae =1 
1+ tan’0 


Hence,S =1+(14+1+1+1)=5 


5. Clearly, {1 —sin”110° - sec110° 


=| cos110°| sec110° 
=—cos110° sec110°=—1 
6. tana + tanB =—p 
tano tanB = q 


P P 
tan(a + B) = 
( ) L=q qe 


1 


aes) [tan*(a + B) + p tan(a + B) + q] 


_ 1 / » , » _ | 

re lig—» (q-1) 4| 
(q-1)° 

“apex pale PG 1) + q(q-1)’] 

Se [p'g + q-1)"] 


ag +(q- i? | - 
lp +@-1)| 
7. Let A be the expression. Multiplying A by 2 
2 sin® cos@ = sin20, 


2008 : 
and using 


1 


we have 2008 


22008 4 =sin7 aiA= 


I a oe T m)\)ii1, T 
Alternatively sin 32009 cos 32009 Pa 32008 


Similarly, continued product upto, 


nm) 1 . (nm) 1 
cos 2 92008 9 2 2.2008 


tan A + tanB 
8. tan(A + B) = = = 
1-—tanA tanB 


nsinA cosA 


tan A + ae ae 

_ 1—ncos' A 
nsinA cosA 

1-—tanA- - 
1-—ncos°A 


_ sin A(1 — ncos” A) + nsinA cos’? A 
cos A(1 —n cos’ A) — nsin’ A cos A 
sinA — 0 
cos A(1 — ncos” A — nsin” A) 
_ sinA 
7 (1 —n) cosA 


n : 3°@) 
9. We have, = aes) 
2 ner, *19) 


sin(3"0) 
cos(3” * 10) 


_ sin® ; sin30 
cos30 cos90 


sin90 
cos270 


10. 


11; 


12. 


13. 


14. 


15. 


16. 


de sind —_2sin0 cosO _ sin20 
* — c0s38 = 2cos0 cos30 2.cos@ cos30 
_ 1[ sine —@) ] 
2| cosO cos30 
1 
7 se — tan®) 
1 
Q= ane tan®) + (tan90 
—tan30) +... + tan3”* 16 — tan3"6)] 
P 
=> Q= a = P=20 
Expression 
(cos*1° + cos*2° + cos*3° +... + cos* 179°) 


(sin’ 1° + sin’ 2° + sin’3° +... + sin‘ 179°) 


= cos2°+ cos4° + cos6° +... + cos(358°) 
2° + 358° 
(7) -sin(179 x 1°) 


= Cos 


sin1° 
= cos(180°) =— 1. 
sinx + siny =a 
cosx + cosy = 2a 
On squaring and adding Eqs. (i) and (ii), we get 
2 +2 cos(x — y) =5a" 
5a’ -2 
2 
P(x) = 3 + 2(cosx + cosx + cos2x) 


cos(x — y) = 


= 3 + 2(2cosx + 2cosx’x —1 


= \[4c0s? x + 4cos’x +1 


=|2cosx + 1| 


Consider y =5secc’® — tan’@ + 4cosec’® 

y =5 + 5tan’@ — tan’® + 4 + cot’@ 
y =9 + 4(tan? + cot?) 

=9 + 4[(tan® — cot)* + 2] 
=9+8=17 


Ymin 
. ee ee 
= Maximum value of the expression is a =a 
7 4q 
=> p+q=1+17=18 
T T 
f,(&) =tanna and f, (=) = tan = 2-1 


Let sinx + cosx =t 


1 
ti+- 


an ae 


Hence, minimum value of y is 2. 
a=cos(2012 @) =1 

b =sec(2013 1) =-1 

c = tan(2014 7) =0 

wb<cK<a 


...(i) 
...(ii) 
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A B 
17. InAABC, yi tan—- tan— =1 
2 2 
A A B 
tan’— > V tan—tan— =1 
L 2 L 2 2 
[. a +b? 4c? —ab—be 
A 
3+ ¥ tan?—>4 
yen, 
2 2 2C 
=> Ie tan + tan 21+3 
A 
=> sec’ — 4 cae t a” 24 
2 2 2 


18. The given equation can be rewritten as 
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ca=0, V a,b,c € R] 


1 
(2x —1)? + 1 =sin’ y, which is possible only when x = z 


sin’ y =1 


2 2 


[as x7 + y? <3] 


Thus, there are only two pairs as satisfying the given 


1 =%G 17 
equation. They are | —, — |] and] -, — |. 
_ z 2 2 2 2 ] 


19. Given, 
3sinA + 4cosB =6 
3cosA + 4sinB =1 
On squaring and adding Eqs. (i) and (ii), we get 
9+ 16+ 24sin(A + B) =37 
24sin(A + B) =12 


sin(A + B)= : 


=> sinC = 


NIP NI 


C =30° or 150° 
If C =150°, then even of B = 0 and A = 30°. 
The quantity 3 sin A + 4cosB 


1 1 
3:-+ 4=5- <6 
2 


2 
Hence, C = 150° is not possible 
> ZC =30° only 


20. Area =3-(8-3) + 351% 


3 20 
279 42.9 — 

2 3 
=72+90 
=9(8+ 7) 


(i) 
...(ii) 
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21. m+n=a{(cos*o + sin?) + 3 cos sina(cosa + sina.)} 


m+n=a{cosa + sina}? 


Similarly, m-n=a {cosa - sina}* 
(m+ n)*? =a"?(cosa + sina)’ ...(i) 
Similarly, (m— n)*? = a?*(cosa — sina)? (ii) 


On adding Eqs. (i) and (ii), we get 
(m+n)? + (m—n)3 = a2? (2) 
2/3 


=> =2a 
22. BD =x tanC in APDB 
and DC = x tanB for APDC A 
BD + DC =a=x(tanB + tanC) 
ae tan B + tanC 
x 
acs b B Cc 
Similarly, —=tanA + tanC & 
my Ngee 
x 
ee tan A + tanB 
Zz 
= + b + ae Bolas tan A + tanB + tanC 
2x 22y az 2\x y Zz 
23. sin® = ...(i) 
Also, cos20 = 7 


1+ cos20 = ‘ 
x 
2cos*0 = ie 
1 sind 
[substituting x =/ sin® from Eq. (i)] 
_ =} 
sin® cos” 


24. S =2sin2° + 4sin4° +... + 178 sin178 + 180° sin180° 
S =2[sin2° + 2sin4° + 3sin6° +... + 89 sin178° | ...(i) 
S =2[89 sin178° + 88 sin 176° +... + 1-sin2°] ...(ii) 
On adding Eqs. (i) and (ii), we get 


[converting in reverse order] 


2S = 2[90 (sin2° + sin4° + sin6° + ...+ sin178°)] 
si 
ae 
s=90-—_\2 sin( © : *) 


sin— 


90 sin(89° 
= ———__ os -sin90° [8 =2°] 
sinl 
S =90 cot1° 
90cot1° 

Average value = acer. =cot1° 

Tt T 

25. In ist case, r = cot - ;R = cosec : 
T T 

2nd case, 7, = cot ; ; R, = cosec 5 


T 1 
A, =2(R? ry =n {coseet - cot!) =T 


O 


Heptagon 


=| cosec”— — cot"— | =7 
7 7 


=> A, = A, 
18 
26. y? cos“(5r)° = cos” 5° + cos” 10° 


r=1 
+ cos” 15° +... + cos” 85° + cos” 90° 
=(cos” 5° + cos* 85°) +(cos” 10° + cos” 80°) 


+ (cos” 15° + cos” 75°) +... + (cos” 40° + cos” 50°) + cos” 45° 


=(cos” 5° + sin” 5°) + (cos” 10° + sin” 10°) 


+ (cos” 15° +sin” 15°) +... +(cos” 40° + sin® 40°) + cos? 45° 


27. 4x’ — 4x | sin® | —(1 —sin’ 6) 
=—1+(2x—|sin@|)’ 


.. Minimum value = — 1 

28. -« cos3A + cos 3B + cos3C =1 
> cos 3A + cos3B + cos3C —1=0 
> cos 3A + cos3B + cos 3C + cos 3m =0 


(2422*) a (2 a 
=> 2 cos cos + 2 COS 
2 2 2 
(# = 
cos | ———— | =0 
2 
3m —3C 3A —3B 3m + 3C 
=> 2 cos 5 cos 5 + cos a =0 


& <) (= +3C+3A = 
-2 cos | ——_—_. 
4 
(= +3C-3A4+ 2) 
“COS r =0 


29. 


30. 


37. 
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= 2 cos 2) cos (3 72). cos(# 7A) <0 = —5 $3 cos2x + 4sin2x <5 
2 2 2 2 ..Minimum of 3 cos 2x + 4sin2x =—5 
: = 1 
> 4 sin( >) sin( *) sin *) 0 So, min f(x) =3 > =— 
2 2 2 243 
3A 3B 3C 32. Let AB =x and ZBDC =a 
=> sin )sin( ) sn 0 
2 2 2 
3A B 3C 
= or = or = 
2 2 
A= ” or B= noe 
3 
[tan A| <1 
> —1<tan A<1 and os|al<* 
> ee 2ae* 
2 2 
(1+sin2A) = /1+ z ae 
1+ tan° A p 
_ |1+tanA| _ (1+ tanA) es ee a are 
2 ae 2 
ya+ tan” A) va tan” A) => tan(@ + 0) =—P = q- x = p cos + @) 
q-x 
and 4/(1 — sin 2A) = 1-[ 2u24 | cot 8 cota —-1 
1+ tan” A => x=q-pcotO0+a)=q-p 
1—tan A| cot a + cot 0 
= iene A) _ q(cot & + cot 6) + p (cot 8 cot a) + p 
(1 — tan A) cot @ + cotO 
— tan 
= fC) CS) 
(1 —tan? A) qd iF aaa ) p a + p 
: _ p sin® p sin® ote ll! 
Va + sin 2A) + Va -sin2A) 2 ve" q , 09s 8 I" | 
V(i+sin2A)—JQ—sin2A) 2tan A p. sind 
Let f(®) = cos*(cos @) + sin’(sin®) q _ g cos cos 8 | 


—1<cos@ <1land-1<sin@ <1 
cos 1 < cos(cos 8) <1 and — sin1 <sin(sin 8) < sin 1 
cos’ 1 < cos*(cos @) <1 and 0 <sin’(sin ®) < sin? 1 
. Maximum value of f(®) =1 + sin” 1 


Let f(x) = 278 2x 3ysin 2x = 33 cos 2x + 4 sin2x 


3 4. 
5 Fees 2x + — sin 2x 
=3 5 | 


3 4 
Let a= sind and —s cos 0 


Thus f(x) = 33(sin cos 2x + cos sin 2x) _ 3, Ulsin(d + 2x)] 


For minimum value of given function, sin(@ + 2x) will be 

minimum. 
ie. sin(d + 2x) =-1 

1 

(x) =3°C? = — 

fi 243 


Alternate Method 
Let f(x) = 278 2x 3158 2x = at sin 2x = 33 cos 2x + 4 sin 2x 


For minimum value of given function, 3 cos 2x + 4 sin 2x will 
be minimum. 


— 4/3? + 4° <3 cos2x+ 4sin 2x <4/3° + 4? 


33. 


34. 


- (q’? + p’) sin ® 
qsin® + psin® 


: 
sin 8 


p sin 8 
qsin® + pcos® 


psin® 


. TT 
Given 4na =k => 2na = = 


1 
Now cot o - cot(2n — 1) = cot & cot (= -«] 


=cot @:- tana =1 
Similarly, cot 20 cos(2n — 2)a = 1, 
cot 30 - cot(2n — 3) =1,..., cot(n — 1) cot(n + 1)a =1 
Thus cot & cot 20 cot 3a ... cot(2n — 1)a 
= {cot & cot(2n — 1)a} {cot 2% cot(2n — 2)a} 
... {cot(n — 1) cot(n + 1)a} + cot nH 


: es Sey asl 
=1-1-1...1-1 - cotna = cot —=1 
L 4 | 
=1 
We have (sin A +sin B + sinC)(sin A +sin B —sinC) 
=3sinA sin B 
> (sin A + sinB)* —sin* C =3sin Asin B 
> sin’ A + sin? B -sin® C =sin Asin B 
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=> sin’ A + sin(B + C) sin(B —C) =sin AsinB 

> sin A [sin(B + C) + sin(B — C)]=sin A sin B 
[<-A+B+C=T] 

> sin A(2 sin B cos C) =sin A sin B 


1 
eal => C=60° 


35. From the third relation we get 
cos 8 cos @ + sin ® sin 0=sin B siny 


= sin’ 0 sin” o =(cos @ cos 6 —sin Bsin y)* 
. 2 2 ; : 
= [ = | f sin 1} [sabe Y 
sin” & 


sin’ o sin’ 
= (sin’ a —sin’ B)(sin’ a — sin’ y) 


2 
sinB sin ; 


[from the first and second relations] 


= sin’? B sin’ y (1 — sin? a)’ 
= sin’ a(1 —sin? B sin’ y) 
—sin’ a(sin’ B + sin? y —2 sin? B sin? y) = 0 


si 2 + 2 +2 . 2 
. sin” 6b —sin” y —2 sin“ B sin 
sin? @ = 2 ¥ B sin” ¥ 


[sin a # 0] 
1-sin’ B sin? y 


a) ae} +2 +2 
1 —sin“ 6 —sin“ y + sin“ 6 sin 
and cos’ & = B Z B Y 


1—sin’ B sin? y 
sin? B 


cos’ B — sin’ y (1 —sin? B) 


sin’ B sin’? y + sin? y—sin’ B sin? y 


=> tan’a= 


sin’ B cos” y + cos’ B sin? y 


cos” B cos” ¥ 
= tan’ B + tan? y 
= tan’ a — tan’ B —- tan? y=0 


n tan a 


36. tanB= 


1+ tan’ a —n tan? a 
n tan a 
1+(1—n) tan? a 


n tana 
1+(1—n) tan? w 
tana -n tana 


tan 


=> tania —B)= 


1+(1—n) tan? 


_ tana + (1—n) tan? & —n tan a 


1+(1—n) tan? a +7 tan’ o 


_ (in) tana(1 + tan” a) Z 


5 (1 —n) tana 
1+ tan” 


(cos) _ (sin ®) 
a b 

a cos 20 + b sin 20 = a(1 — 2 sin” 0) + 2b sin @ cos 0 

=a —2ab°k? + 2b- bk - ak 

=a —2ab’k’ + 2ab"k? =a 


37. Let 


=k, so that cos 9 = ak and sin 0 = bk. Then 


38. Let y = cos x cos(x + 2)—cos*(x + 1) 


1 
= 5 [cos(2x + 2) + cos 2] — cos’*(x + 1) 


39. 


40. 


41. 


42. 


1 
=a cos*(x + 1) —1+ cos 2]— cos*(x + 1) 


1 1 
— (1 — cos 2)= (2 sin? 1)=—sin? 1 
2 2 
This shows that y = — sin’ 1 is a straight line which is parallel 


Tt 
to X-axis and clearly passes through the point (=. sin’ i} 


f@®) =| sin ®|+| cos |, V0 € R Clearly, f(®@) > 0. 


Also, f°(0) =sin? 6 + cos’ 6 +|2sin0- cos 0 | 
=1+| sin 20 | 
0 <|sin 20| <1 
= 1< f°@)<2>1< f@)<v2 


A =cos(cos x) + sin(cos x) 


ur , 
= V2 {cos(cos x) cos r + sin(cos x) sin 4 


= 18 {cos (co x5} 


Tt 
15 cos{ os x=) <1 


~/2<A< +2 


We have, a = tan nO 


n 


V, —Vn-1 _ cosn® sec” 6 — cos(n — 1)0 sec” *0 


and = 
U;.-4 sin(n — 1)8 sec” “0 
_ cos nO sec 8 — cos(n — 1)0 
sin(n — 1)0 
_ cos nO — cos(n — 1)8 cos 8 
cos 9 sin(n — 1)0 
cos(n — 1)8 cos 8 — sin(n — 1)@ sin 8 
_ —cos(n — 1)8 cos 0 
cos 9 sin(n — 1)0 
=—tan0 
V,-Vi-1 1U, tan nO 
So, that 14 "= —tan@ +4 = 
U,-41 nV, n 
Ifa,b>0 
Using A.M. 2 G.M., we get 
1 1 2 
a b= ab 
2 
= f(x) 2 
ee 
cos |—— x] cos|—+ x 
{ 6 6 
= 2 _ 2 
| 271 . 2 A 1—cos2x 
cos’ — —sin® x — — ——__—_ 
6 4 2 
_ 2 
1 cos2x 
+ 
a 2 


43. 


44, 


45. 


46. 


c =—1 
Now teres. peor an ee | 


1 cos 2x 3 
=> 0s ,j-+ <— 
4 2 2 
= fix) > 
a) 
V3 


4 
Since ‘f’ is continuous range of ‘f” is Fa | 


“0 <sin? 0 <1and0<cos’0 <1 


—s 0 <sin® 0 <sin” @ and 0 < cos! 6 < cos’ 0 
0 <sin® 0 + cos!’ 6 <sin’ 0+ cos’ 0 


Hence, 0<A<1 


. (30 x [ de 
sin = =— cos O, sin a =cosa 


sinBn + ) =— sin a 
sin(7 — 0) =— sina 


3 {sin (= «| , o| 


2|ain'( a_| 


=3{cos* @ +sin* a} — 2{cos® a + sin’ a} 


sin’(37 4 


sin°(5 0 


= 3{1 —2sin? & cos? a} —2{1 —3 sin? @ cos? a} =1 


sy alae 
sin} x + + COS | x4 
6 6 


= 8|sin(x+ 2+) 


51 
= dsin(x+ 9%) <2 
1 


51 Tl T 
Equality holds when x + =—ie,x= 
12, 2 12 
Therefore, maximum value of given expression is attained at 
1 
x=— 
12 


cot” x = cot(x — y)- cot(x —z) 


cot x cot y+1){ cot x-cotz+1 
cot y — cot x cot z — cot x 


> co? x=[ 


= cot® x- cot y- cot z —cot® x- cot y—cot* x cot z + cot* x 
= cot” x- cot y- cot z + cot x-cot y+ cot x-cotz+1 
= cot x cot y(1+ cot” x)+ cot x cot z(1 + cot” x) 

+1-cot* x=0 
=> cot x(cot y + cot z)(1+ cot” x) 


+ (1 —cot” x) (1+ cot” x) =0 


=> cot x(cot y + cot z) + (1 —cot? x) =0 


cot?>x-1 1 
> = 
2 cot x 2 


(cot y + cot z) 


1 
> . (cot y + cot z)= cot 2x 
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47. Given that,a+B+y=a 


48. 


49. 


Taking o = = B= : and y= 27 


1+ 0=-2 


ee sinB + sin y=—1 
but sin @ + sin B + sin y= —3 for any a, B, y 


sin @ + 


Hence, minimum value of sin & + sin B + sin 7 is negative. 
cos x —sin a cot B sin x = cos a 


> sin B cos x —sin@ cos Bsin x= cos @ sinB 


> sinB (1 —tan® 4 — sin a cosB-2 tan | 


x 
=cosa sinB [: + tan’ *) 


x x 
=> tan’ 5 (— sin B — cos & sin 8) — sin a cos B +2 fan 
+ sin B(1 — cos a) = 0 
4[sin® o cos’ B 
—2sina cosB + ||+ sin? B(1 + cos a) 

x (1 — cos &)] 
> tan —= 5 

2 2 sin B (1 + cos a) 


—sina cos B 


os sin’ asin? B + cos” B) 
sin B(1 + cos a) 


_ sind cosB+sina _ sina(1—cosB + 1) 
sin B(1 + cos Q) sin B(1 + cos ) 


B 


a 
= tan — tan — or — tan 
2 


2 2 


1 : : 
* cos’ @ sec’ a, — and sin’ 6 cosec? o are in AP 
2 


1=cos* 0 sec’ a + sin‘ 6 cosec? ao 


cos'@ sin’ @ 
= 1= 2 ae) 
cos’ a sin” a 
4 sod 
. cos 8 sin’ 0 
= (sin? 0 + cos” 6) = ao ts 
cos’ a sin” a 
1 : 1 
= cos’ 0 ae. + sin’ 0 a 
cos’ & sin” 
—2sin’ 0 cos” 6 =0 
> sin’ o cos* 6 + sin* 0 cos* a 
—2sin’ 0 cos” @ sin’ & cos” & = 0 
> (sin? a cos” @ — cos” @ sin? 6)” = 0 
> tan? 0 = tan? a 
8@=ntnta,nel 
Now, cos® @ sec® & = cos® @ sec® & = cos” & 
8 Oo 8 Ore, aca 
and sin” 8 cosec’ & =sin” @- cosec”’ @ =sin” a 


: 
Hence, cos® 0 sec® a, —, sin® 6 cosec® o 
2 


: 1. . 
ie, cos” a, -, sin” & are in AP. 
2 
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50. Given, (cot &,) -(cot &,)...(cot &,)=1 
n n 
> II cosa, = II sina, 
i=1 i=1 
i ae n sin 20 1 
=> TI cos’, =I sina, cosa, = TW ——1 < — 
i=1 i=1 i=1 2 oF 
i 1 
=> II cosa, S$ — 
i=1 i 
22 
: us eae 
Hence, maximum value of IT cos a, is —. 
i=1 is 
22 
51. sin x- cos’ x > cos x-sin® x 
: 2 ee 
— sin x- cos x(cos* x —sin“ x) >0 
=> sin x- cos x: cos2x >0 
> cos x-cos2x >0 
| # | = ai = | 
| I I 
) x 3a ud 
4 2 


52. 


53. 


we =a? +b? 


+ aya cos” @ + b” sin? @ x a? sin? @ + b? cos’ 0 


=a" +b? + 2\/sin? @ cos” O(a‘ + b*) + a’b%(sin* @ + cos* 8) 


=a" +b? +2ya7b7(1 -2 sin’@ cos”@) + (a* + b*) sin? cos”® 


=(a? + b’) + 2,[a°b? + (a? — b”)? sin? @ cos” @ 
2 p2y2 
=(a? + b”) 2% + ae sin? 20 
2 p2y2 
Max. u2 =(a? + b*) + 2,/a2b? + ear 


Min. u? =(a? + b?) + 2ab 


2 _ p2y2 
= Difference 2,/a°b? + ne —2ab 


= (4a°b? +a‘ +b! —2a*b* —2ab 


= f(a’ + b*)® —2ab 


=a’ +b? —2ab =(a— by’ 


ay (tan >} (1 + sec 8)= tan(2) ( = s8) 
2 2 cos 8 


; 2 . ) 
sin 2 cos 2 sin — - cos 
= ee, i v 2 
os cos 8 cos 8 
sin 8 . 
= SS* =tand (i) 
cos 8 


.. By repeated use of Eq. (i), we have 
f,(8) = tan 6 (1 + sec 20) (1 + sec 46)... (1 + sec 2” 8) 


= tan 20 (1 + sec 40) ...(1 + sec 2” 8) 


= tan 40 (1 + sec 80)... (1 + sec 2” 8) 


T T 
Now, Al ) = tan(2 )=tan =1 
16 4 
T P T 
=tan|2 =tan—=1 
AS) ( 4 
1 40 T 
—|=tan|2° —}=tan—=1 
Ae) ( a 4 
T 
and — ]|=tan—=1 
6( =) 4 
T 
54. cosx=0 => x =(2n+1) 
T 1 
> cos] (2n + 1)—+z]=— 
2 2 
; 1 ‘ 1 
> 7, or sinz =—— 


TM 5k 7M 117 
> £=—,—,—,— 
66 6 6 


55. (8) = cos — cos20 + cos20 — cos30 +... + 


cos(n)0 — cos(n + 1)0 
f,(8) = cos® — cos(n + 1)0 
Now, check options. 
P =sin25° sin35° sin60° sin85° 
=sin25° sin(60° — 25°) sin60° sin (60° + 25°) 
= sin60° sin25° sin(60° — 25°) sin (60° + 25°) 


56. 


1 
P =sin60° x Fr sin75° 


Q =sin20° sin 40° sin75° sin80° 
= sin20° sin (60°— 20°) sin75° sin (60° + 20°) 
=sin75° sin20° sin(60° — 20°) sin (60° + 20°) 


1 
Q =sin75° x ri X sin60° 
Hence, P =Q 
1 1 1 
57. x= oy = Y= 
1—cos°@ sin*® cos’ 0 
1 
Zz = 
1 —sin’@ cos’ 
1 1 
=> -+—=1 
x y 
1 1 
> xy=xty > -=1- 
Zz xy 
> xyz=xytz=xtytz 
; 2 |1+tanx tan’ x 
58. Given P(x) = cot“ x 5 |+ 
1+ cotx + cot’ x 


2 
[= —cos3x + sin3x — sn) 


2(sin2x + cos2x) 


2 
_ cot? + cotx +1 ( sin x (sin2x + costs) 


1+cotx cot?x 2(sin2x + cos2x) 


=1+sin’x 

P(18°) = P(72°) =(1 + sin?18°) + (1 + sin?72°) 
=1+1+4(sin?18° + cos”18°) =3 

3 sina + B) — 4cos(a + B) 


59. E= 
V3 sina 
_ 3(sina cosB + cosasinB) — 4(cosa cosB + sina sinB) 
V3 sina 
5 T 
=— for0<B<— 
V3 2 
3 (7 + 24 cot T 
and B= 37 i) for—<B <7. 
15 2 
3 
60. cot A =— 
4 
—3 
=> cot C = — 
4 
5 
4 
A 
3 
= Cis obtuse angle. 
4 3 
sinC =—, cosC = —— 
5 5 
13 
12 
B 
5 
tan B = —* 
12 
=> tan D = = 


=> Dis an acute angle 
inte pe 
13 
sin(C + D) =sinC-cosD + cosC:sinD 
= ‘) =) (=) 12 
(; & 5 (=) 
_ 20-36-16 
65S 
Also, sin(A + B) =sin(2m —(C + D)) 


16 
=—sin(C + D)=—. 
65 


Hence, 


1 
61. af cos! x + tcosz] =a 
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8at+1 [25] 
16 ier 
=> 8a+1€ [0,25] 
=> ae|=3} 


62. A =sin44° + cos 44° 
= cos46° + sin46° =C 
B =sin45° + cos45° = V2[sin90° ] 


A= sal +5 sin44° + F693 ws 


V2 V2 
= 2 [sin 44°- cos 45° + cos 44°: sin 45° | 
= +2 sin89° 
= BoA 
63. tan(2a + B) =x 
tan(a + 28) =y 
=  tan(3(@ + B)). tan(a — B) 
= tan[(2a + B) + (a + 28)]. 
tan[2a + B)-(@ + 28)] 
_ tan(2a + B) + tan(@ + 28) 
1 — tan(2a + B).tan(a + 2B) 


tan(2a + B) — tan(a + 2B) 
1+ tan(2m + B).tan(a + 28) 


_x t y : X= x? y? 
1—xy 1+xy 1- xy? 
6a Weteg ae" geet 
cos > sin 
Multiplying, we get xy = (1 —sin 9) (1 + cos 9) 
cos ¢ sin 


1-sin 0 + cos 6 —sin o cos 
+ sin @ cos 


> xyt+1= : 
cos d sin 


_ 1-sin 0+ cos > 

- cos @ sin 

(1 —sin 0) sin @— cos (1 + cos 6) 
cos d sin 


and x-y= 


_ sin @ —sin? @ — cos $ — cos’ 


cos @ sin 


_sing—cosd-1 _ 


cos @ sin 


Thus, xy + x-y+1=0. 


> x= and y = ; 
yt I-x 


65. The given relation can be written as 


X 1-sin’® x : 
tan = - =— 
2 sin x sin x 
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= 2sin' (*)=/cos'(*) sn’(2)] 


=> 2%y1+y)=G-y)’ where y = tan = 
> y? + 4y-1=0 
m ya tt ers | Seale 
Since y > 0, we get 
—2) 24-5 


=(9 — 4V5) (2 + V5) 
(cos 2A —sin2A)* +1 
(cos 2A +sin2A)* -1 


_ +(cos2A —sin2A)+1 
+ (cos 2A + sin2A)-—1 


66. y= 


=> 


which gives us four values of y, say y,, y,, y; andy, We have, 


cos2A—sin2A+1_ (1+ cos2A)—sin2A 


A cos2A+sin2A-—1 (cos2A-—1)+sin2A 
= 2 cos”? A—2sinA cos A 
—2sin® A+2sin A cos A 
_ cos A(cos A —sin A 
~ sin ron A- snap manne 
_ —(cos2A —sin2A)+1 
i (cos 2A + sin2A)—-1 


_ (1—cos2A)+sin2A 
—(1+ cos2A)-—sin2A 


2 2sin? A+2sin A cos A - 
—2 cos”? A—2sin A cos A 
(cos 2A —sin2A)+1 
(cos 2A + sin 2A) -1 
_ (1+ cos 2A) —sin2A 
—(1+ cos2A)—sin2A 


tan A 


y3> 


_ 2 cos* A—2sin A cos A 
—2cos* A-2sin A cos A 


cosA+sin A 
1—tanA _ 


__ cos A-sin A 
1 T 
tan [ A] =-— cot + 
1+ tan A 4 4 


(cos 2A —sin2A)+1 
(cos2A + sin2A)—1 
_ (1—cos 2A) + sin 2A 
—(1-—cos2A)+sin2A 


_ 2sin? A—2sin A cos A 
—2sinA+2sin A cos A 


ox 
2 | 


67. -. 


68. 


69. 


3 sin B =sin(20 + B) 


> 2 sin B =sin(20 + B) —sinB 
=2 cos(a + B) sina 
sin B = cos(a@ + B) sin a ...(i) 


.. Alternate (b) is correct 
Also, sinB =sin(@ + B) -@) 

=sin(a + B) cos & — cos(a + B) sin a ...(ii) 
From Egg. (i) and (ii) 

sin B =sin(@ + B) cosa — sin B 
2 sin B =sin(a + B) cosa 
(.. Alternate (c) is correct) 

Alternate (a) 
LHS = (cot @ + cos(a + B)) 

_ ( sin(2a + B) & 


sin & - sin(a + B)) \ sin B 


(cot B —3 cot(2a + B)) 


3 cos(2a + B) 
sin(2a + B) 


3sinB 
sin Ot - sin(o& + B) 


| 
(cen 
at) 


cos B 


3 cos(20 + ») 


sin B 3 sin B 


("3 sin B = sin(2a + B)) 


[ 
fob =o 
[ 


sin B 


3sinB 
sin a - sin(a& + B) 


2 sin(a + B) Jane 


sin B 


Alternate (d) 


tan(a + B) =2 tana 
eps ae 
a sina +B) _ 2sina 
cosa +B) cosa 
> sin(a + B) cos & =2 cos(@ + B) sina 


=> sina +f) cosa — cos(@ + 8) sina = cos(@ + B) sina 
sin B = cos(@ + B) sina 
[Alternate (b)] 
P,(u) be a polynomial in u of degree n. 
sin 2nx = 2 sin nx cos nx 


=sin x P,, _,(cos x) or cos x P,, _ (sin x) 
sin O —cos 


tan 6 =— 
sin @ + cos a 
_ tana-1 
tana +1 
1 
tan 8 = tan (« -2) 
4 
1 
> SS et 
104 
or 20 = 2nt + 20 —-— 
2 
‘ F TT 
sin 20 = sin (20 -*) =— cos 20 
1 : 
and cos 20 = cos & -2) =sin2a 
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1 1 1 
and = sin@ —cos@ = 2 sina -) > P3)=---=— 
4 4 4 16 
= 2 sin {0 — nn} =+ V2 sin® => P(4) = sin? = ine © 
fi 4 2k 4 8 
andsin c+ coset =¥2 sin [o.+ =) 1 T 2-2 
4 [ cos = 
8 4 16 
= 2sin {= + 0 ~ mn} nx 1 tq 1 
2 — P(5) sin? — = (2 sin’ )- (1 — cos 36°) 
10 8 10 8 
=~2 cos (0 —nt)=+ V2 cos @ 
1 5+1) 3-5 
70. cos 50 = cos(49 + 6) = cos 40 cos 8 — sin 48 sin 0 rs 1 ri er 
=(2 cos* 20 — 1) cos 0 — 2 sin 20 cos 20 sin @ ‘ eA { . 
= [2 (2 cos* @ —1)*—1 ]cos@ —2-2 cosO > P(6) == sin’? [2sin’ x)= (: cos 
. F 12. 8 12 8 6 
sin* 0 (2 cos” 6 — 1) 
=[2(4 cos? 6 — 4 cos? @ + 1) —1] cos at *) 2-3 
8 2 16 
— 4 cos 8 (2 cos” @ — 1)(1 — cos” @) 
= cos 0 (8cos* @ —8 cos* 0 + 1) 74. x°+y* =a’ sin’ @ cos* 6 


— 4 cos 0(3 cos” 6 — 2 cos* @ — 1) 
= cos 0 (16 cos* 8 — 20 cos’ @ + 5) 


71. x= a? cos’ a + b’ sin? a + a’ sin’ & + b? cos? a 


2 (a? cos” « + b® sin? w) 
vaataate | 


=> 
(a® sin” @ + b? cos” w) 75. 
a’ + b? + 2k, 

[(a? + b?) —(a’ sin? w + b? cos’ &)] 
where k= 

x(a’ sin’ a + b? cos” a) 

x=a’ +b? +2,\(a? + b’)p— p? 

where p=a’ sin’ a + b” cos’ 

2 2 

=5 (1 — cos 20) 4 mi + COS 20) 


72 ps 2) ; reese 


sin A —sinB cos A —cos B 


(4 -*) ‘ ( —4) 
= cos 5 +t cot 


If n even, 2 cot” (A-*) if n odd, O 


iw) 


73. P(k) = [: + cos 2 ( + cos ( 
4k 2 


Credle) 


= 4k 4k 


2 5 5 
xy =a’ sin” 8 cos’ 0 


(x? + yy z a’’(sin @ cos 0)!” 


(xy)? a4(sin 8 cos 0) 
which is independent of 0 if 4p =5q 
Le. p=5,q =4. 
LHS 


=tana + 2 tan 20 + 4 tan 40 + 8 tan 84 + 16 cot 160 
= cot & —(cot @ — tan @) + 2 tan 2a 
+ 4 tan 40% + 8 tan 80 + 16 cot 16% 
= cot & — (cot 20 — tan2m)+ 4 tan 4a 
+ 8 tan 8 + 16 cot 160 
(. cot & — tan& =2 cot 2a) 
= cot a — 4cot 40 — tan 40%)+ 8 tan 8 + 16 cot 160 
(* cot 2 — tan 20 =2 cot 40) 
= cot & — 8&(cot 8% — tan 8%) + 16 cot 16% 
= cot & — 16 cot 160% + 16 cot 16% 
(. cot 84 — tan 8a =2 cot 160) 
= cot a =RHS 


76. Let x =cot A, y =cot B,z =cot C 


cot A cot B+ cot B cotC + cot C cot A=1 
A+B+C=180° 
x -y cot A 


(1 + x”) (1 + cot? A) 
By ey 
2 (1+tan* A) 2 


1 
= A (sin 2A + sin 2B + sin 2C) 


= ; (4sin Asin BsinC) =2 sin A sin B sin C 
2 
(a + cot? A) (1 + cot? B) (1+ cot? C) 
2 2 
Ja+x)a+y2G4+22) sMa+ x’) 
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and sin 2A + sin 2B — sin 2C 
=2sin(A + B) cos(A — B) —2 sin Ccos C 
= 2 sin C{cos(A — B) — cos C} 
=2 sin C{cos(A —C) + cos(A + B)} 
=2 sin C(2 cos A cos B) 


=4cos A cos B sinC 
77. --acosx+bsinx=c 
2 tan () 
2 


fare ‘OL, 


=> c 
x 
"]reime(2)/ 1+ tan’ (=) 
> (a+ o)tan’( 3 } 2b tan( 3 Jee a)=0 
mls) -me) oct 
2 (a+c) 
and tan{ S ) tan (E )- —_ 
at+c 
tan (=) + tan (5) 
— F (2+*)- 2 2 
(S)en(3) 
1— tan | — | tan | — 
2 
2b 
SE ae = independent of c 
c-a a 
at+c 
Also, (a + b’)<acosx+bsinx<.(a’ + b’) 


— (a? +b?) <c< (a? + 6) 
78. °° A+ B+C=180° 


> A =180° -(B+C) 
tan A = tan(180° —(B + C)) 
pat eeje tan B + tanC 
1— tan B tanC 


( tanB + tanC ) 
tanBtanC -1 
Now, *." A is obtuse 
tan A <0, 
tan B + tanC >0 
tan B tanC-1<0 
> tan B tanC <1 


79. Let S =sin (=) + sin (=) + sin (=) 
7 7 7 
C =cos (=) + COS (=) + 
7 7 


C+iS=a+a’?+a* i) 


then 


and 


27 27 
Where & = cos (=) +isin (*) is complex 7th root of unity. 
Then, C-iS=04+67 +04 


=a°+a°4+0° ...(ii) 


80. 


87. 


82. 


Adding Eqs. (i) and (ii), then 


2C=a+a°+a'+a°+0°+0°=-1 


(.* sum of 7, 7th roots of unity is zero) 


C=-- 
2 


Also, multiplying Eqs. (i) and (ii), then C? +S? =2 
(a” =1 and sum of 7, 7th roots of unity) 


2 
1 7 
=> s*=2-(1) =+ 
2 4 
a 
2 
8 2 
We observe that y =81°" *~+81°° *—30=0 
= git’ * 4 gi)” *_39=9 
=> g12sin’ x _ 3qgr8in’ x 4 g1 = 9 
2 2 
=> (315" x —3) (315 x —27)=0 
2 3 
> sin” x =— or — 
4 
3 
—! sin x =t-—orsinx==+ " 
> xetltorxat tao 


= The graph y =81™ * + 81° * —30 

Intersects the X-axis at eight points in(— ™ < x <7). 
= Statement-1 is true. 

Statement-2 is correct, using it we have cos 3x = sin 2x 
=> 4 cos’ x —3 cos x =2sin x cos x 


Similarly 4 cos* y —3 cos y =2siny cos y 


So, 4(1 — sin? x) —3 =2sin x 
=> 4sin? x + 2sinx—-1=0 
and 4sin’ y + 2siny -1=0 
Hence, sin x = sin 18° and sin y = sin(— 54°) = — sin 54° are the 


roots of a quadratic equation with integer coefficients. 
The minimum value of the sum can be — 3 provided 


sina =sinB =sin y=—-1 


T 
> baa o 


Tl Tl 
a= 2) ae Al 


Now a+ B+ yan > [4+ mtn)—3] 2 =n 


=>41+m+n) 


1. minimum value can not be — 3. 


=5 which is not possible as /, m, n are integers. 


30 31 
But for @ = yo ge 2n,a+B+y=2 


and sina + sinB + siny =2 
So, sin & + sin B + sin y can have negative values and thus the 
minimum value of the sum is negative proving that 


statement-1 is correct. But the statement-2 is false as 


a+B+y=7 fora =f = 


2m which are not the 


angles of a triangle. 


83. 


84. 


We have 2 sin (2) 


(ml) +6) (0) 
o(}em() 
)>0 and cos(®) -sin(2) <0 


=> cos + sin 
2 2 
ff 8 6 Tt 
> sin| —+—]>0andcos|—+—]<0 
2 4 2 4 
nr 0 Tf 
> 2nt <—4 >2nk + 1 
2 2 
nt 80 
= 2nt = <2nn 4 


So statement-1 is true but does not follow from statement-2 
which is also true. 


2cos8+sin@=1 


Com) ould 


> ae =1 


Now 7 cos 8 + 6sin 8 


7 ( — tan? @ 6X2 tan (?) 
_ 2 2 


1+ tan? (?} 1+ tan? (7) 
2 2 
an* |—|+12 tan 7-7X—+12 
_ 2 2) _ 9 3 = 


8 1 
1+ tan’ (?} 1 
2 9 


Showing that statement-1 is true. 


In statement-2 


1 
aaa 


> 2(1 — 2 sin? @) —sin@ =1 
=> 4sin? 0+ 2sin@—-1=0 

—-24+/44+16 -14+¥5 
> sind= a v5 

8 4 
51 
> sino = 9 => 0=18° 
=. cos 68 = cos 108° = cos(90° + 18°) 
=—sin 18° 


> sin 8 + cos 68 = 0 


So statement-2 is also true but does not lead to statement-1. 
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85. --A+B=— 
3 
1 
tan(A + B) = tan () =\3 
tan A+ tanB 
=> a 
1—tanA tan B 
> ea vontad (ena s-  D) 
3 


86. 


87. 


..tan A tan B will be maximum if tan A + tan B is minimum. 


But the minimum value of tan. A + tan B is obtained when 
tan A = tan B 


> A=B= us 
6 
Hence, the maximum value of tan A tan B 
Sta an = : . ee 
6 6 V3 v3 3 
Let3” =A and 3° *° =B 


=> A® -2A.B +B’ =0 
> A=B 
=> a=b?+c 
y 
a 
b 
O O\ 
A Cc 


From figure, it is clear that a = b secC =c cosec C 


3 
= Equilateral triangle = Area = rl 


Sol. (Q. Nos. 88 to 90) 


88. 


89. 


70 =(2n + 1)t,n =0to6 
48 =(2n + 1)x —30 
cos 40 = — cos30 
=> 2cos*20 —1=—(4cos*@ — 3cos@) 


=> 2(2x* —1) -1=—(4x* —3x), where x = cos 
=> 8x1 + 4x° — 8x" -3x+1=0 
(x + 1)(8x? — 4x” — 4x -1)=0 


Pan = 108 cos x (Sin x) + 1 logo, , (cot x) 
= n(log oo, x(sin x) + log... (cot x)) Vm2n 
=n(log.., , (sin x - cot x)) 
=n log... x CoS x=n 

Thus, P,,, 21 Vm2n 


> “mn 


Clearly, {=| =4 log ; (=) +9log , (1)=4 
4 a 2 Ari 


Similarly P,, -(2} =9 


Mean proportional of P,, (=) and Py, (=) is /9 x 4 =6 
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90. P,,(x) = P(x) 
=> 3 log... , (sinx) + 4 log... , (cot x) 


= 210g os x (Sin x) + log oo, x (cot x)) 
= 3(log.os x (sin x) + log .o, , (cot x))+ log... (cot x) =2 


> 3 + log ogg . (cot x) =2 
=> log os x (Cot x) =—-1 

=4 cos x 1 
> cot x=(cosx) => = 


sinx cosx 
Be 
> cos’ x =sin x 


+2 : ae) r 
1-sin“° x=sinx => sin” x+sinx-1=0 


-1+5 


=> sin x= 
2 
5-1 
> sin x = se (. sin x €-1 )) 
Thus, ptq=7 


Sol. (Q. Nos. 91 to 93) 
70 =(2n + 1)t,n=0to6 
40 =(2n + 1)n — 30 
cos 40 = — cos30 
= 2cos*20—1=-(4cos*0 — 3cos0) 


=> 22x? —1) -1=-(4x° — 3x), where x = cos0 
=> 8x4 + 4x37 — 8x? -3x4+1=0 
(x + 1)(8x? — 4x” — 4x -1)=0 
T 20 130 
91. The roots are cos—, cos 7 cos - 
1 137 310 117 51 
where cos— =cos , COS 5 cos , COS— = cos 
T 31 51 
. The roots of 8x? — 4x” — 4x + 1=Oare coy cos —, ares 
1 31 51 8 4 4 
92. sec—, sec —, sec — are roots of Bo SGe tris 
7 x x x 
=> x? —4x* —4x+8=0 
Tt 31 5m 
sec— + sec + Sec =4 
7 7 
2 2 30 2 5 
93. sec” —, sec 7 ec 7 are roots of fx) =0 
=> (Vx)? — 4/x)? — 4x +8=0 
=> x? — 24x? + 80x -64=0 


5m 
ce =24 


27 31 
sec + Sec + se 
7 7 


Sol. (Q. Nos. 94 to 96) 


Let 3sin’x + 4sin?x +... 


S=1+4 2sinx 4 

= sinx.S =sinx + 2sin’x + 3sin°x+... 

(1 —sinx)S=1 sinx +sin?x+... 
1 


(1 —sinx) S aa 
1—sinx 


1 
S= 7 


(1 — sin x) 


1 
S=4> a 
(1 —sin x) 


Given 


1 3 
> sinx = 5 or 5 (rejected) 


1 


—3n 
Number of solutions in =. 4m | isk =5. 


94. k=5 
cos2x —1 2 sin® 
95. - ~~ "|= = = =|tanx|= 
sin2x 2 cosx sinx V3 
96. Sum of interior angles =(k — 2)n =3m 
97. Now, (2 sin x — cos x) (1 + cos x) =sin® x 
= (1+ cos x) [2 sin x —cos x -—1+ cos x]=0 
— (1 + cos x) (2sin x —1) =0 
1 
=> Ose Seb 
: 1 [ 
So, sin @ =— as0<a< 
2 L 
V3 
cos & = — 
2 


3 cos’ x -10 cosx+3=0 


1 
=> COs = Cee ae 
1 2v2 
> cos B =4sinB = 292 
3 3 
and 1 —sin 2x = cos x —sin x 


= sin? x + cos’ x —2sin x cos x= cos x —sin x 
= (cos x —sin x) (cos x —sinx —1)=0 


‘ 1 
=> sin x = cos x = —= 


v2 


or cos x —sin x =1 
> cos x =1,sinx=0 
=> cos Y =1,sin y=0 


(3 1 


3/3 +8 
cos @ + cosB + cos Y=— +-+1= 
2 3 6 
98. sin —B) =sina cos B — cos a sinB 


(4 at 22 tae 
ae y 22 


24 2 3 6 
99. (A) If Mis mid point of PO, then M = (° ; 2 =u) : saa 
AY 
(8, sin 0) N 
Q (6, sin >) 
p 7 | 
y= sinx 
0 L “ 
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2 
Also, v=(228,sin(2£2)) (2) (=) 
2 2 <34+,//—] + 
2 2 
It is clear from the figure. 
ML < NL > 3-7<yS3+7 
ioe > —4<y<10 
= stan < sin (248) é A=10,=-4 
hast > A+ =6,A —p =14(R, T) 
ee eee eee 
= =e sin <2sin[ 2 ()lety =1 + sin (2 +0) +2 cos{ * 0] 
T 
sin (#] a2 1+ c0s(%-(Z+0)]+2.005(-6) 
2 2 4 
Be sin + sin o < V2 
T T 
r =1+ cos(% ~@) +2 cos(% -8) 
and ee arg eta Ne fe!) 4 4 
T 
(B) a? + b® =(sin 0 —sin 0)? + (cos @ + cos )” =1+3 cos (= -8) 
=2+2cos(0 + ) 
0+6 a ~1scos(%-0) <1 
= 4 cos” (M22) <a 4 
T 
(C)*.3sin8 +5 cos@=5 > -3<3c0s(7-0) <3 
> 3 sin 8 =5(1 — cos @) - 
Squaring both sides, then > 1-3<14 300s (% a} <1 + 3 


9 sin’ @ = 25(1 — cos @)° 


-2sys<4 
= 91 —cos@) (1 + cos 6) =25(1 — cos 0)” - .=he2 
> 9(1 + cos 8) = 25(1 — cos 8) (1 — cos 8 # 0) ” A+ =2,A—p=6(P, Q) 


34 6 =16 
7“ 101. (A)| cot x| =cot x + 


8 15 ‘ 
cos 9 = —, then sin 0 = — Sue 
17 17 x 
75 24 If0<x<—=> cot x>0 
5 sin 8 —3 cos 0 = — —- — =3(r) 2 
17 17 1 1 
. = So cot x =cot x + > = 0, no solution 
Hence, 5 sin 8 —3 cos 9 =3 sin xe Sine 
7+ 6 tanO — tan’ 0 
= T 
100. (A) Let y 1+ tan20 If— <cot x <%,-—cot x=cot x+ 
( an’ 9) 2 sin x 
=7 cos’ 0 + 6 sin cos 6 — sin” 8 2cos x 1 
=> : ie ='0 
(Ht sos8) 43 ‘ae (=) sinx  sinx 
=7| si allig e eie, 
2 2 : 27 
> 1+2cosx=0 and sinx#0>x=—. 
=3 sin 20 + 4 cos 20+ 3 3 
; 1 
— (3? + 47) +3<3 sin 20 + 4 cos 20 +3 (B) since sin + sin ® =~ i) 
2 2 
<yG° +4) +3 and cos 0 + cos @ =2 (ii) 
Pe -2<y<8 >A=8pN=-2 (ii) is true only if 9 = @ = 0 or 2 but 6 = o = 0 or 2m do not 
=> A+pU=6,A —p =10(R, S) satisfy (i) 


Hence given system of equation has no solution. 
T T 
(C) sin? w + sin( = -« : sin( = + «| 


, ; Tt 5 
=sin’ o + sin” sin’ = 
3 


(B) Let y =5 6080 +3 cos (0+ =) +3 


=5 cos 4 ae cos 8 “sino + 3 


13 34/3 


=— cos @ —-—— sin0 +3 (D) tan 8 =3 tan 
2 tan®8—tangd 2 tang 


5 tan(6 — 0) = 
13 2 ~ 3/3 13 3/3 | 1+ tan 6 tan 0 1+3 tang 
3 + <—cos8 sin +3 2 
2 2 2 ——————_ : Max if tan 6 > 0 


~ cot 6+3 tand 
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coo 0 Sune 3 5 (Using AM > GM) =-14 dsin(2*4) sin (F*? ) cos (2S) 
2 
> (cot 0 +3 tan 0) 212 > 2] 212 (C) cos (=) t cos( 2) cos (5) 
B 
=> tan“(0 ves [cos (4) + cos( 5) cos(¢) + cos(#)) 
102. (A) sin @ + sin (2) + sin (<) =? cos au cos (A=) cos(2°) cos (2=") 

2 2 2 4 4 4 4 
aad all ca ary Ye) FF} 
= sin + sin sin sin =2 cos cos cos 

2 2 2 2 4 4 4 
=1+2sin A+) cos (4=) 208(**°) sin ==") (vA+B+C =n) 
4 4 4 4 — z=) 


af aoe tT-—C A-B T+C 4 
7 ics ae en aa a (aeet4- ar n (ACHR “}} 
2 sin 
=1+2sin nf = 4 cos (== <} sin (? —*)sin( = 4) 

4 4 


fosin(2* 24 A=8) in (A*C*BoA}h = 4.05 * —") cos( i * cos =-4) 
8 8 4 2 4 2 4 
_ _ a T+A tT+B ~T—C 
=1+4sin (* =<) sin (* >) sin (* 4) = 4 cos } ( J cos( } 
_ _ = 1 1 1 
=1+4sin (* 4) sin (* sin (* | 103. A B C 
4 4 4 1+ tan? 1+ tan? 1+ tan? 
T T-A nm m-B). (m-C a 2 2 
=1+4cos cos sin [ A.B. Cl 
2 4 2 4 4 =k) 1+ sin— sin— sin— 
[ a hat 
TtaA T+B),. (m%-C 
=1+4cos cos sin 2A 7B 2C 
4 4 4 => cos + cos + COS 
A e C 2 2 2 
(B) sin| 2 sin( >) a“ E = al + irae veka ao [by using identity] 
| 2°. 2. 2| 
=-1+ (sin (=) + sin (2) + (sin (=) sin (S)) 104. sino _ cosy 
2 2 2 e sinB ~—cosd 
. (A+B A-B ing —si = 
=-14+2 sin ( cos ( ) > La ec (using dividendo) 
4 4 sinB cos 


Gaicen ke eee sew 
= ‘ 
14 asin(S=5) fos el . Ta) 


(« A+B+C =) 2 
( - ) cosé 
=-1+2sin 
4 105. Let =0 = 100=~ 
m+C+A-B m+C+B-A = a 
2 cos => 20 = 18° or 8 =9° 
a " Now, tan8 — tan30 + tan50 — tan70 + tan90 
=-1+ 4sin (* = cos (= 1) (e 7 tan@ — tan30 + tan50 — cot30 + cot® 
i . (tan + cot®) —(tan30 + cot30) + tan 45° 
=-1+4cos (= — A) co co (= ey (5 | [using tan50 = tan 45°] 
4 4 2 2 
mT T—-A T m—-C nok aah 
=-1+4sin ( Jsin Ge =) cos ( sin20 — sin6® 
2 4 2 4 2 4 
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1 1 
2 + 1 
sin20 cos40 


1 1), 
sin18° cos36° 
4 4 


+15 
V5 -1 aa 
a (ae aie 


E=2 


Aliter 


sin 20 -sin60 
2cos 40 - sin20 
=14+2)— 
sin20- cos 40 
=14+4=5 
_ cosi® + cos2° +... + cos44° 


106. x 


sinl° + sin2° +... + sin44° 
sin22° 
sin(1/2)° 
~~ sin22° 
sin(1/2)° 


- c0S22.5° 


= cot22.5° 
-sin22.5° 


[using the formula of sum of cos series] 
(n+ 1)0 
cos ; 
sin(0/2) 2 


_ sin(n@/2) a (n+ 1)0 


ee sin(nO/2) 


for sine series, S 


sin(0/2) 2 
TT 
cot(#] = /2+1=2.414. 
x =2.414... > 


Greatest integer = 2. 
107. LHS = tan15°- tan(30° — 5°) -tan(30° + 5°) 


Let ¢ = tan30° and m = tan5° 
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109. We have, cos5a = cos°o 


cos5Q = cos (3 + 2) = cos3 cos2a — sin30 sin2a 


=(4cos*a —3cosa) (2cos”a@ —1) — 
(sina — 4sin*a)2 sina cosa 


=(4cos* a —3cosa) (2cos’a — 1) —(1 cos”a) (3 — 
4+ 4cos’a@) 2cosa 
=(4cos* a —3cosc) (2cos’a@ — 1) —(2 cos?a — 
2cos*0) (4cos* — 1) 


=8 cos’ — 4cos°a — 6cos° + 3 cosa — 


[8 cos? — 2 cosa — 8 cosa + 2cos*a] 
=16 cos’ —20cos*O + 5 cose 
16 cos’ — 20 cos°& + 5 cos = cosa 
15 cos’ — 20 cos? + 5cosa = 0 


5 cose [3 cos*a — 4 cos’ + 1] =0 


Also cosa = 0 


3 cos’ a —3cos*a — cos’°a +1=0 
3cos”a(cos*a — 1) —(cos’a@ — 1) =0 
(3cos’a@ — 1) (1 — cos’) = 0 

cos’ = 1 

cos’ O = 

3 

sec” =3; cosec’O = ; cot?a =; 


3.1 
(sec? + cosec*& + cot?) =3+—+-—=5 


110. We have, 
2 2 
t— t+ t — T 20 30 70 
«.LHS = tan15°- es L- tan(3(5°)) - —" tan’ — + tan’ + tan” t... + tan? 
1+tm 1-tm 1—-—t'm 6 16 16 
3 2 T 2m 27 
_3m-m 1—3m tan’ + cot? t 2 t tan’ + cot? t 2 t 
1-39 3—m 16 16 16 
3m 3n 4t 
m(3—m’) (1—3m?) epee (tan! 9 4 cot? 4.2) + tan’ 6 
= . =m=tan 
(1-3m") 3-—m’? 
[ b: b: | 
Hence, tan@ = tan5° IfA+B= re then tan B = tan s Al=cotA 
=> 8 =5°. 
71 8x T 
1 1 1 So, tan? — = tan'( } = cot”— etc. 
108. We have, — + - 16 16 16 16 
sinl0°  sin50° —_sin70° 2 ; 
1 T 2m 20 
1 : 1 1 = [unt + cot + [tan + cot | 
= 16 16 16 16 
cos80° cos40°  cos20° , 
_ cos 40° cos20° + cos80° cos20° — cos 40° cos80° (tan Lae =) ; 
cos20°. cos 40° . cos80° 16 Is 
= 8 [cos20° (cos 40° + cos80°) — cos 40° cos80° ] 4 4 4 
= 8[2.c0s20° cos60° cos20° — cos 40° cos80°] 7h 14k | ee 
Bo a6 7 sin sin sin 
= 4[2 cos” 20° — 2cos 40° cos80° ] 8 8 4 
= 4[1 + cos 40° —(cos120° + cos40°)] (sin? saga =) 
3 8 a a ee = 
ah ae = ae + 3=32+4+3=35 
2 sin? — sin? —— sin? — 


8 8 
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111. We have, 4* 8°20" Now, 2f(8) ~ a) =2f(B}+ 1-(1 + g(a)) 
cosec 20° 1 
sin20° eno f@) 
= 20° (4 cos20° + 1) fl ) FG) 
cos 2f(a | ae 
_ 2sin 40° + sin20° = fa) +1=1 [from Eq. (ii)] 
7 cos20° : 
1—sinx cosx 
_ sin 40° + (sin 40° + sin20°) CEE OA area 
cos20° ‘ee 
_ sin 40° + 2sin30° cos10° log), — sin x biases ae 
cos20° errs | Maa 
_ sin 40° + sin80° Now, series is 
cos20° x 
; , o 
_ 2sin60° cos20° _, V3 _ a paeeeg ay ce 
cos20° 2 ta 
Hence, square of the value of expression = 3 2 
112. A+ B4+C=n (i) ofp ee ee 
25 2 Ves 2- 
sinA cosB_ tanC (ii) . . re) es) 
= = (ii = 
3 3 9 Thus, k =2 
= Sud aect = de ea Geiected) 115. From the second relation 9x sin’ @ =5y cos’ 0. 
2 cos'@ sin?@ |, 
nt => = =k (say) 
Or A-B=— ...(iii) 9x Sy 
? 1 1 
=> dda ite” [from Eqs. (i) and (ii)] = cos 8 = k(9x)% and sin 0 = ky)? 
cor : - Squaring and adding, we get 
Now =- [from Eq. (ii) 2 2 
tanC 2 1=cos’ + sin? 0 shia + | 
inA 3 
> ee ia ee [from Eq. (iii)] 
tan a 2A 9x Sy : 
2 and —; + 7 =56 (From Ist relation) 
> 2sin A =3 cot2A k(9x)* ky)? 
= ae 3-(2cos” A —1) 2 5 = oih 
sin A = —~——_—_—_— > + 
2sin A cosA ea Oy = 
2 av 2 
> 4cosA(1 — cos” A) = 3(2cos* A — 1) bg (56) 
3 2 = * + Gy) 7 eZ 
= 4cos° A+ 6cos’ A —4cosA —3=0 9x)3 + (5y)3 
1 
Put cosA = —— ie 2 2p 
3 = 3 + (5y)3 = 3136. 
> (2cosA + 1) (2cos” A + 2cosA —3) =0 
1 
=> cosA=--, 116.A> = >B+c<4% 
2 2 2 
—2+,/4+4 24 tan B + tanC 
cosA = =-1+ V7 (rejected) > tan(B +C) > 0 =>———_—_—_ >0 
4 1—tan B tan C 
= de He = => tan BtanC <1lastan B>0,tanC>0 
3 => [x] =2635 —1 = 2634 
sinA cos B tanC 1 1 ° ° 
} = } +1=2 117.°. ee ge _ it cos 15 
cos2A cot2B cot2C 2 2 cs sin 15° 
1 f 
113. f(0) rae ©) (i) 44 V3 41 
. _ ofe _ 224341 
Given, 2 f(a) — g(B) =1 3-1 3-1 
1 ‘i 
2f(a) =1+ g(B)= 7® [from Eq. (i)] 2V2 
- _ (2v2 +43 +1) (v3 +1) 
2 f(a) f(B) = (ii) : 


_ 26 +2V2 +34 V3 +3 +1 


2 
= V6 +2424 3 
=/2+3+/4+ v6 


ant cosaer= {28 aw e154 i 


12 
Hence, 4 cos 36° + cot (’ =| 


=V1+ 2+ V3 +V4+5 + v6 


5 and n, =6 


n, =1,n, =2,n, =3,n, = 4,n, 


6 
2 2 2 2 2 3 
Yin =m t+ ny + ny tng tons + ng 


4 
118. -: TI sin(rA) =sin Asin 2Asin 3A sin 4A 
1 


ae 
=sinA-2sin A cos A-(3sinA—4sin?A-2sin2A cos 2A) 
=2sin’ A cos A- sin A(3 —4 sin’ A) 
-4sin A cos A-(1—2sin* A) 
=8x"(1 — x) (3 — 4x) (1 —2x) 
= 24x" —104x° + 144x* —64x° 
—104,c =144,d =-64 


On comparing, we get a = 24, b 
10a —7b + 15c —5d 


=10X24—7x—104+4+ 15 x 144—-5x—64 
= 240 + 728 + 2160 + 320 = 3448 
119. Let x +5 =14 cosO andy —12=14sin® 


wx? + y® =(14 cos @ —5)? +(14 sin @ + 12)? 
= 196 + 25 + 144 + 28 (12sin 0 —5 cos @) 
= 365 + 28 (12 sin 8 —5 cos 8) 


yx ty? 


120. -.. 12° x5 =60° 


= 365 — 28 x 13 =,/365 — 364 =1 
min 


Let 12°=0 
a 50 = 60° 
=> 30 + 20 =60° 


cos(30 + 20) = cos 60° 


1 
=> cos 30 cos 20 — sin 30 sin 20 = - 


= (4 cos’ @ —3 cos 8)(2 cos’ 8 —1)—(3 sin 8 — 4 sin’ 0) 


1 
2 sin 8 cos 8 = — 
2 
Let cos8=x 
1 
(4x? — 3x) (2x* —1) — 2x(3 — 4(1 — x”))(1-— x’) = ; 
1 
=> (8x° —10x* +3x) —(2x — 2x*)(4x* — 1) =; 


4x*)(4x? -1)-1=0 
=> 32x° — 40x? + 10x -1=0 


=> (16x° — 20x? + 6x)—(4x 
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1 
=> E =) eax + 16x° — 32x — 16x + 2) =0 
1 
but x #-, 
2 
16x* + 8x° — 16x" -8x+1=0 
“. Degree is 4. 


121. From conditional identities, we have 
sin 2A + sin 2B + sin 2C 


sin A +sinB + sin C 
4sin A sin Bsin C 


“som Jnl 
~n( 3) (2) 6) = 


and 3k? + 2k? + k + 1=1536 +128 + 8 + 1 =1673 


110 31 30 
122, x= cot WE =cot( n+ 2) cot Fi =V2-1 


=> (x+1)? =2 


x? +2x-1=0 


f(x) =x" + 4x3 42x? -—4x4+7 
= x(x? + 2x —1)4 2x7 43x? -— 4x47 
=0+ 2x9 +3x7-4x +7 
=2x(x? + 2x —-1)— x? -2x4+7=—-x*-2x47 
=—(x* +2x-1)+6=0+6=6 
(sin A) Va 
(sin B) + J(sinC) — (sin. A) Vb + Ve — Va 
Jaa + Ve —Va) (Vb + Ve +Va) 


123. 


Now, Vb + Vc Geel) 
_ Wb +ve)’-a _(b+e-a)+ Whe | 
(Vb +Vc+Va) (vb +e +a) 
Hence, Jb +c —VJa>0 


Now, let /b tie -Ja=x, vc +a —<Jb =y 
and Va +b —Ve =z 
asin A _ytz 
sin B+ ./sin C —,/sinA 2x 
(sin A) 
aes y(sin B) + (sin C) — (sin A) 


-i 12 2 1 = 4.2 {2 2) 
2x x 2ly y 2(z Zz 
-1(x,y),1/y,2 (2 *) 
2\y x 2\z y 2X & 

>1+1+1 (. AM>GM) 


2020 )* —— Ga < 6060 
y(sin B) + y(sin C)- (sin A) 


+, Minimum value is 6060. 
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124. We have, sin 0(1 + sin’ 0)=1-—sin’ 0 1, 
1 cos7 
=> sin 0(2 — cos” 0) = cos” 8 127. ae = cot7=° = 
Mi ° 
Squaring both sides, we get nT 


2 2 92 4 
sin” @(2 — cos* 8)" =cos” 8 1 
( ) On multiplying numerator and denominator by 2.cos7 5 °, we get 


> (1 — cos” 0) (4 — 4 cos” 6 + cos* 0)= cos’ 8 
1 
6 4 2 eine angio 
> —cos’8+5 cos’ 8-8 cos*8+4=cos 6 eee 2cos ip 1+ cos15° 
6 4 2 an = = ; 
ti cos’ 8-4 cos’ 8+ 8 cos’ 0=4 asin? cos? ° sin15° 
1 30 51 
125. 16 [cos 8 —cos [cos 8 —cos [cos 8 —cos ) 
8 8 8 > V3 +1 
tT © _ ano 
[cos Bdoe 72) _ 14 cos(45° — 30°) _ 2/2 
8 sin(45° — 30°) V3 -1 
1 
=16 [cose cos 4 [cose re } 22 
8 8 _ 22 +V3 +1 vB +1 
31 57 - + 
x (cos 8 — cos (cos 8 — cos v3-1 v3 +1 
8 8 _ 2va(v3 + 1) + (3 +1)? _ 2Va(v3 + 1) + (4 + 2V3) 
T 
=16 [cos 8 — cos *) [cos 6 + cos =) 2 2 
8 8 = y2(V3 +1) + (2+ ¥3)=V6 + V2 + V4 4-3 
3 3 
x (cos — cos *) [cose + cos =) = 2 + V3 + V4 +6 =(V3 + V2)(V2 +1) 
: 2 — m(sin2o + sin2B) 
nt ar 128. LHS = . 
= 16 [cos ® — cos” — cos 6 — cos” =) 1 — m(sin2a + sin2B) + m*sin2asin2B 
8 8 
_ 2 —2msin(a + B) cos(a — B) 
1 T 
=16 [cos 6 — cos? — (cos @ —sin’ =) 1 —2msin(@ +B).cos(a —B) + 4m’ sina cosasinf cos 
8 8 
m w 7 2{1 — cos*(a — B)} 
4 2 2 2 
= 16 [cos 8 — cos" @ + sin 3 cos =) 1 —2msin@ +8).cos(a —B) + 4m’ sina cosasinf cos 
[using m sin(a + B) = cos(a — B)] 
4 2 1 
=16 [cos 6 — cos" 6 + :| _ 2sin’ (a —B) 
1—2cos’(a—B) + m’[sin (a + B) + sin(@ —B)][sin(a + B) —sin(a —B)] 
1 -sin’? 20 1 
=16 (- cos’ @ sin? 0 + eal = + 
8 4 8 2 2sin*(a — B) 
1-2sin? 20) 16 cos 40 1 —2cos*(a —B) + m’sin2(a + B) — m’sin’*(a — B) 
=16 = =2cos40 
8 7 2sin*(a — B) 
x =2 1 — cos*(a —B) — m’sin*(a — B) 
1 1 «42, 
126. 2k cos cos 40°=——— 4 a7 5 _ 2sin“(% —f) _ 2 
sin 20 3 cos 20 sin’(o —B)- m’sin’(o 2B) ae m 
3 cos 20° + sin 20° ae 1 1 1 
= . nt t 20).t + Ol t Q + =1, 
JA sin 20° cos 20° iven tan (8 + y—2a).tane (y B)tan(@+B-% 
V3 1 wherea +B+yY=2 
— cos 20° + — sin 20° 
T—-2 Tu —2 T—-2 
= 2 2 => tan{ *) anf Pan 1) =1 
ae 4 4 4 
— sin 40° 
: => Lt . pa B 1—t y 
_ sin 60° cos 20° + cos 60° sin 20° aaa 5 a 
V3). a 
sin 40° = [ + tan 1 + tanb + tan”) 
4 2 2 2 
Qa a 
= = 2 cos 40° => tan—4 tan? t ae + tan pa ee ca 
V3 2 2 
a (or 
=> 2k? = 16 > tan— 4 eae Stan! =~ tan en eat A(t) 
2 2 2 2 2 


so 18k* + 162k? + 369 =1745 


130. 


131. 


Qa Q 
Also, tan gue + tan B tan ul + tan Y tan—=1 ...(ii) 
2 2 2 2 2 
Qa 1 
On squaring Eq. (i) and using Eq. (ii); ic —+ P a 4 
2 2 2. 2 
tan’ — 4 tan®? + tan” a 2 = tan? —tan” p tan” Y ...(iii) 
2 2 2 2 2 


The equation to be prove is 
1+ cosa + cosB + cosy = 0 


o 
1—tan? 1 tan?P 1 tan?! 
=> 1+ at 3 2 
1+ tan? 1+ tan? 1+ tan?! 
2 2 
A tan? Bisat x) 
2 2 2 
=> =0 


Qa 
1+ tan?— (: + tan’ at + tan’ Y) 
2 2 2 
=> (1+ tan? 1- tan’ Bran?) + & tan’ B V+ tant) =0 
2 2 2 2 


2 
a 
=> (: + tan? tan? B tan® tf tan? — tan” B tan? 1) 
2 2 2 2 2 2 
+/1+ tan? + tan?! t fie ane =0 
2 2 2 
Qa 104 i 
= 24+ tan’—4 uate + tan® - tan’ — tan’ B tan” Y ..(iv) 
2 2 2 
From Eq. (iii) and (iv) 
1+ cosa + cosh + cosy =0 
We have, sin’ x + cos’ x <sin? x + cos” x: 
as |sinx| <1 and|cosx| <1 
=> asl (i) 
Next, sin‘ x + cos'x =a 
=> (sin’ x + cos’ x)? —2sin? xcos’ x =a 
12 
=> 1 —-sin"2x =a 
2 
1.2 
> —sin°2x=1-a 
1 Hl 
=> l-as- les Ute! 
Lo 2 2 
1 - 
> a>- ...(ii) 
2 
From Eqs. (i) and (ii), 
Z Sal 
2 
Let asec8 — btan0 = x 
So, a’sec’®@ =(x + btan@)’ 
=> a*(1 + tan?@) = x” + 2bx tan®@ + b* tan’ 
> tan’ @(a? — b”) — 2bxtan® + (a? — x”) =0 
2 
bx a°(x* + b? —a’) 
= tan® pe | 2 p2y2 
a —b (a° — b*) 


Thus, x? +(b* —a”)>0 


Chap 01 


133. 


134. 


121 


Trigonometric Functions and Identities 


=> x >a°—b’ 


Thus, the minimum value of x is ,{a” — b?, which is attained at 


6= sin(4} 
a 


. We can write 


(btany — ctan)* + (ctana — atany)’ + (atanB — b tana)’ 


=(a’ +b? + c*)(tan’a + tan’B + tan’ y) — (atana + btanB + ctany)’ 


The minimum value of the LHS being zero, that of 
(a? + b? + c”)(tan’o + tan’B + tan’ y) —k? > 0 

2 2 2 ke 

=>  tan’a. + tan’B + tan°y 2 =—,—, 

a+b’ +c 


Hence, minimum value of tan’@ + tan’B + tany is 


k? 
(= +b? + 5| 


Here, 2 = nie) By componendo and dividendo 
y  tan(@ +B) 
x+y _ tan(@+a)+tan(@+ )_ sin26+a+8) 
x-y  tan(0+ a) —tan(@ + B) sin(a — B) 
**Y sin’ — B) =sin(20 + a + B)-sin(a —B) 
x—y 
X+Y sina —B) =2 fcos20 +) —cos20+a)} (i) 
x-y 2 
Similarly, 
Y +2 in%(B — y) =—{cos2{0 + y)—cos20+B)} ii) 
yr-z 2 
SEX 1.9 1 oes 
and -sin“(y — @) = —{cos2(0 + a) — cos2(0 + Y)} (iii) 
Z-x 2 
From Egg. (i), (ii) and (iii), we get 
yxtY sin’ —B) = 0 
f(x) may be written as f(x) = 2 a cos(a, + x) 
=1 


n 


1 ‘ . 
= Ae =; (cosa, cos x — sina, sin x) 


n 1 us 1 
=| 2 =a 6084, | CoS x} — py 
k=19%~ k=12 


parsing, sinx 


n 


ui i 1 
where, A= XY paz COS, B = 27 sinag,. Now, A and B 
k=12 k=12 


both cannot be zero, for if they were then f(x) would vanish 
identically. 


Now, 
f(x,) = Acosx, — Bsinx, =0 
f (x2) = Acosx, — Bsinx, = 0 
A A 
=> tanx, =— and tanx, =— 
B B 
> tanx, =tanx,=> x,-x, =mmq. 
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135. x =tan(n® + a) — tan(n@ + B) 


_ sin(n8+ 0) — sin(n® + B) 
cos(n8 + a) —cos(n® + B) 
sin(n® +a —nO—-B) _ 2sin(a — B) 
cos(n8 + &)cos(n8 +B) cos(2n8 + « + B) + cos(a —B) 
<5, gosGAO pieiAle ude bys Ai) 
x 


Again y =cot(n0 + ©) — cot(n® + B) 


_ cos(n8 +) cos(n8 +B) sin(n6 + B —nB —a) 
sin(n8 +a)  sin(n8+B)  sin(n6 + o)sin(nO + B) 
sin(B — a) 
an - 
cos(a — B) — cos(2n8 + a + B) 


2sin(B — a) (ii 


=> cos(a —B) — cos(2n8 + a + B)= 


On adding Eqs. (i) and (ii), we get 
2sin(a —B) , 2sin(B — a) 


2cos(a — B) = 
x v 
> steppes 
x y 
136. {sin(a — 8) + cos(a + 2B)-sinB}? = 4cosa -sinB-sin(@ + B) 
= {sina cos —sinBcosa + (cosa cos2B — sina sin2B)sinB}’ 
= 4cosasinBsin(@ + B) 
=> {tana —tanB + cos28- tan — sin2 B- tana tan B}” 
= 4tanB(tano + tanB) {. dividing by cos”. cos” B} 
=> 
{tana - cos2 B — tanB + cos2 B- tanB}* = 4tanB{tana, + tanB} 
= {(tana + tanB)-cos2 B — tanB}’ = 4tanB(tana + tanf) ...(i) 
If (tana + tanB) = rea ..(1i) 
Eq. (i) becomes; 
{exe cos2p — tanbh = AtanB- aly 
> (cos2B — x)* = 4x 
> cos’ 2B + x” —2xcos2B = 4x 
=> x? —2x(cos2 B + 2) + cos’2B =0 
=> x =(cos2 B + 2) + 2,/1 + cos2B 
> x =cos 2B + 2+ 2,2cos’B 
> x =2cos’B —1+2 +22 cosB 
=(V2 cosB + 1)” 
=> tana + tanB= a a [since, x <1] 
x (V2 cosB — 1)? 
snA  sinB_ sinC 
137. Let A=] cosA cosB_ cosC 
cos*A cos*B cos*C 
tanA tanB_ tanC 
=cosAcosBcosC| 1 1 1 
cos’A cos’B cos’C 


= cos AcosBcosC 


tan A tanB—tanA tanC —tanA 
1 0 0 
cos? A cos*B—cos*?A_ cos’ A— cos? A 
in(A — B 
[since, tan B — tanA = a d, 
cos AcosB 
cos’ B — cos’ A =sin(A — B)sin(A + B)] 
A=-—cosAcosBcosC 
_ sin(A — B) _ sin(A -C) 
cosAcosB cos AcosC 


sin(A — B)sin(A + B) sin(A —C)sin(A + C) 
=cosAcosBcosC-: 
sin(A — B).sin(A—C)| cosC 
cosAcosBcosC  |sin(A + B) 
= —sin(B — C)sin(C — A)sin(A — B) =0 
IfB=CorC=AorA=B 
Hence, AABC is an isosceles. 


vsinA Va 


cos B 
sin(A +C) 


eee JsinB + JsinC —Vsina Jb + Ve — Va 
’ _Wb + Ve - Va)(vb + Ve + Va) 
Now, Vb+-ve-~a (Vb + Ve + Va) 
Qe eaer Wie 4 
~ db tve +Ja 


Hence, Vb +Vc — Ja =0 
Let Vb +-Ve — Va =x,vVc + Va —Vb =y,vVa +vVb-vVJe =z 
vsinA 


_ytz 
VsinB +VsinC — Vsin A 2x 
vsinA 


> L 


VsinB + VsinC —VsinA 


1 
_ f+? ee ae Neon ated 
2\x x 2|z y 2|x y 
which is greater than or equal to 3, as each term 


E 2 + ®) a. is greater than or equal to 1. 
y 


2 x 
(using AM = GM) 
Now, equality hold if and only if, 
Kay vo” 
yoxz y 
and 7=* ie.x=y=z 
x y 


=> a=b=cie. triangle is equilateral. 
139. 2(cos(a —B) + cos(B — y) + cos(y —@))+ 3 =0 
= 2Acos(a + 6 —(B + B)) + cos(B + 8 —(y + 8)) 
+ cos(y+0—-—(4 + 6)))+3=0 
= 2Acos(a + 6).cos(B + 0) + sin(a + 8).sin(B + 6)+...+... )) 
+ {(sin*(@ + 8) + cos*(a + 0)) + (sin’(B + 8) + cos’(B + 8)) 


+ (sin*(y + ®) + cos*(y + 6))} =0 


140. 


141. 


= (sin(y + 0) + sin(B + 0) + sin(a + 0))* + (cos(a + 0) 


+ cos(B + 0) + cos(y + @))? = 


which is only possible if; 

sin(a + 8) + cos(B + 8) + sin(y + 8) =0 (i) 

cos(% + 8) + cos(B + 6) + cos(y + 8) = 0 (ii) 
From Eq. (ii), we get 

d(cos(a + 8) + cos(B + 8) + cos(y + 8)) = 0 

=> sin(a + 0)-da + sin(B + 8)-dB + sin(y + 6)-dy =0 

do dB 

sin(B + 8)-sin(y + @)  sin(@ +0)-sin(y + 8) 
ay 


+ 
sin(& + 8)-sin(B + 6) 


The quadratic equation, 


2 
Ase Oy? 4 Ox (6° B+ >| = 0 have real roots 


2 1 
= Discriminant = 4 — 4-4°° (6° —B+ *| >0 


roms —B+ *| <1 


four a B+ ; -(8 


fal 
| gigt 
2 4 4 
2 
ie. the equation will be satisfied only when 4° “ = 4 and 
1 
2 
—-§+—-=— 
PP = 
2 
2 1 
> sec a =1and(B-1) =0 
2 1 
> cos meted p= 
1 
> oO =nt andB = 5 
4 afl 
cosa + cos “B = cosnm + cos (;) 
Tt : : 
=1+ a when n is an even integer. 


T 
=-1+ x when n is an odd integer. 


‘ -ip.. 1% T 
ie. values of cosa + cos ‘fis ro 1, 5 +1. 


f(®) =1—(acos6 + bsin®@) —(Acos20 + Bsin20) 
=> f(@)=1- a’ +b’ cos(® —a) — A? + B’ cos(20 — B) 


2 2 
Now, s(x a =| a oe Jat Bcos( 2 | 
4 ae 2 
2 2 
= a A? + B?sin(20 -B) ...G) 
2 
(ee YAP + B? cos 20 -p-*) 
2 
2 
eer A? + B? sin(20 — B) 


20, p| 


and iG ay 


...(ii) 
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On adding Eqs. (i) and (ii), 


sa +=) + s{o 
> ja + ya 


> a’?+b* <2 


Similarly putting 89 = B andB + 7. We have, 


f(Q®)+ f+ 2) =2-2,A? + B? >0 
= A? +B? <1 => A+B? <1 
Clearly 0,, 6, are roots of ; ceet ge = 
cos®, sin®, 
cos® | sin® cos’ sin’@ —2sin® 
cos0, sin®, —cos’0, : sin’@,  sin®, 
1 1 2si 1 
> sn'o = . ) ad + C - J-° 
sin“@, cos°8,) sin®, cos’ 6, 
The roots of the equation are 6, and 9). 
— 
2 
) 
=> — sin@,-sin0, = = 
1 1 
sin’@, cos’@, 
=(cos”®@, —1)-sin’®, =—sin*@, 
sin®, -sin®, ine. (i) 
sin’0, 


Similarly, taking a quadratic in cos0, we get 


cos8,- cos0, 
=> Ws cos *0, 
sin °0, 


...(ii) 


On adding Eqs. (i) and (ii), we get 


sin®,sin®, | cos0,cos®, _ 
: 


noe 2 
sin’@, cos’ 8, 


Let the given expression be E, then E can be written as, 
n-1 


ae. 
k=1 


n-1 


coskx-cos(n + k)x + Z "C, sin(n — k)x.sin(2n — k)x 
=1 


or E= ¥ "C, coskx 
k=1 


n-1 


cos(n + k)x + X "C, sin(k)x-sin(n + k)x 
k=1 
[replacing k by (n — k) in the second] 
Sum and using "C, ="C,_, 
n=1. 


E= Z "C,(coskx cos(n + k)x + sinkx-sin(n + k)x) 
=1 


n-1 
= X "C, cosnx 
k=1 


C+ "C, 4 


= cosnx {2" — 2} 


| Ci) "Co "Cat 


= cosnx{(" 


E =(2" —2)cosnx 
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145. 
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It is evident from the inequality that, 
|,/1 + sin2x — [1 -sin2x| < V2 V x € [0,27] 


as |./1 + sin2x — ./1 —sin2x| <.J1+ sin2x < V2 


Now, 
2cosx S$ |./1 + sin2x — 1 —sin2x| holds for all x for which 


cosx $0. 


=> eal 2 | ..-(i) 


Now, if cosx > 0 


Then, 4cos*x <1+sin2x + 1—sin2x — 4/1 —sin?2x 


> 2+ 2cos2x <2 —2| cosx| 

> | cos2x | <—cos2x 

=> cos2x <0 

[xn 3x] [5x 7x | 

ys e) —_ 

laal~laa] 

Hence, from Eqs. (i) and (ii) 
gat 

laa] 


Tl 
The given equation can be rewritten as, x” — 3 = sin - al 


> xe 


...(ii) 


Here, right hand side can take only the values —3, 0, 3. 
Case I When x* -3 =-3 >x=0 


Atx=0, iin( x") =-—1,so x = 0is a solution. 
yee) 
Case II When x? -3=0>x=+ V3 


Now at x=, sin{x-) | =0-93-=48 


But atx = =a/9. sin(» - *)| =-—1, hence x =—-V3 is nota 


solution. 
Case III When x? -3 =3 > x=+ V6 


™ 
But sin( + 6— *)| #1= x =+ V6 is not a solution. 
Hence, the given equation has only two solutions x = 0 and 3. 


y "C,a"b"~"cos(rB —(n — r)A) 
r=0 


n : 
=real part of 2 ‘cg ea 


n E 
Now, "Cab —roi{rB — (n —r) A} 
iB -iAyn- iB -iA 
"C(ae (be) " =(ae” + be)" 


=(acosB + iasinB + bcosA — bisin A)" 
= {(acosB + bcos A) + i(asin B — bsin A)}" 
={C+i-0}" =C" 


1=0>2 =-1=(cos(2r + 1) + isin(2r + 1)m) 


(7S). 
=> zz=e°*?/ .r=0,1,23,4 


148. 


=> Roots of z* +1=Oaree™”, ">, e®, el7™/5, el /5, Clearly 


el 6P™ and e8™°, e'™’> are pairwise conjugate. 

= 41 a(z—e lz — ez — eg — @ BPS) z — gi7™/5) 
1 30 : 

=> P+1=(z24 oz? 2z cos— + i( 2z cos— + 7 ...(i) 
5 5 


It is required factorisation of z° + 1. 


5 
z +1 r 
=1l-z+27?-z? 424 ...(ii) 


Now, 
z+1 


=> 1-z+2?-z¢zt= 


G 2zZ COS = + if 2Z COS ap + 7 
5 5 


[using Eqs. (i) and (ii)} 
On dividing both side by z? 


2 1 1 
z+ |-|zt—]t1 
z Zz 
( 1 a 1 
=|z+ 2cos z4 
Zz 5 Zz 


1 1 
=> z” + — =2c0s20,z + — =2cos0 


z z 


1 3 
=> 2cos20-—2cos8+1=4 (cose cos - [cose cos =) 


Putting 6 = 0, we get 


2 . 237 
=> = 2sin 2sin 
10 
; 30 
> sin — -sin— = — 
10 10 4 
(= **) 
=> 4sin — - cos} — — — | = 
2 10 
. 1 T 
=> 4sin—-cos— =1 
10 5 
2n+1)0 
Let 0 = ene where n = 0, 1, 2, 3, 4, 5, 6. 


Then, 40 =(2n + 1)m — 30 


8x1 + 4x? —8x? -3x4+1=0 


> cos4 8 =—cos30 

> 2cos’2 @ — 1 =—(4cos*@ — 3cos0) 

> 2 (2cos’® — 1)” —1 =—4cos*6 + 3 cos0 

> 2(ax* —1)? -1=—4x° + 3x [put x = cos@] 
=> 

=> 


(x + 1)(8x? — 4x” — 4x +1) =0 


The roots of this equation are, 


Tt 31 51 71 on 117 130 
cos—, cos—, cos—, cos—, cos—, cos , COS 
7 7 ii 7 7 7 7 
. The roots of 8x° — 4x” —4x+1=0 
Tt 31 51 : 
are cos—, cos—, cos — ..-(i) 
7 7 7 


149. 
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Put x = os in Eq. (i) (i.e. y = sec), then 
y 


T 31 57 ‘ 
sec ~ sec a ee are the roots of the equation. 


8 4 4 


Se 4 PSO 
yy y 
> y? —4y* —4y +8 =0 
714 51 
=> sec + sec =4 


T 
sec— + 
7 
: | : ' 
Again putting —, = y in Eq. (i) 
x 


(Le. y = sec”6) 
2 = aay 
yr? y yi? 
8. 4y'? —4y + an = 
yy — 4) = Ay 2) 
yy — 4)’ = 16(y — 2)? 
y? —24y? + 80y —64=0 


Yuudy 


Hence, the roots are 


23 29% 


oT 
sec” —, sec” —, sec 
7 7 


Now, putting y =1 + z, (ie. z = tan’@) 
We have, 

(1+z) 
=> 


24(1 + z)? + 8011 + z) -64=0 
z>—21z7 +35z-7=0 


oT 2 31 2 57 
whose roots are tan° —, tan° —, tan° —. 


We have, 2 (cosB — cosa) + cosa cos = 1 
or 4(cosB — cos) + 2cosa cosB = 2 
> 1 — cosa + cosB — cosa cosB 
=3 + 3cosa —3cosB —3cosa cosB 

> (1 — cosa) (1 + cosB) = 3(1 + cosa) (1 — cosB) 

a a 3(1 — cos 
¥ (1 = cose.) _ 3(1 - cosp) 

(1+ cosa) 1+ cosB 

Oo 
=> tan’— =3 tan’? 
Qa 
tan— + Vtan P= 0 
2 2 
Here, x” —2xsec@ +1 =0has roots ©, and f,. 
Be 2secO + ./4sec”O — 4 _ 2sec 0+ 2|tanO| 
ctl 2x1 2 
nu 1 
Since, Oe (-2.-2) 
6 12 
2sec 8 + 2tanO 
ie. 6 ce IV quadrant = —— 
a, =secO — tan@ andB, =sec 6 + tanO 
[as a, > B,] 


and x’ +2x tan —1=0has roots a, andB, . 


ii) . 
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; —2tanO + V4tan’@+ 4 
ie. QO, By = 
2 
a, =—tan® + secO 
and B, =—tan® —secO [asa, > B,] 
Thus, ,+f, =—2tan0 


13 1 
151. Here, »y 


k=1 sin + aw sin + iz) 
4 6 4 6 


Converting into differences, by multiplying and dividing by 


sin (2 «) {f « aa ie. sin( =} 


1 
4 
zal. 29n\|_ | | 
=2}1 cot ( ia ))r2] tect (am + 3) 
ola — cop 2% | [ gee 
acl aoe [ cot — =(2 3) 
=2(1-2+ 73) 
=2 (V3 - 1) 
2 , 
152. f (cos Lap (i) 
At cos 48=—- > 2cos?20 -1 = 
3 3 
> ee ee => cos 20-42 (ii) 
3 3 
2- cos’ 1+ cos 20 
daa 2 cos’@ —1 cos 20 
os s(t]-1e P [from Eq, (ii)] 
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Given equations can be written as 
cos30 cos30 _ F 


xsin3 0 — (i) 
y Zz 
ene 2cos30 2sin30 _ ‘: fii) 
y Zz 
and xsin30 : cos30 * (cos38 + sin30) = 0 ...(iii) 
y Zz 


Eqs. (ii) and (iii), implies 
2sin30 = cos30+sin30 = sin30 =cos30 


tan30 =1 
TM 5m OT TM 5 9 
> 30 =—,—, or 0 =—, —, 
44 4 12 12 12 
Tt 
i aa 


m=1 
y a 
= = 42 
m=1 sin( 0+ <1 in(o+ ™) 
P sin ; (0.08) 
=> » = 4/2 
m=1 sin™ fein(o + 08) in(o+™)h 
6 cot(o+ 7-0) cot (03 =) 
= Xu 1/2 ee 
> : jeot(o+ 0") c i(03 mm) ag 
a| i 4 )| 


cot(@) cot(o+™] cot(o+™] 
4 4 


+t cot (0 } **) cot(0 : : 


cot0—cot( +9] =4 


=> 
> cot@+ tan@ =4 
> tan’0—4tan0+1=0 
=> (tan @—2)?-3 =0 
=>  (tan@—2+ v3)(tan 0-2-3) =0 
> tan@ =2-3 
or tan @ =24+ 3 
Tt 51 Tt 
> 6=—; d=— [ 9<(0.%)| 
12 12 a | 
sin'x cos'x 1 
+ =- 
5 
sint'x (1—sin’x)? 1 
=> = 
2 3 
sin‘'x 1+sin‘x—2sin?x 1 
=> = 
2 3 5 


156. 
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- 4 - 2 6 
=> 5 sin* x—4sin =, 
=> 25sin* x —20sin’x+4=0 
=> (5sin? x —2)? =0 
2 2 
=> sin’ x =— 
5 
3 2 
cos’ x =~ tan?x=— 
5 3 
sin® x cos* x _ 1 
8 27 125 


As when @ € (0 *) , tan 9 < cot 8 


tan@ <1 and cot@>1 
(tan 6)°"® <1 and (cot 6)*"° >1 
*, t, >t, which only holds in (b). 
Therefore, (b) is the answer. 


Since, 


Since, cos (a —B)=1 
> a —B =2nn 
But —2n <a -—B <2n [as a, B e(-n, 7)] 
a-B=0 ..{i) 
Given, cos (a + B) = . 
é 


1 
=> cos2a =— <1, which is true for four values of a. 
e 


[as -2% <20 < 27] 


Given, 5 (tan” x — cos’ x) =2cos2x + 9 
1—cos2x 1+ cos2x 

=> 5 =2cos2x +9 
1+ cos2x 2 


Put cos2x = y, we have 


Ly 0+ 
5| —= Y|=2y+9 
1t+y 2 


= 5 (2 -2y -1—y? ~2y)=2(1 + y)@y + 9) 
=F 5(1 — 4y — y”) = 2(2y +9 + 2y + 9y) 
= 5 —20y —Sy*=22y + 18+ 4y" 
= Oy? + 42y +13=0 
> Oy? + 3y + 39y + 13=0 
> 3y(3y +1) + 138y +1)=0 
> (By + 1)3y + 13) =0 
1 13 
=> =--,-— 
3 3 
1 13 
cos2x = —-, —-— 
3 3 
1 
> cos2x =—— 7 cos2x # “3 | 
3 
1)" 
Now, cosdx =2e0s'2x -1=2(-2) _j 
2 7 
=—--]=-— 


159. 


160. 
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162. 


fe (x) = : (sin® x + cos‘ x), where x € Randk >1 


Now, fi, (x) — fs (x) 


= = (sin’ x + cos‘ x) (sin® x + cos° x) 
= , (1 —2sin? x- cos” x) — ; (1 —3sin? x - cos” x) 
or 
“4 6 «#12 
Given expression is 
tan A cotA — sinA sin A 
1—cot A 1-tanA cosA_ sinA-cosA 
_ cos A cos A 
‘sin A cos A—sin A 
_ 1 sin? A — cos’ A 
-aalea| cos Asin A | 
_ sin’ A + sin A cos A + cos’ A 
sin A cos A 
_1+sin A cos A 
~ sin A cos A 
=1+sec A cosec A 
Given A APOR such that 


3sin P+ 4cosQ=6 sail) 
4sinQ+3cosP=1 ...(ii) 
On squaring and adding Eqs. (i) and (ii) both sides we get 
(3 sin P + 4 cos Q)’ + (4sin Q+ 3 cos P)? =36 +1 
= 9(sin® P + cos” P) + 16(sin? Q + cos” Q) 
+2x3x4(sin P cosQ+ sin Q cos P) =37 
= 24[sin(P + Q)] =37 -25 


1 
=> sin (P + Q) =5 
Since, Pand Q are angles of APQR, hence 0° < P, Q < 180°. 
=> P+Q=30° or 150° 
> R=150° or 30° 
Hence, two cases arise here. 
Case! R=150° 
R=150° > P+Q=30° 
> 0<P, Q<30° 
1 
> aE Sst 
, 3 
> seme a es 4 
: 11 
> Spm Ee on 


=> 3sin P + 4 cos Q => 6 is not possible. 

Case II R=30° 

Hence, R =30° is the only possibility. 
A=sin’ x + cos* x 


> A=1-cos’x+cos' x 
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=eor'x coe 42 
4 4 
= [costs = y + = (i) 
: i 3 
2 
where, 0.<(cos’x 2) 2S ...(ii) 
2 4 
a <AS<1 
4 
163. cos(a+ B) = = = +6 eIst quadrant 
and sin(@ are => a-f Elst quadrant 
Now, 20 =(a + B)+(a-B) 
3. 5 
tanga = +B) + tan(a-B) _ 4" 42 _ 56 
1—tan(@@+B)tan@-B) , 3.5 33 
4 12 
164. cos (B — y) + cos (y — a) + cos (a —B) = 
=> 2 [cos (6 — Y) + cos (y -—@) + cos (a —B)]+ 3 =0 
= 2[cos(B —y) + cos(y —@) + cos (a — B)] 
+ sin’ + cos’a + sin?B + cos”B + sin’y 


165. 


166. 


+ cos’ y =0 
= (sina +sinB+sin y)’ + (cosa + cosB + cos y)’ =0 
It is possible when, 
sing + sinB + siny = 0 
and cosa + cosB + cosy = 0 


Hence, both statements A and B are true. 


1 
Area = > x Base x Altitude 


Ht 
X cos 0 


+t 
X cos 0 


1 1 
= 5 x (2x cos 8) x(x sin @) => x" sin 2 


{since, maximum value of sin 20 is 1] 


: 1 2 
.. Maximum area = — x 
2 


1 
Given, cos x +sin x = 5 
2x x 
1 — tan" — 2 tan — 
2 1 
x ¥ x 2 
1+ tan? 1+ tan? 
2 
x 1-7 2t 1 
Let tan i> + = 


2 14+27 1472? 2 
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=> 


=> 


As 


x 1 
0<x<t => 0<-—-<— 
2 2 


x, sy 
So, tan — is positive. 
2 


2+ 
3 
2 tan = 
2 2t 
Now, tan x = 2a 5 
x = 
1—tan? — 1-t 
2 
: 2/7 
3 
=> tan x = —————| 
1 (2ty7 
3 
-3(2+ V7) _1-2V7 
=> tan x = x 
tay7 ~~ 1=947 
eee 
=> tan x =— 5 


P 
Since, tan > and tan £ are the roots of equation 


ax’ + bx +c =0 


P 
pee eso! 
2 2 a 
bn in = St 
2 a 
P 
fie hae 
2 2 2 2 
P+Q a R 
2 2 2 
P+Q _ 1 
2 4 


[.P+Q+R=T] 


[e ZR= ° (given)] 


=> 


> 
> 


tan (2+ 2)=1 
2 2 


Alternate Solution 


Since, 


=> 


Y 


P 
fan ting 
2 2 =] 
on 
1 — tan — tan — 
2 
b 
a@ 4 
c 
{== 
a 
b c 
SSS t=— 
a a 
—b=a-c 
c=at+b 
T 
ZR=— 
2 
Tt 
PENS 
4£P_% L£Q 
2 4 2 
P T 
tan =tan (4-2) 
4 2 
TT 
eR Lae es 
= 2 
cate ea 
4 2 
+ tan on =i fan & 
2 2 
P 
tan ita a4 tan ae 
2 2 2 
b_ c 
a a 
—-b=a-c 
c=atb 


[from Eq. (i)] 
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Session 1 


Trigonometric Equations, Principal Solution 


and General Solution 


Trigonometric Equations 


The equations involving trigonometric functions of 
unknown angles are known as Trigonometric equations. 


e.g. cos 8 =0,cos” 8 — 4cos0 =1, 
sin’ 6 + sin@ =2, cos” 0 — 4sin@ =1. 


A solution of a trigonometric equation is the value of the 
unknown angle that satisfies the equation. 


1 T 
e.g. sin § =~ > 8 =— 
4/2 4 
Tm 3m ON 117 
or §=—, —, —, —.,... 
44 4 4 


Thus, the trigonometric equation may have infinite 
number of solutions and can be classified as 


(i) Principal solution (ii) General solution 


Principal Solution 


The solutions lying in the interval [0, 27] are called 
principal solutions. 


General Solution 


Since, trigonometric functions are periodic, a solution 
generalised by means of periodicity of the trigonometrical 
functions. The solution consisting of all possible solutions 
of a trigonometric equation is called its general solution. 
We use following results for solving the trigonometric 
equations. 
Result 1 sinO=0 0 =nm, née I. 

We know that sin 9 = 0 for all integral multiples of 7. 

sind=0@0=0,+7, £27, +37, ... 


=> 0=nt, nel 
Thus, sinO=0 
eS 8 =nt, ne I. 


Result 2 cos8=0 @0=(2n +1) Tne I. 
2 


We know that cos 0 = 0 for all odd multiples of *. 


eeeoeatet 22" 2). 
2 2 2. 
Tt 
> 0 =(2n+1) nel 
2 
Thus, cos0=0 
S Q=(2n+1) nel 
2 


Result 3 tan8 =0 @0 =n, ne I. 
We know that tan 0 =0 for all integral multiple of 7. 
tan8 =0 0 =0,+7, +27, +37... 
=> 8=nt,nEel 
Thus, tanO=0 © O=nn,neEel 


Result 4sin 8 =sina @0=n7 +(-1)" a, where ne I and 


We have, sin 8 = sina, where a € - sla 4 
2 2 


sin 8 — sina =0 


S (P22) =(am 41) Emer 

2 2 

") 

or =mtm,me I 

2 
S (0 +a) =(2m+1)n,me I 
or (0 -a) =2mn,me I 
S 0=(2m+1)a-a,mel 
or 0 =(2m Tt) +a,me I 
S 0 = (any odd multiple of 1) — a 
or 6 = (any even multiple of 7) +o 


= O0=ntn+(-1)" o, where ne I 
Thus, sin 8 =sina 


S O=nx+(-"a,wherenc Fandae| ~™, ©] 
2 2 


Note  sing=1 ssino=sin= 


> O=(4n+ 17, neEN, 


Result 5cos0 =cosa @0=2na +a, n€ I and ae (0, TI. 
We have, 
cos 8 =cos Qt, where o € [0, 7] 


Now, cos0—cosa=0 


S ~2sin{ 2%) sin( 2) =0 
2 2 


eS sin 22) =0orsin( 9%) =o 


6+ 0-a 
eS —— =nT or ——-=nT,nel 
2 2 
> 04+0=2nn or8-Qa=2nT,nE I 
S 6 =2nnt —O or 8=2nT7 +0,nE I 
S 0=2nn ta,neE lI 


Thus, 
Ss 0=2nn ta,ne I, where ve (0, 7] 


cos0=cos a 


Note 
(i) cos8=1<cos0=cos0 & 0=2nn+0 SO0=2nn 
(ii) cos8=-1cosO0=cost @ O=2nntT 


© 0=(2n+1)n > 0 = (2n+1)a 


(ii) sin8 = sina and e080 = cosar es sir{ 8 *) =0 


0-a 
> NT 
2 


Result 6 tan 8 = tana @0 =nt +a, ne I where 


~ 
ae}/-—,—|. 


Tl 
We have, tan@ = tana, where we [- —, 4 
2 2 


>0=2nNT+ oO 


sinO sina 


eS 


cos@ cosa 


& sin8cosa@ —cos@ sina =0 


S sin(® —a) =0 

S 86-a=nt,ne I 

S 8=nn+a,nEl 

Thus, tan 0 = tana 

S 0 =nt + where ae(-2,2) 
2 


Result 7 sin? @=sin’ a, cos” @=cos’ @, tan? 0 = tan* a> 


O=nn +a 
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(i) sin? @=sin’ a 


1—cos 20 _1-—cos 20 


Ss 
2 2 

S cos 20 =cos 20 

S 20 =2nt +20, ne I 

S 0=ntta,nel 


(ii) cos* @ =cos” o 


1+cos 20 1+cos 2a 


2 2 
eS cos 20 =cos 20 
S 20 =2nt +20,neE I 
eS O6=nnta,nEel 


(iii) tan’ 6 = tan? 


1-tan?@ 1-tan’o 
cod = 


1+tan?@ 1+tan’ ao 
[applying componendo and dividendo] 
S cos 20=cos 20 
S 20=2nn +20,nEl 
S&S O=ntta,nel 


Summary of Above Results 
1. sin0=0@0=nt 
2.cos0=0 40 =(2n +1) sl 


3. tanO0=0S0=nt 


4. sin®@ =sina @0 =n +(-1)" a, whereare|~%, 2 | 
2 


5. cos0=cos & 0 =2nt +a, where o € [0, 7] 
TT Tl 

6. tanO0 = tana @0=nt +a, whereae |] —-—,— 
2 2 

7. sin” 0 =sin” o, cos” 8 =cos” a, tan’ 0 =tan? ae 


O=nt +a 


8. sin@ =1<90=(4n+1) = 
2 


9.cos8=1S0=2nt 
10. cos8 =-10 =(2n +1)0 
11. sin 98 =sina@ and cos 8 =cosa @0=2nt +a 


Note 
(i) In this chapter ‘n' is taken as an integer, if not stated 
otherwise. 
(ii) The general solution should be given unless the solution is 
required in a specified interval or range. 
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Example 1. If sinc, 1, cos 2a are in GP, then find the 


general solution for cx. 
Sol. Since, sin &, 1, cos 20 are in GP. 


1=sin @ cos 20 


> 1=sin &(1—2 sin” @) 
> 2sin? a —sina +1=0 
=> (sina +1)(2sin? a —2sina +1)=0 
> sna +1=0 (as2sin? @ -2sina +1+#0) 
sing =—1 
. : ™ 
=> sin = sin | — — 
| 
n{ 1 
=> a =nt + (- 1) ry dae 
Tl 
=> a= nn +12) nez 
2 


Example 2. if =sin 8, cos 8 and tané are in GP, then 
find the general solution for 0. 
Sol. Since, «sin 0, cos 9, tan 0 are in GP. 
cos” 8 = “sin @ tan 
=> 6cos*@+cos*@—-1=0 
Note that cos 6 = ; satisfies the equation (by trial), 


(2 cos 8 — 1) (3 cos? 8 +2 cos @ + 1)=0 


1 ; ; 
=> cos 8 = — (other values of cos 6 are imaginary) 
2 
Tl 
> cos 8 = cos — 
3 
T 
=> O0=2nnt—,nEZ 
3 


1 
Example 3. Solve sin’ 6 — cos 0 = i for ® and write 


the values of 0 in the interval O<0 <2n. 


Sol. The given equation can be written as; 


ih 
1- cos”? 0 — cos 0 = 


3 
> cos? 0+ cos 8 — ~~ =0 
4 


4 cos? 0 +4 cos 0 —3=0 
> (2 cos 8 — 1)(2 cos 8 +3) =0 


Y 


1 3 
=> cos 0=-, — — 
2 2 


’ 3, ; 
Since, cos 8 = — — is not possible as; -—1< cos 0 <1 
2 
1 
cos 8= — 
2 
T 
> cos 8 = cos — 
3 
Tt 
> O=2nn + — 
3 
For the given interval, n = 0 andn = 1. 
T™ 5ST 
> 0= =— 
3.3 


Example 4. Solve cos 6 + cos 30 + cos 50 + cos 70 = 0. 


Sol. We have, 
cos 8 + cos 30 + cos 50 + cos 70 =0 


= (cos 0 + cos 70) +(cos 30 + cos 50) =0 
= 2cos 40-cos 30 +2 cos 40-cos0=0 
=> cos 40 (cos 30 + cos 8) =0 
> cos 48 (2 cos 20 cos 8) =0 
Either cos 8=0 
=> @=(2n+1)— 
2 
Tl 
or aoa 
T 
or a aoe 


9 =(2n + oe (2n +1) > (2n + _. 
Example 5. Find the number of solutions for, 
sin 50 - cos 30 = sin 98 - cos 70 in [o, 4 


Sol. Here, 2 sin 50 - cos 30 = 2 sin 90 - cos 70 
> sin 80 + sin 20 = sin 160 + sin 20 


=> sin 80 = sin 160 or sin 160 = sin 80 
160 = nt +(-1)" 80 ... (i) 
when n is even Eq. (i) becomes; 
80 = nm = @ =" ... (ii) 
when n is odd Eq. (i) becomes; 
240 =nn > 0 = ... (iii) 
24 


..For the given interval 0 4 Eq. (ii) and (iii) gives the 


solution as, 
lm mT 17 5M 70 30 117 
0=0. and hoe 3 > > 
24 8 24 24 8 24 


.. Number of solutions is 9. 


sin X+1 COS Xx 
Example 6. Solve a a i =./-1 when it is 
+i 


purely imaginary. 
sinxt+icosx _(1—i)(sin x +i cos x) 
1+ (1-i)(1 +i) 
_ sin x + cos x + i(cos x — sin x) 
2 


Sol. Here, 


which will be purely imaginary, if 


sin x + cos x =0 


Tl 
> tan x=—1= tan -2) 
4 
Tu. : 
=> x = nm — —, is the general solution. 
4 


Example 7. Find the general solutions of 


1+| cos x |+] cos x |? +] cos x |? +... toe 
2 =4 


1+| cos x |+| cos x |” +] cos x [° + to co 
Sol. 2 7 


1 2 1 
> 2 => =2 
9} — | 208 x | 1—| cos x | 
=> | cos x | == — cosx =+— 


= 
=2nt + het D Te 


3 
=> gaye 
3 
Nt Fa? eae Tee 
Example 8. If x #— and (cosa sae a4 


then find the general solutions of x. 
Sol. As x4 => cosx#0,1,-1 


- 2 . 
Ss: +2 
So, (cos x) x sin x =f, 


> sin’ x—3sin x +2=0 
(sin x — 2)(sin x —1)=0 


= sin x= 1,2 


where, sin x = 2 is not possible and sin x= 1 does not satisfy 


the equation. 


..No general solution is possible. 


Some Important Results 


1. While solving a trigonometric equation, squaring the 
equation at any step should be avoided as far as possible. 
If squaring is necessary, check the solution for 
extraneous values. 
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Sol. We have, =1 
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2. Never cancel terms containing unknown terms on the 
two sides, which are in product. It may cause loss of the 
genuine solution. 

3. The answer should not contain such values of angles 
which make any of the terms undefined or infinite. 

4. Domain should not change. If it changes, necessary 
corrections must be made. 


5. Check that denominator is not zero at any stage while 
solving equations. 


Example 9. Find the set of values of x for which 
tan 3x — tan 2x 


1+ tan3x-tan2x ° 


tan 3x — tan 2x 
=> tan(3x -2x)=1 


1+ tan 3x - tan 2x 


T 
=> tanx=1 > tan x= tan — 
4 


Tl . 
> x=nnt+— _ [using tan®0 = tana @0=nn+a] 
4 


But for this value of x, 


T : ‘ 
tan 2x = tan [ann + 4 = co, which does not satisfy the 
2 


given equation as it reduces to indeterminate form. 


Hence, the solution set for x is 0. 


sin x 
Example 10. Solve sin x =0 and =. one 


3X 
cos — cos — 
2 2 


and show their solutions are different. 
Sol. We have, sin x=0 > x = nm, 


ie. x= 0:1, 27, 31; ...(i) 
Where as, 
sin x x 3x 
= 0, where cos — #0 and cos — #0 
3x 2 2 
cos — cos —— 
2 
: x TT 30 57 3x TN 3m 57 
ie. of. and SS 
2 2 2 2 2 2 2 2 
. T 51U Pe 
ie. x #7, 3m, 57, ...and —, 1, —,... ..-(ii) 
3 3 
sin x 
But =0 => sinx=0 
x 3x 
cos — cos — 
> xX = TL, 27, 37, 47, ... ...(iii) 


From Eqs. (ii) and (iii), 

x = 2m, 47, 67, ... ...(iv) 
From Eqs. (i) and (iv); 
The two equations are not equivalent. Since, some solutions 
of the first do not satisfy the second equation. 
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Example 11. Find number of solutions of 
tan x+ sec x=2Ccos x in [0, 271]. 


Sol. Here, tan x +sec x =2cosx = sinx+1=2cos’ x 


: . : 1 
= 2sin?x+sinx-1=0 > ial 1 
. 31 : ‘ 
But sinx=-1 = x =— which does not satisfy 
2 

tan x +sec x=2 os x. 

1 T™ ST 
Thus, sin x=- > x =—,— 

2 6 6 


Number of solutions of tan x+ sec x =2 cos x is 2. 


Example 12. Solve sec x — 1= (2 —1) tan x. 
Sol. We have, sec x — 1 =(/2 —1)tan x 
> 1-cos x =(V2-1)sin x 


> 2sin? ~ —(V2 -1)-2sin ~ cos ~ =0 
2 2 2 


> 2sin ~ Jsin ~ (V2 1) cos ~\=0 
2 2 2 
> sin ~| sin ~ (/2 1) cos ~ |=0 
2 2 2 
T 
> sin ~ =0 or tan ~ =(V2 -1)= tan ~ 
2 2 8 
x cs 1 
> =ntor—=nn+ 
2 


T 
x = 2nT, 2nTt + — 
4 


Note 


04 (2n+ ne otherwise the equation will be meaningless. 


Example 13. Solve tan6 + tan 26+ tan@- tan20 =1. 


Sol. We can re-write the given equation as; 
tan 0 + tan 20 = 1— tan @- tan 20 
tan 0 + tan 20 


1 -— tan 8 tan 20 


tT 
=1 = tan30=1= tan — 
4 


Tl TT Tl 
= 30 =n + Sy eer + 
4 3 12 


Example 14. Find the number of solutions of 
| cos x |=sin x, OS x <4n. 


Sol. Case 1 Hreos x2 0,6. x60, J ; JY van | 
then, cos x =sin x. 
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4 4 4°4° 4 

.. If cos x = 0, the possible values of x are ki on: 


=> tanx=1>x=nt+ 


Case II If cos x <0, i.e. x (. ** U (=. a then 


—cos x =sin x 

m 3m 7m 11m 150 

4 4°4° 4° 4 
3m 117 


. If cos x< 0, the possible values of x are —, —. 
4 


=> tan x =-1>x=nt 


Thus, the possible number of solutions are 4. 


Example 15. Solve cot 6 = sin 20 by substituting 


2 tan@ 
sin 20 = ; 
1+ tan’ 0 
sin 20 =2sin@-cos@ and check whether the two 
answer are same or not. 


Sol. Method I 


and again by substituting 


. 2 tan 0 
Put sin 20 = esata 
1+ tan* 0 
2 tan 0 
cot 8= sin 20 => cot 0 = a“ 
1+ tan“ 0 
il 2 tan 0 
= > 2 
tan® 1+ tan°’@ 
— 2 tan? 0=1+ tan’ 0 
1 
=> tan? @ =1=> tan’ @ =(1)’ = tan’? 
4 
Tt . 
=> O=nt + — ...(i) 
4 
Method II Putsin 20 = 2sin 0 cos 9 
cot 8 = sin 20 
0 ; 
> ces =2sin 0 cos 0 
sin 0 
=> cos 0 =2sin” 0 cos 0 
=> cos @(1-2sin’ 0) =0 
2 
1 1 Tl 
> cos 9 =Oorsin?0 =—= = sin’ 
2 \V2 4 
Tl Tl es 
=> 6 =(2n +1)— or8 =nnt + i (ii) 
2 


From Eqs. (i) and (ii), it is clear, first method gives less 
number of roots then the second method. 


Note As far as possible, avoid the use of following 


formulae 
2 tan x 1-tan’? x 
sin 2x = , COS 2x = = 
1+ tan” x 1+tan* x 
2tan x 3 tan x —tan*® x 
tan 2x = - and tan 3x = 5 
1—tan” x 1-3 tan“ x 


As these formulae are not defined for some real values of x. 
Hence, in many cases the solution obtained with use of 
these formulae may not be the complete solutions set of the 
given equation. 
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Exercise for Session 1 


1. Solve sin5x =cos 2x. 
2. Find the number of values of x in [0,51] satisfying the equation 3cos” x —10cos x +7 =0. 
3. If2tan? x —5secx is equal to 1 for exactly 7 distinct values of x eo. | neéN, then find the greatest value 


of n. 


Find the general solution of equation sec? x = V2 (1— tan? x). 
Solve 7 cos? 0+ 3sin? 0=4. 
Find the general solution of the equation tan? «+23 tan a=1 


Find the number of solutions of sin? x —sin x —1=0. 


SOS NO A KR 


Find the general values of 6 satisfying tan 6+ tan (= + 0| =2. 


9. Find the general solution of sin x + sin5x =sin2x + sin4x. 


10. Solve cos cos 20cos 30= ; 


11. Solve 2cot2x —3cot3x =tan2x. 


12. Find the roots of the equation cot x —cos x = 1—cot x cos x. 


13. If the equation x? + 4x sin 6+ tan 6=0 (0 < 0<Z has repeated roots, then find the value of 0. 


14. Find the number of solutions of the equation 2sin® x + 6sin? x —sin x —3=0 in (0,27). 


15. Find the number of roots of the equation 16sec? 9-12 tan? @—4sec 6=9 in interval (— 7, 7). 


Session 2 


Equation of the Form acos 0 + b sin 6 = c and 
Some Particular Equations 


Equation of the Form ‘ : 
cos(0-o)=— = cos(0- 6) = ———— 
acos0+bsin0 =c¢ p Ja’ +b’ 


To solve the equation acos 0 + bcos 0 =c, put a=rcos o If| c | >a’ +b’, then the equation acos 0 + b sin @ = c has 


and b=rsin @, where : 
no solution. 


1b 
=a’ +b’ ando=tan | — 
r ja? +? an d=tan 5 If|c|<qfa? +8”, hen pt mene so that 


ee : : 2, 22 
Substituting these values in the equation, we get, a’ +b 
rcos dcos8+rsin dsin®=c cos(8 — ) =cos & 
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=> (8 —) =2nm +a 
=> O0=2nn +a+0, wherene I 
Working Rule 


Step I Check whether |c|< Va’ +b” or not. If it is 
satisfied, no real solution exists. 


Step II If the above condition is satisfied, divide both 
sides of the equation by Va’ +b’. 


Example 16. Prove that the equation 
pcos x —qsin x =r admits solution for x only if 


Sol. Here, pcosx-—qsinx=r 
On dividing both sides by ./p” + q’, we get 
P cos x 4 sin x = ...(i) 
Vp +q° Vp +q p+ 
= cos 0, = sin ¢ in Eq. (i), we get 


Put, ia 4 
Vp +q Vp +q 


cos } cos x — sin dsin x = 


> cos (x + )= ; ; 
ptqd 
As we know, —1<cos(x+6)<1 


.. The above equation posses solution only if, 


r [2 2 [2 2 
a ora =o or —yp +q° SrsyVp t+q 
p+q 
Example 17. Solve sin x+ V3 cos x =~2. 


Sol. Given, V3 cos x +sin x =~V2, dividing both sides by 
{a +b = (3) +1° =2, we get 


1s 
=> cos x +—sin x = 
2 2 


Qa 

le} 

n 
, a. 

3S 

| 
al\la 
ns 

Il 

OQ 

le) 

n 
HS 
ala 
(a 


T T 
> x—-—=2nn t — 
6 4 
tT TT 
> x =2nt +—+— 
4 6 
51U 
> x =2nt+ , 2ntt 


T 
, where n € I 
12 12 


Example 18. Find the number of distinct solutions of 
sec X+ tan x = 3: where O< x <3. 


Sol. Here, we have sec x + tan x= V3 


=> 1+sin x — V3 cos x 


or 3 cos x —sinx =1 


On dividing both sides by ja” + b? ie. 4 =2, we get 


ue 1 
=> cos x sin x = 
2 2 
T . 1 
=> cos — cos x —sin — sin x = 
6 2 
Tl 
=> cos} x + — |= cos] — 
| 5) 
T 
— x+—=2nt+t— 
6 3 
T Tl 
or x = 2ntT + —, 2nT 
6 2 


Tt 
Now, when x = 2n7 + —, there are solution for n = 0, 1 and 
6 


Tt : 

when x = 2nm — —, there are solution for n = 1. 
2 

Thus, total number of solutions are 3. 


Example 19. Prove that the equation 
k cos x — 3sin x=k+1is solvable only if k € (— 0, 4]. 


Sol. Here, 
k cos x —3sin x =k +1, could be re-written as; 
i cos x 2 sin x = eae 
Jk? +9 Jk? +9 yk? +9 
k+1 
or cos(x + 6) = 
Vk? +9 
: : F k+1 
which posses solution only if, —1< <1 
Vk? +9 
k+1 
ie. <1 
yk? +9 
ie. (k+1) <k? +9 
ie. ke +2k+1<k? 49 
or k<4 


Thus, the interval in which, k cos x —3 sin x =k + 1 admits 
solution for k is (— ©, 4]. 
Example 20. Let [.] denotes the greatest integer 
less than or equal to x and f(x)=sin x+cos x. Then, 
find the most general solution of f(x) = (=)}} 
Sol. Here, 
(=) =sin 18° + cos 18° = V2 [sin (45° + 18°)] = V2 sin 63°. 


1 
As sin 63° > sin 45° = —— and sin 63° < 1 


v2 


H(i) = [Ae] 


So, the equation is sin x + cos x =1. 


COs [x 


T 
x= 2nT + —, 2nt 
2 


Example 21. Find the number of solutions of 
cos x=|1+sinx |,O<Sx<3m 
Sol. As we know, 1+sin x =0, for all x 


So, cos x =1+ sin x, for allx = cosx-—sinx=1 


On dividing both sides by ./a’ + b? ie. by /2, we get 


1 . 1 
cos x sin x = 
J2 J2 V2 
T . ‘ 
= cos — cos x — sin — sin x = cos 
Tt Tt Tt T 
> cos| x +—]=cos— > x+—=2nt+— 
4 4 4 4 
Tt 
> x = 2nn, 2nnt— 7 where0< x <3m 
31 : 
> x =0, —, 27 are the only solution. 
2 


Thus, number of solutions are 3. 


Some Particular Equations 
Equation of the Form 


: K=1 #2 
a, sin” x +a, sin” " xcosx +a, sin” “x 


2 
COS XxX 


+...+a, cos” x =0, 

where do, dj, ..., 4, are real number and the sum of the 
exponents of sin x and cos x in each term is equal to n, are 
said to be homogeneous with respect to sin x and cos x. 
For cos x #0, above equation can be written as, 


= 


a, tan” x +a, tan” x+...ta, =0 


Example 22. Solve 3cos? 6 —2V3 
sin® cos @ — 3sin* 6 =O. 
Sol. The given equation can be written as: 
3tan’ 6 +23 tan® -3=0 


_-2V34,/124+36 1 


— tan0 ; <3: 
6 V3 
Either, tan0= a = tan = 
als 6 
> 3G) 


T 
6=nnt+— 
6 
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or 


tand=—V3=tan( =) 
0 =nt—- 


ii) 


O@=nt+ 


ala wla 


Tt 
or 8 =nt— 
3 


Example 23. Solve the equation 
5sin? x —7sin x cos x+ 16 cos* x =4, 
Sol. To solve this equation, we use the fundamental 
trigonometric identity, sin? x + cos” x =1 
Given equation can be written as 
4(sin? x + cos” x)+sin? x -7sin x cos x +12cos” x = 4 


0D . 2 
sin” x —7 sin x cos x +12 cos” x =0 


=> 
On dividing by cos” x both sides, we get 
tan® x -7 tan x +12=0 


Now, it can be factorised as; 
(tan x — 3)(tan x — 4)=0 


=> tan x =3,4 

Le. tan x = tan (tan ' 3) 
or tan x= tan (tan ' 4) 
=> x=nn+tan !3 
or x=nn+tan'4 


Equation of the Form 


R (sin kx, cos nx, tan mx, cot Ix) =0, 


where R is a rational function of the indicated arguments 
and k, 1,m, n are natural numbers, can be reduced to a 
rational equation with respect to the arguments sin x, 

cos x, tan x and cot x by means of the formulae for 
trigonometric functions of the sum of angles (in particular, 
the formulas for double and triple angle) and then reduce 
the obtained equation to a rational equation with respect 


to the unknown, t=tan~, by means of following 
2 


formulae; 
x 
2 tan — 1-tan? — 
sin x = ,cOS x = 2 , 
1+ tan’ = 1+ tan’ = 
2 2 
x 
2 tan — itn = 
tan x = 2 ,cotx= 2 
x Xe 
1—tan® — 2 tan — 
2 
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Example 24. Solve the equation 


(cos x —sin x)} 2 tan x+ +2=0 
COs X 
Sol. Using above formulae, we get 
1—tan? — 2 tan — 4 tan = 1+ tan’ = 
a 2 24 - +2=0 
1+tan?— 1+tan’? —|/1-tan?— 1-tan’? — 
2 2 2 
11" 2t 4t 14+¢ oauced 
1+? 140 Jli-’ 1-¢”? 


(Taking tans =t) 


3t° +6t° +8t° —2t -3 
> - ; =0 
(t° +1)(1-t*) 


1 1 
V3 v3 
Thus, the solution of the equation reduces to that of two 
elementary eugations, 


Its roots are t, = andt, =— 


x 1 5a 1 x Tl 
tan — =—~ and tan — =— =e 


a ls 2 3 2 


Tu. : ‘ 
> x =2nt +—, is required solution. 
3 


Example 25. Solve the equation 
: 29 
sin’? x+cos' x = 76 OS. 2x 


Sol. Using half-angle formulae, we can represent the given 
equation in the form; 


1-cos 2x) 1+ cos 2x) 29 4 
+ = cos 2x 
2 2 16 


Put cos 2x = t, 


> 24t 


1 
whose only real root is, t? = =. 
2 


1 
cos’ 2x =-=1+ cos 4x =1 
2 


T 
> cos 4x =0=>4x =(2n +1) — 
2 
nt 1 
=> x=—+—,;nel 
4 8 
Note 


Some trigonometric equations can sometimes be simplified 
by lowering their degrees. If the exponent of the sines and 
cosines occurring into an equation are even, the lowering of 
the degree can be done by half angle formulas as in above 
example. 


Equation of the Form 


R(sin x +cos x,sin x - cos x) =0, 
where R is a rational function of the arguments in brackets. 
To solve such equations, put sin x + cos x =t...(i) 


and use the following identity 
(sin x +cos x)? =sin? x +cos* x +2sin x cos x 
=1+2sin x cos x 
t?-1 
2 


Taking (i) and (ii) into account, we can reduce given 
equation into; 


(ii) 


> sin x cos x = 


2 
tA 
R| t, =0 
2 


Similarly, by the substitution (sin x —cos x) =t, we can 
reduce the equation of the form; 


R(sin x —cos x,sin x cos x) =0 


{mg 


to an equation; R\| t, —— |=0 
2 


Example 26. Solve the equation 
sin X + COS % = 2/2 sin XCOS X=0 


Sol. Let (sin x + cos x) =t and using the equation 
2 


‘ t 
sin x - cos x = ——_—, we get 
2 


i-aa[=4]=0 


2 


=> at?-+-V2=0 


1 : ‘ 
The numbers t, =J2, t, =- a are roots of this quadratic 
2 


equation. 


Thus, the solution of the given equation reduces to the 
solution of two trigonometric equations 


i = 1 
sin x + cos x = ¥2 and soe Gog HS OE 
V2 
or ‘ and Lo 1 
sin x 4 cosx=1 sin x 4 cos x = 
v2 V2 V2 v2 
or sin x- cos ~ +sin cos x =1 and sin x cos ~ + sin ™ cos x = 
4 4 4 
Tt 1 
= sin r+ 4) and sin} x + —]J=-— 
4 2 
Tt T T 
= 64+ 72 (4n4+1)% andy nm + (-1)" 
4 6 
T 
> x=2nnt+ — ane x=nt + ( yee 
6 4 
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Exercise for Session 2 


. Solve the equation sin x +cos x =1. 
. Solve V3 cos 6—3sin 6 =4sin26cos 30. 


. Solve cot 6+ cosec 0=7/3. 


. Find the general solution of (V3 —1)sin 0+ (V3 + 1)cos 6=2. 


1 
2 
3 
4. Solve /2sec0+ tan @=1 
5 
6 


. Find the number of integral values of k for which equation 7 cos x + 5sin x =2k + 1has at least one solution. 


[Hint : a cos 6+ b sin 8=c has solution only when |(c| <,ja*+b?]. 


7. Solve 2sin* x —5sin x cos x —8cos* x =-2. 


8. Solve the equation (1— tan 6)(1+ sin26)=1+ tan 0. 


Session 3 


Solution of Simultaneous Trigonometric Equations 
and Problems Based on Extreme Values of 


sin X and cos x 


Solution of Simultaneous 
Trigonometric Equations 


Here, we discuss problems related to the solution of two 
equations satisfied simultaneously. 


We may divide the problem into two categories : 


(i) Two equations in one ‘unknown’ satisfied 
simultaneously. 


(ii) Two equations in two ‘unknowns’ satisfied 
simultaneously. 


Example 27. Find the most general values of 6 which 
satisfies the equations sin @ = — i and tan@ = 7 
2 V3 


Sol. First, find the values of 8 lying between 0 and 27 and 
satisfying the two given equations separately. Select the 
value of 8 which satisfies both the equations, then gener- 
alise it. 

sin 0= u =>0= mm or me 
2 6 6 


1 
tan 0 = 


v3 


Common value of 8 = a 


tT 71 
=> 0 =— or — [value between 0 and 27] 
6 


; ee T 
The required solution is, 8 = 2nm + am 
6 


Example 28. If tan(A —B) =1and sec (A+B) = e 
then find the smallest positive values of A and B and 
their most general values. 
Sol. For the smallest positive values, find A + B and A —-B 
between 0 and 27 from the given equations. 
Since, A and Bare positive angles, A + B> A — B. Solve the 
two to get A and B. 
For the most general values, find the general values of 


A -— Band A + Bby solving the given equations separately. 
Solve two to get A and B 


tan(A-B)=1>A B=" or ...(i) 


140 = Textbook of Trigonometry 


2 11 
Also, sec(A+B)= eA BED pe 
V3 6 6 
Since, A+B>A-B, 
axp=™ 
6 
On solving Eqs. (i) and (ii), we get 
Az 2 B= 197 
24 24 
or A= ae B= im 
24 24 


Solve for the most general values 


tan(A — B)=1 > A-B=nn+ . (iii) 
sec (A ee (A +By-¥3 
3 2 
= A+B=2mn - ...(iv) 


On solving Eqs. (iii) and (iv), we get, 


A= (2m+n)n+~ 47 
2 4 6 


™ 


1 
B=-—|(2m—-n)n += | where mone I 
2 4 6 


Example 29. Solve the system of equations 
2n sin Xx 
x+ y=— and —=2 
3 sin y 
Sol. Let us reduce the second equation of the system to the 
form, 
sin x =2siny 


: 27U ; . { 270 
Bey = ve erhon ean ae 


; . 27 2m SC 
=> sin x= 2] sin -cOS xX cos “sin x 
3 3 


V3 fr -.. 
=2|—-cosx+-—-sin x 
2 2 


> sin x=~v3 cos x +sin x 
=> cos x=0 
T 
=> x =(2n + 1) — 
2 
T 
=> x=—+nT 
2 


wits gel sas. Ne 2m 
Substituting in x + y = —, we get 
3 
T™ + g 
y =-T7N — 
6 


Tt Tt 
oo ee 
2 


Example 30. If r>0,- <0 <7 andr, 6 satisfy 
rsin@ =3 andr =4 (1+ sin6), then find the possible 
solutions of the pair (r, 8). 

Sol. Here, r=4(1+sin 0) andrsin 0 =3 


fligiic at F 3 
On eliminating 6 from above equations; r = 4 [ + 
: 


=> r? — 4r -12=0 
> (r —6)(r +2) =0 
=> r=6orr=—-2 


1 
r sin 9 =3=> sin 0 =— orsin 9 = — 
2 


51 
6 


> 


Neglecting sin 8 = — > we get 0 = 


ala 


(r, 0) = ( =) and (s =) are the required pairs. 


Problems Based on Extreme 


Values of sin x and cos x 


x 3 ] 
Example 31. Solve 2cos* * sin? x=x°+—, 


oexe”. 
2 


Sol. In this problem, terms on the two sides of the equation are 


different in nature. 


LHS is in trigonometric form, whereas RHS is in algebraic 
form. Hence, we will used inequality method. 


Here, LHS = 2 cos? cae sin? x 


=(1+ cos x)sin® x <2 


[1+ cos x <2,sin® x <1] 


1 
and RHS = x° + — 22 
x 


Hence, LHS is never equal to RHS 


.. The given equation has no solution. 


[ A.M. > GM] 


Example 32. Solve sin® x =1+cos" 3x. 


Sol. LHS =sin° x <1 


RHS =1+ cos* 3x >1 


Hence, sin® x = 1+ cos* 3x is possible only when. 


LHS = RHS = 1 


6 


> sin’ x=1 and 1+ cos’3x =1 
> sin? x =1 and cos’ 3x =0 
> cos” x =0 and cos3x =0 
> cos x =0 and cos3x =0 
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by x=(m+1)= Now, sin x +cos x = V2 
2 
TU => cos|x-——|=1 
and 3x =(2n + y where m,n e€ I 4 
T T = =2nn += (i) 
> Reon and aiken 1) ane 4 a 
where miaved and sin x + cos x = —V2 
Tt T 
- ened” cos{ x2) =—1 
2 4 
Tl TT 
and x =(2n+1 - x =(2n+1)n+— (ii) 
4 
Common values of x is (2n + ee where n € I. The required and 1+sin 2x =2 
TL 
solution, => sin 2x =1=sin a 
TT 
= T 
eee ed = 2x =nnt+(-1)" — 
2 
scl P _m™ iat a 
Example 33. Solve sin x =1+ tan® x. = oe (iii) 
Sol. LHS =sin* x <1 The value in [— 7, 11] satisfying Eqs. (i), (ii) and (iii) is 
RHS =1+ tan® x>1 ta" eheeind): 
> LHS = RHS only when 2S 
4 8 ; : 
sin’ x =l1and1+ tan" x=1 Example 36. Find the most general solutions for 
= sin’ x =1and tan® x =0 ae? aa agin, 
which in never possible, since sin x and tan x vanish Sol. As we know, AM > GM 
simultaneously. gsin x 4 9cos x : 
Therefore, the given equation has no solution. —7 Zor * «eon * (i) 
Example 34. Solve sin? x+cos* y =2sec? z. Now, Eq. (i) admits minimum value when 


Sol. LHS = sin? x + cos* y <2 Sint ees eas v2) 


RHS = 2sec2z >2 fusing — Ja” + b? Sacos x + bsin x <a’ + b*} 


Hence LHS = RHS only when, + gsin x 4 9008 5 9, s/o V2 
V2 


® x =1,cos? y =1andsec? z= 1 


sin 
> cos’ x =0, sin? y =O and cos” z=1 or gee Be aaa. 2 
> cos x =0,sin y =0,sin z =0 rae 
7 or gsin X 4 g00sx > 9 V2 
=> x=(2m+1)—,y=nt,z=tT, ; 
2 Thus, the equation holds only when, 
where m, n, t are integer. sinx+cosx = ale 
: T 
Example 35. Solve the equation = cos -*) ==l 
(sin x+ cos x)'*5"?* =2 when-m<x<7. 


Tl 
—~" Lonnt 
Sol. We know, — a’ +b? <asin0 + bcos0 <a’ +b’ and = . 4 er 


—1ssin0 <1. Tt 
> x =(2n+1)n+— 
..(sin x + cos x) admits the maximum value as V2 and 4 


minimum value as aaa . 
(1 +sin 2x) admits the maximum value as 2. Also, Example 37. Solve | V3 oS <= sn) x| 2 2 for 


(+V2)? =2. x € [0,47]. 
.. The equation could hold only when, Sol. We know, 


V3 cos x -sin x |< /3+1=2 ...(i) 


sin x + cos x = +V2 and1+sin 2x =2 
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and | V3 cos x — sin x | > 2 (given) ...(ii) 


Thus, from Eqs. (i) and (ii), we must have 


| v3 cos x-sin x =2 
V3 ie 
=> cos x sin x |=1 
2 2 
Tl in AU hg 
=> cos — cos x —sin —-sin x |=1 
6 6 
Tl 
=> cos( x42) =1 
6 


T T 
=> cos(x+™)=1orcos(x+)=—1 
6 6 


T 
=> x+ rs = 0, 27, 47, ... or 7, 370, 57, ... 


lim 23m 5m 177 
> x= , 3 , for x € [0, 47] 
6 6 6 6 
lim 23m 5m 177 
Hence, x €4—,—, —, —— 
6 6 6 6 


Example 38. Show that the equation, 
sin x =[1+sin x]+[1—cos x] has no solution for x ER. 
(where [.] represents greatest integers function). 
Sol As we know that the period of sin x is 27, we need to 
check the solution for x € [0, 271]. 
Let us first check at those points on which sin x and cos x 
are integer and then for the values lying between them. 
Casel (a) Atx=0 
[1+sinx]=1and[1-cosx]=0 
sinx =1+0=1orsin0 =1(as x =0) 
=> 0=1 (absurd) 


Tl 
b Atx=—; 
(b) eG 


{1 +sin x]=2and[1—- cos x]=1 
sin x =2+1=3 (absurd) 
(c) Atx=T7 
{1+ sin x]=1and[1-—- cos x]=2 
sin x = 1+ 2 =3 (absurd) 
ia) Ate”, 
2 
{1 +sin x]=Oand[1—- cos x]=1 


; #1 OTe 
sin x =0+1 or sin —=1] as x = — 
2 


> —1=1 (absurd) 
(e) At x = 2m; 
[1+ sin x]=1and[1-— cos x]=0 
sin x =1+0 


or sin0=1(as x =0) 
> 0 = 1 (absurd) 


Tt 
Atx= eae medlee 
2 2 


we do not have any solution. 
Now, to check for the values lying between them. 
Case II (a) When x€ (« =) 
[1+sin x]=1,[1-— cos x]=0 
=> sin x =1+0 


tT). 
But since x € a | sin x #1 
2 
. ; Tt 
sin x = 1is absurd when x € [o, =) 
2 


(b) When x € (z, x] 


[1 +sin x]=1,[1- cos x]=1 
> sin x =1+1=2 (absurd) 


(c) When x € [x *) 


{1 +sin x]=0,[1- cos x]}=1> 
sinx=0+1=1 


310 
But x € (x *) in which sin x #1 
: , 3 
*. sin x =1is absurd, when x € G =) 
2 


(d) When x € (=. 2n| 
[1+ sin x] =0,[1-— cos x]=0 
sin x =0+0=0 
But sin x #0 when x € (=, on) 
Thus, the given equation does not posses any solution for 


x €[0,2m]orin general, sin x =[1+sin x]+[1- cos x] 
does not posses any solution for x € R. 


Exercise for Session 3 
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ie 


1. Find the general values of @ which satisfies the equations tan 8@=—1and cos 0= 
2. Find the most general solution of cosec x =—2 and cot x =3. 
3. Find the common roots of the equations 2 sin? x +sin? 2x =2 and sin2x +cos 2x =tan x. 
4. Solve the equations, V3 sin2A =sin2B and ¥3 sin? A+ sin? B = ; (3 -1). 
5. Find the number of solutions of sin? x cos* x =1+ cos? x sin* x in the interval [0, x]. 
6. Solve: 1+ sin x sin? 570. 
7. Solve: cos® x —sin®° x =1 
8. Find the number of real solutions of the equation (cos x) +(sin x) =1in the interval [0,27]. 
9. Find the number of solutions of the equation 
14 ect? x =,/2)sin x|-1+ ee for x €(0,57). 
1+sin’ x 
10. 


[0,27] 


Session 4 


Trigonometric Inequality 


Trigonometric Inequality 


An inequality involving trigonometric function of an 
unknown angle is called a trigonometric inequality. 


Solution of Trigonometric Inequality 

To solve the trigonometric inequation of type f(x) <a, or 
f(x) 2awhere f(x) is some trigonometric ratio, the 
following steps should be taken: 


1. 


Draw the graph of f(x) is an interval length equal to 
the fundamental period of f(x). 


. Draw the line y =a. 


. Take the portion of the graph for which the 


inequalities satisfied. 


. To generalize, add nT(neé I) and take union over the 


set of integers, where T, is the fundamental period of 


F(x). 


Find the number of solutions as ordered pair (x,y) of the equation psec? x 4 peosec’y _ 9 egg? x(1-cos? 2y) in 


Example 39. Find the solution set of inequality 
1 


sinNx >-. 
2 


1 
Sol. When sin x= —, the two values of x between 0 and 27 are 
2 


Tl oT 
— and —. From the graph of y = sin x , it is obvious that 
6 6 


‘ 1 570 
sin x >— for —< x < — 
2 6 6 


Hence, 


. 1 
sin x > — 
2 
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Tl 51 
=> ant +— < x < 2nmt +— 
6 6 


: . , Tt oT 
The required solution set is U [ann + —, 2nt + 
6 6 


nel 


Note 


We added 2nz to find the general solution as period of sin x is 2m. 


Example 40. Find the solution set of inequality 


cos X2—-. 
2 
ar , 1 
Sol. From the graph of y = cos x, it is obvious that cos x 2 — -. 
2 


For -—<x<— 


1 
Hence, cos x =-—— 
2 
270 270 
=> 2nm — — <x <2nt + — 
3 3 
The required solution set is 
271 
U | 2nt — —, 2nt + — 
nel 


Example 41. Find the solution set for, 
Asin? x-—8sin x+ 3<0 where x €[0, 27]. 


Sol. Here, 4sin? x —8sin x +3 <0 

> (2sin x —1)(2sin x —3) <0 
Here, 2 sin x — 3 is always negative. 

; : 1 

2sin x —120ie.sin x => 

1 i t 

2 2 

0 >~0 


1 


T T 
“. From the figure, —< x < ae 
6 6 


Example 42. Solve 2cos’ 6+sin0 <2, 


3 
where mt /2<0 <= 


Sol. 2cos’9+sin9 <2 


or %1—sin?@)+sin@ <2 
or —2sin’0+sin0 <0 
or 2sin” 0 —sin@ >0 
or sin8(2sin0 —1)>0 
or sin@(sin® —1/2)20 


which is possible if sin® <0 or sin® 21/2 


From the graph 
sin621/2 => m/2<0<51/6 
sin0<0 => n<O0<3m/2 
Hence, the required values of 6 are given by 
0e[n/2,50/6]U[ 1,37 /2] 


Example 43. Solve sin* 6 >cos’ 6 
Sol. We have, sin’@ > cos*®@ = cos20 <0 
=> (1/2) < 20 <(3m/2) or (1/4) <0 < (37/4) 
Taking general values i.e., adding 2nm, we get 
2nt+ 1 /2<20 <2nn+3n/2,nEZ 
or nt+mt/4<0 <nnt+3m/4 


Example 44. Find the solution set for, 
when x €[- 7, 71]. 
Sol. Here, 


tan x |<1 


tan x |<1 


=>-1< tan x <1, the value scheme for this is shown below. 


From the figure, 


“4 


or 


or 


Example 45. Solve sin2x>~2 sin? x+(2—~2)cos? x 


Sol. sin2x>2sin? x +(2—V2) cos? x (-) (+) 
> 2sin x cos x>V2sin? x +(2— V2) cos? x a 
> tan? x—/2tanx+(v2-1)<0 iT 3<y<1ory>v3 
+ (tan x—-1)(tan x-(V2-1))<0 > = 3 <tan x<lor tanx> V3 
—e (v2-1)<tanx<1 For —1/2<x<m/2 
> T/8<x<T/4 —1/3<x<x/4orn/3<x<Tn/2 
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ee me Example 46. Solve tan® x+ 3>3tanx+ tan? x 
Mee : Sol. tan® x—tan® x +3-3tan x>0 
40 > tan” x(tan x—1)—3(tanx—1)>0 
es elu *E) Ua] => (tan x—1)(tan? x -3)>0 
. aS = (tan x — 1)(tan x + ¥3)(tan x — V3) > 0 
> (y-1)(y+V3)(y—-V3)>0, where tan x =y 


Sign-scheme of above inequality is as follows: 


Tl ™ . : ‘ 
xe G +—, nt 4 where n€Z. .. General solution is 
8 4 


where néZ. 


Exercise for Session 4 


oa aA KR WH DA 


If2cos x <3 and x €[—1, 7], then find the solution set for x. 
Find the set of all x in the interval [0, 7] for which 2sin? x —3sinx +120. 
If cos x —sinx >1and0<x <2m, then find the solution set for x. 


Solve sin 0+ /3 cos 0>1, -—1 <0<n. 


Find the set of values of x, which satisfy sin x -cos? x >cos x -sin® x,O0<x <2n. 


Find the set of all x in (#4) which satisfy | 4 sin x -1|<v5. 


Solve sin) + cos'[ =) Sl 
3 3) 2 


Solve tan x — tan? x >0 and |2sin x|<1. 


T T 
x €| nt+—,nt+— |U} nt 
3 | [ 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


» Ex. 1. The number of solutions of equation => sinx +V/2cos’ x = 4k 
8[x° — x] + 4[x] =13 + 12[sin x],[.] denotes GIF is Now as |sin x + J2cos” x|< |sin x|+/2 |cos*x|<1+ J2<4 
(a) 0 (b) 2 . k = (is only possible value. 
(c)4 (d) 6 => sinx + V2 cos’ x =0 
Sol. (a) 8[x? — x] + 4[x]=13 + 12[sin x] => V2sin? x —sinx — V2 =0 
LHS is always even and RHS is always odd. Hence, no ; -1 
solution. = eae 3 v2 
2 
1 
» Ex. 2. The number of ordered pairs (x, y) satisfying = sin x = rs (sin x # V2) 
2 
2 
. | 1X . 
I +iy|=2and si |=19a0 = x=2nn—* ae 2am + 
(a) 1 (b) 2 From Eq. (ii) we can say that the only solution possible is 
(c) 3 (d) 4 x =2nn — = 
Sol. (d) |x| +|y|=2 : 
4 |x|,|y| € [0,2] Hence, for x € [— 27, 27] we have 2 solutions. 
2 
Also wn ) =1 © Ex. 4. The general solution of 
sin? 6 secO + V3 tan0 =0 is 
xO 4 1 ™ Tt 
= Sg eras (a) 0=nn-+(—" 5 O=nm; nel 
= x =(4n +1); (b)@=nn,nel 


3 (c)O= Tm ne | 
‘|x| [0, 2], then only possible value of x’ is . 2 


7 3 (d) 0 =nn+(-1)""", nes 
ixl= iv=2- f° 3 
Sol. (b) sin?0 secO +/3 tan0 =0 


Hence, total number of ordered pairs is 4. . . 
=> sin8(sin® +4/3)sec0 =0 
» Ex. 3. Number of solutions of = sin =0 
=> 0=nt, nel Ge sin0 #— V3,sec0 #0) 


cos* a x + V2 cos? »| 
4 


» Ex. 5. The number of solutions of the equation 


t 2 1 t 2 =] 27, 2 ] 
— tan oar an* x|=1, xe[- 2m, 27] is sf Bx? aes 
(a) 1 (b) 2 — 
a (a) 0 (b) 2 
(c) 4 (d) 8 (c) more than 2 (d) 1 


Sol. (b) The solution is only possible, when ‘ae 
Sol. (d) We know that —1<sin —~—<1, 


Tu, . . 
cos'(Zesinx + V2 cos” ») = ...(i) 2/3 
therefore, we must have 
TT 
and tan’ + ran’ x) =0 (ii) -1<x?-2V3x+4<1 
4 
= -1<(x-3)' +151 
Let’s solved Eq. (i) ( ) 
> -2<(x—/3)’<0 


T (sin x + V2 cos? x)=kn 
4 


But, square of a real number cannot be negative, therefore, 
we must have (x-v3) =0 


= x=13 


Note that x=/3 satisfies the given equation. 


Ex. 6. x, and x, are two solutions of the equation 
e* cos x =1. The minimum number of the solutions of the 
equation e* sin x =1, lying between x, and x, can be 
(a) 0 (b) 1 
(c) 3 (d) None of these 
Sol. (b) We have e* cosx =1 or cosx =e * 


ae 


Consider the function, f(x) = cosx — e— 


= f(x) =0 = f(x,). 
Clearly, f(x) is continuous in [x,, x,] and differentiable in 
(x), x2). 


Hence, by Rolle’s theorem, there is atleast one x € (x,,x,) 
such that f’(x) =—-sinx +e * =0 


> sin xe* = 1 has atleast one solution € (x,, x,). 


Ex. 7. The product of common differences of all possible 
AP which are made from values of ‘x’ satisfying 


cos* [5 ax) +cos* [Se = 
2 2, 


4m? 4n 


(d) None of these 


1+ cos(Ax) és 1+ cos(Ux) 5 
2 


Sol. (a) 


=> cos(Ax) + cos(Ux) = 0 
5 2oos[ OW) bias a Lig 
2 2 


= A ii” 
2 2 


or pag lt 
2 2 


ya nt 
A+uU 


ya nti 
A-y 


Thus, common difference can be 


21 27 


A-y 


Now, product = rv 
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Ex. 8. Number of solutions of the equation 
cos‘ 2x +2sin* 2x =17(cosx + sinx)*,0<x <2n is 
(a) 4 (b) 8 
(c) 10 (d) 16 
Sol. (a) Let sin2x = y, then 1+ y* =17(1+ y)* 


1 
Clearly, y=sin2x =- ; is the only possibility 


x = 105°, 165°, 285°, 345°. 


Ex. 9. The number of values of ® in the interval —, 4 
2 2 


sec? 0 


satisfying the equation (V3) = tan’ 0 +2tan’ 0 is 
(a) 2 (b) 4 
(c) 0 (d) 1 
Sol. (a) tan‘ @ + 2tan’@ =(tan*0 +1)’ -1 
=(sec’0)’ —1=sec*0 -1 
Put sec’0 =t 
=> (v3 =t?-1 
=> t =2 is only solution as t > 1 


.. There will be 2 values of @ in given interval. 


Ex. 10. Number of solutions of the equation 


cot(6) + cot [0 + =| +cot [0 = =| + cot(360) =0, where 


BE oy 
2 


(a) Infinite (b) 0 
(c) 1 (d) None of these 


Sol. (c) cot(®) + cot 0 + =) + cot 0 a =) + cot(30) =0 


PutO =~ -« 
2 


T T 
tana + tana a =) + tan(o + + tan3a =0 
3 3 


T T 
tana — tan— tana + tan— 
tana + 3 + 


T 
1+ tana tan— 
3 


+ tan3a =0 


1— tana tan— 
3 


3 tana — tan’ 
3] eS | + tan30 =0 
1—3tan* a 

4tan3a =0 

=> tan3a =0 
=> 30 = nT 
T 

> o=— 


3 
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JEE Type Solved Examples : 
More than One Correct Option Type Questions 


. fe atpcs 2 
Ex. 11.0<a<2n, sin (sina) <x" — 2x forall x€ | © Ex. 13. The value of x in fo 4 satisfying equation 


thenaeé 
(a) (0, « +1) w[n+1 72] v5 -1 10 + 25 a. 
sin x cos x 
31 
(c) (7, on — | (d) (2m — 1, 2m) yt by 2% 
2 oer er 
Sol. (b,c) sin (sina) < x° — 2x for all x () oT (d) 77 
sin’ (sina) < min(x’? —2x)=-1 10 10 
5-1. 1  10+2v5_ 1 
Forae (a2 }a<-1 aed sol, (ab) 2 x= + x =2 
2 4 sin x 4 cos x 
TOT ess - 410 + 2V5 
Por ae (=, 22 sin \sina)=n-—a - : cos x + Fi v5 X sinx = 2sinx .cosx 


ha s—1 sin| 4-7] = sinas 


31 
a>vw+1 => ae€l]nu+1,— 
2 Tl 
x+—=2x%,x =— 
31 re 10 10 
For a€| —, 2m |, sin” (sina) = a — 2 r 
2 or sin» + = sin(m — 2x) 
a-2m<-1 "0 
T 
a<2n-1 > x+—=n1-2x 
3m 10 
a<2mn-1> a 22% — 1), nm On 
2 > 3x = 1 - — = — 
10 +10 
» Ex. 12. If as ve" 
10 
cos x+ Jeo tan 2y) (3+ sin3z) =4, then 
cos’ x 2 
: , 1-—2x+5x 
(a) x may be a multiple of 1 » Ex. 14. Given2 sint = ae the real values of 
(b) x cannot be an even multiple of 7 
F T™ TT oe < fz e ; 
(c) zcan be a multiple of 1 te -5. 4 satisfying this lie in the interval 
2 2 
T 
(d) y can be a multiple of — 
2 @|-2 4 w/e 4 
a3 10° 2 
Sol. (a,d) [cos x+ : Ja + tan’ 2y) (3 + sin3z) = 4 
cos” x T 1 3m 1 
©] , JY : (d) All of these 
: : 2 10 10 2 
Since, cos’ x + >2,1+ tan’2y 2>1,2<3+sin3z <4 
cos" x Sol. (a,b,c,d) Given 
so, the only possibility is x°(6sint — 5) + x(2—- 4sint) — (1+ 2sint) =0, since 
cos’ x + =2,1+ tan’2y =1,3+sin3z =2 xERA>O 
cos” x ‘ 1-5 
> sint < 
> cosx=+1 5 x=nt 
mm 
a ae ae ae or int > 185 


sin3z =-1 fe aE Se ae 

Tt a te; -——,— } UU] —, — 

> z=(4k-1)—;m,n,kel 2 10 10 2 
6 


Ex. 15. The system of equations 
tan x =a cot x, tan2x = bcos y 
(a) Cannot have a solution if a =0 
(b) Cannot have a solution if a =1 
(c) Cannot have a solution if 2Va > lb (1- a) 


(d) has a solution for all a and b 


Sol. (b,c) If a=0, then tanx =0 => x = nm and then for any 
value of y such that cos y = 0 the second equation satisfies 


option (a) is false. 
Ifa=1then tanx = cotx = tan’x=1 


= tan 2x is not defined. 
=> option (b) is true 


Now from the first equation tan x = Ja 
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Ex. 17. Which of the following set of values of ‘x’ 
satisfies the equation 


(2sin?x ~3sin +1 (2-2sin2x-+ 3sin x) 
+2 


Tl T™ 
a)x =n t= —,ne xX =nmtr—,ne 
as | b a I 
6 3 
Tl 
c)x =nml,ne xX =2n+—,ne 
| d 2 | 
2 
(2sin? x ~asinx+1) 3-(2sin? x—asin +1) 
Sol. (a,d) 2 +2 = 
2sin? x —3sinx+1 
Let a ts 
8 
=> t+-=9 > t?-9t+8=0 > t=18 
t 


=> 2sin’ x — 3sinx +1=3 


=> a must be positive 
otanx ala or 2sin’ x — 3sinx +1=0 
|cosy| = |= <1 1 
b(1— tan" x)| |b(1— a) > aaa 
=> ava <|b(1 — a)| ; 
sinx =-, sinx =1 
2 
yt3 a) 
Ex. 16. Je a sin* x + 2cos x +1, then the value of y 
yr 


lie in the interval 


8 12 
a) | —co, — — b)| — —, c0 
@9( | | = ) 
f 8 12] 8] | 12 
Os | OR 
3 2 3 5 
Sol. (a,b,d) cos* x — 2cosx +1=3- ee 
2y+5 
lieseaupe t™ 
ay+5 
Also, -1<cosx<1 => -2<cosx-1<0 
> 0<(cosx -1)? <4 
= ge E24 
2y+5 
Now, vd. aay ae) aa 
ay+5 2ay+5 
3y +8 
=> "= >0 = (3y+8)(2y+5) 20 
2y+5 
5y +12 
and oy TF" >0 = (Sy +12) (2y +5) 20 


and [--. ae 
2 


Ex. 18. For0<0< ., the solution(s) of 
7 (m—1)T mm : 
Y'cosec 6 +-——— |cosec]| 0 + — | = 4V2 is (are) 
m=1 4 4 
T Tt 
ee by 
(a) ri ( - 


Tl 51 
(c) 1 (d) D 


Sol. (c, d) We have, 


. 1 
sin — 


4 
p (me . lg 4 mm 


yl 
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310 
= cot8 - cot(0 + \ag 
2 


> cot8 + tan® = 4 
— cos’@ + sin’® = 4 sin®@ cos0 
; 1 Tl 51 
= sin20=— => 20= or 
2 6 6 
Tl 51 
> 06=— or — 
12 12 


» Ex. 19. fey =tanA= pene, where A and 
cos 6° 1—sinB 


Be (0.90° ), then 


(a) A =8B (b)8A=B 
(c) A-—7B =6° (d) A+ B =54° 
: fe) 0 \2 
Sol. (a,c,d) ie Ore tan A = 


(cos*3° — sin’3°) 


_ B B 
sin — + cos— 
=tanA= 2 2 


cos — — sin — 
2 2 


sin3° + cos3° 


cos3° — sin3° 


JEE Type Solved Examples : 
Passage Based Questions 


Passage I 
(Ex. Nos. 21 to 23) 


Consider a circle, in which a point P is lying inside the circle 
such that (PA) (PB) = (PC) (PD) (as shown in figure). 


On the basis of above information, answer the following 
questions : 


21. Let PA =4, PB =3 and CD is diameter of the circle 


having the length 8. If PC > PD, then = is equal to 


(a) 3 (b) 4 
(c)5 (d) 6 


B 
1+ tan— 
tan A = 


1— tan— 
2 


(tan3° +1) _ 
(—tan3° + 1) 


B 
tan(45° + 3°) =tanA = tan{ 45 + 4 
2 


=> A = 48° and B=6° 


® Ex. 20. If 1 +sinA — 1 —sinA = 2008, then value of 


A can be 
(a) 110° 
(c) 300° 


(b) 260° 
(d)190° 


Sol. (a,b,d) v1 +sinA — me —sinA = 2e0s = 


_A _A A 
ISIN + cos sin cos = 2cos 
2 2 2 2 
135° 45° 
_A A A _A 
So, sin — + cos— >0 and cos— < sin — 
2 2 2 2 
‘O A ‘O O O 
> 45° < — < 135° => 90° < A < 270 
2 


Sol. (a) (PA) (PB) = (PC) (PD) 
4x3=x(2r — x) 


=> 12 = x(8 — x) 
x°-8x+12=0> x=62 
PC 6. 
a 


22. If PA =|cos0 + sin0 | and PB =cos0 — sin@|, then 


maximum value of (PC) (PD), is equal to 
(a) 1 (b) 22 
(c) V2 (d) 2 
Sol. (a) PC- PD = (PA) (PB) 
=|cos 0 + sin 0||cos 6 — sin 6] 
=|cos” 0-sin? 6| =cos20 


Maximum value = 1 
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23. Iflog,, x =2,log,, x =3, log, PC = 4, then log,, x is = eS 
2 OP 10 2 2 

equal to 

7 => 8 = 60° 

b) = 
(a) 12 ( 7 24. (d) .. APB is an equilateral triangle. 
(c) aa (d) - La Area = v3 (5v3) = 75V3 

12 19 4 4 


Sol. (d) (PA) (PB) =(PC)(PD) 
log, ((PA)(PB)) = log.((PC)(PD)) 
log, PA + log, PB = log, PC + log, PD 


1 1 
—~+-—=4+ log, PD 
2 3 


isa PDS de 
. 6 6 25. (b) sin20 + cos 40 + sin50 + tan70 + cot80 
= sin120° + cos240° + sin300° + tan 420° + cot 480° 
Passage II 31 3 Be Lete we 
(Ex. Nos. 24 to 26) eg. oe wae 3B 2/3 


PA and PB are two tangents drawn from point P to circle of 1 
radius 5. A line is drawn from point P which cuts circle atC and 26. (c) Given log,,, (x + 2) =2 + 3log,,,.) (3) 
D such that PC =5 and PD = 15 and ZAPB=60. 7 


On the basis of above information, answer the following Let log,,, (x +2)=t 
questions : f—-24 3 
t 
24. Area of AAPB is ; 
258 => f° —2t-3=0 
(a) (b) 253 = t=30r-1 
> log, , (x +2) =3 
oe 75V3 wa 
(c y= (ye or log,,, (x +2)=-1 
15 
25. Value of sin 20 + cos 40 + sin50 + tan70 + cot 80 is = salle ial a" 
equal to = two solutions. 
— Ht emalS 
(a) (b) a Passage III 
(Ex. Nos. 27 and 28) 
4+ G “ 341 
d 
©) wW3 (d) asin’ x Tain +2=0,x€| 0% and f(0)=sin'O + cos" 


26. Number of solution(s) of the equation On the basis of above information, answer the following 


log cg (X +2) =24+ 3log (+ 2) sin >) is questions : 
27. The value of f,(x) is 


(a) 0 (b) 1 9 
7 57 65 73 
_ b) 2 a2 d) 2 
(c)2 (d) 3 Cire er Pe 4 
Sol. (Ex. Nos. 24 to 26) deri oe tak 
28. The value of 212%" 8" "* 5, 
1+2cos3x 
3+ = 54 oe 
(a) (b) 
ae 2 of 
(c) (d) 
OD = OC =5, PD = DC + CP Sol. (Ex. Nos. 27 to 28) 3sin’ x — 7sinx +2=0 


=> CP =15-10=5, OP =10 1. 
> sin x = — or sin x = 2 (reject) 
3 
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27. (c) f,(x)=sin* x + cos* x =1-2(sinx cos x)’ 


2 
1 2v2 65 
3 


3 81 


28. (b) sin5x +sin4x 
1+2cos3x 


_(sin5x + sin4x)sin3x _ (sin5x + sin4x) sin3x 


(1 + 2cos3x) sin3x sin3x + sin6x 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


>» Ex. 29. Number of integral solutions of the equation 


log.,,, Vsin® x +log..., Vcos’ x =2, where x € [0,61] is 


Sol. (4) log,,,, Vsin’ x + log..., Vcos’ x =2 
sinx >Qandsinx #1 


cos x >Oandcosx #1 


Tl on 
Domain x € (« =) U [zn = U [+n *) 


=> Number of integers =1+1+2=4 
1 


1 1 
Ex. 30. If x, =(sec0)” +(tan0) * and y, =(sec0) “ 


1 
n 


—(tan 9), then value of 3y,, []@.) is equal to 
k=0 


1 1 
Sol. (3) x, -y, = (sec 6)" —(tan@)2* 
> Xe Ve = Vier 


Now, 


Yo Vy Vn 
=(sec0)’ — (tan0)* =1 


>» Ex. 31. The number of ordered pairs (at, 8), where 
at, B € [0, 271] satisfying log ,....,(B* — 6B +10) =log , cos Q| is 
Sol. (2) log, ...,(B’ — 6B + 10) = log, |cosa| 
it is only possible when 
6° - 68 +10 =1and cosa =1 
= 6 =3 and a =0,2m 
.. Two ordered pairs (0, 3) and (27, 3). 


4.2 9G X x .. 3K 3x 
2sin — cos—sin3x  cos—.2sin—cos— 
= 2 = 2 2 
. 9x 3x 3x 
2sin — cos — cos — 
2 2 


=sin2x + sinx 
_4v2 1_ 4v2+3 


9 3 9 
cos’ 0 sin’ 0 

» Ex. 32. If =1+cos0, then number 

(1—sin®) (1+cos@) 
of possible values of 8 is (where ® € [0, 27] ). 
Sol. (0) cosOcos*@ — sin® sin’O _ eected 

(1-sinO) (1+ cos0) 
cos (t — sin’) 4 (1-cos*8)sinO _ ead 
(1 - sin®) (1 + cos0) 


cos0(1 + sin®) + sinO(1 — cos®) = cos 0 +1 
sin8 + cos® = cos08 + 1 = sinO =1 


0 = + which is not possible. 


» Ex. 33. If the sum of all values of x satisfying the system 
of equations 

tanx+tany +tanx:-tany =5 

sin(x + y) =4cos x- cosy 


is < here x€ [a 4 then find the values of k. 


9 


Sol. (1) Given, 
tanx + tany + tanx-tany =5 


and sin(x + y) = 4cosx-cosy 
Now, from Eq. (ii), we get 
sin x cosy + cos x siny = 4cosx cosy 
On dividing by cos x-cosy, we get 
tanx + tany = 4 
. Egs. (i) and (iii), tan x(4 — tanx) =1 


Ai) 
ii) 


(iii) 


=> tan’ x — 4tanx+1=0 
=> tanx =2+ v3 or Fal 
51 T 
=> x =— or — 
12 12 
6m nm kt 
Sum = =—= => k=1 
12 2 


JEE Type Solved Examples : 
Statement | and Il Type Questions 


= This section contains 2 questions. Each question contains 
Statement I (Assertion) and Statement II (Reason). 


Each question has 4 choices (a), (b), (c) and (d) out of 


which only one is correct. The choices are 


(a) Statement | is true, Statement II is true; Statement II is 
a correct explanation for Statement I. 


(b) Statement I is true, Statement II is true; Statement II is 
not a correct explanation for Statement II. 


(c) Statement | is true, Statement II is false. 


(d) Statement | is false, Statement II true. 


© Ex. 34. Statement | ya ee | does not represent the 
13 


general solution of trigonometric equation. 


sin13x — sinl3xcos2x =0 
kn Se 
Statement II Both x =rn, re! and x =—,keé] satisfies the 
13 


trigonometric equation. 
sin13x—sin13xcos 2x =0 
Sol. (d) sin13x(1—cos2x)=0 
> sin13x=0 or cos2x=1 
13x=km or cos2x=1 


JEE Type Solved Examples : 
Matching Type Questions 


» Ex. 36. Match the statement of Column | with the value 
of Column II. 


Column I Column II 

A The number of solutions of the equation p 1 

tan 2x|=sin x; x €[0,7 ] 
ss The value of 4 tan 7 aa q . 

16 16 
+ 6tan? 2 gu $ 1 
16 16 
C_ Ifthe equation tan(pcotx)=cot p(tanx) has r 3 
ere 4 : 
a solution in (0,x)— x , then —P,,., is 
2 Tt 

D 2 


The value Yaad in [0,27 } if : 
T 


5c 2x + 2sin? x fs 52cos x+ sin? 2x =126 has a 


solution 


Sol. (A) —(q); (B) > (8); (C) > (p); (BD) > (pr) 
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kt 
x=—, ke Integer. 
13 


=> 2x =2nT => x=nmT, ne Integer 


=> Statement I is false and Statement II is true. 


® Ex. 35. Statement I Common value(s) of ‘x’ satisfying 
the equations. 


log ,,,,(secx +8) >0 and log .,,, cos x +log ..., sin x =2 in 
(0,471) does not exist. 


Statement II On solving above trigonometric equations we 
have to take intersection of trigonometric chains given by 


TT 
sec x>1and x=nt+—,neé! 
4 


Sol. (c) log,,, , cos x +log.,, sin x=2 only 


When sin x=cos x 
T . 
=> x=nt+— (i) 
4 


Also, log,,, .(secx+8)>0 
=> secx+8<1 => secx<7 


..-(ii) 
Clearly, x= “ +nmt satisfy Eq.(ii) 


.. Statement I is true and Statement II is false. 


(A) Clearly, number of solutions of ltan2x|=sin x in [0,70] 


are 4. 
y=|tan 2x|7] 
O 7 x (3x [nt 
4 2 2 
y=sin x 
4tanA 
(8) id= 2tan2A _ 1—tan’A 
1-tan’2A ; tan A ; 
1—tan’ A 
4tan A(1—tan’ A 
=> tan4A= = aa) 


1+tan* A-6tan’ A 
= 4tan A—4tan’ A+(6tan’? A—tan” A—1) tan4A =0 
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T 
If A=— 
16 
Tl 31 > T a7 
=> 4tan 4tan° —+6tan tan 1=0 
16 6 16 16 
.. Required value is 2. 
(C) tan(p cot x)=cot(p tan x) 
T 
tan(potx)=tan{ ®~ptans 
T 
aaah aa 
T 
nit + — nt 
=—__4__="sinxcosx (x €[0,70]) 
tanx+cotx 2 
nt 4P... 
max > nal 
4 Tl 


Subjective Type Examples 


Ex. 37. If0 < x <3m,0<y <3m andcos x: sin y =1, then 
find the possible number of values of the ordered pair (x, y). 


Sol. Clearly, cos x-siny=1 


=> cos x =1siny=1 
or cos x =—1l1,siny=-1 
Now, cosx =1; siny=1 
TM 5ST : 
> x =0, 2m and y =—, — (i) 
2 2 
and, cos x =—1,siny=~-1 
310 i 
> x=1,3m and y=— ...(ii) 
2 


From Eqs. (i) and (ii), 
the required of ordered pairs are 


CalGralaes 


i.e. 6 solutions. 


Ex. 38. If €[0, 3m] andr € R. Then, find the pairs of 
(r,0) satisfying 2 sin® =r* —2r? +3. 


Sol. Here, 2sin@ =r* —2r? +3 
=> 2sin@ =(r?—-1)° +2 
> 2sin 0 =(r? —1) +222 (i) 
But max (sin 0) = 1 
=> max (2 sin 8) = 2 ...(ii) 


.. From Eggs. (i) and (ii) ; 


sin®=1 and r*—1=0 


(D) 508" 2x + 2sin? x 452008" x+ sin? 2x —126 


2 2 


ees - 2 
cos“ 2x+ 2sin* x 2-2 sin” x+1—cos“ 2x 
5 +5 


50s ax + 2sin® x 453-08" ax+2sin® x 
2 s 2 
Put cos" 2x + 2sin” x = y, we get 


5% +5° 7% =126 


125 
By + - =126 = 5”=125,1 > y=3,0 
5° 


2 +2 T 3% 
cos’ 2x+2sin°x=3 > x=—,— 
2 2 
cos’ 2x+2sin’ x #0 ; o* 313 

T 


=> 6 =—,— and r=+1 


.. Required ordered pairs are 


Pee) 


ie. 4 ordered pairs. 


Ex. 39. Find all the values of ® satisfying the equation, 
sin 70 = sin 9 + sin 30 such that0 SO <7. 
Sol. Given, sin 70 = sin 0 + sin 30 
=> sin 70 — sin 0 — sin 30 =0 
2 sin 30 - cos 40 — sin30 =0 
sin 30 (2 cos 48 — 1) =0 


1 
> sin 30 =0 or aa 
; T 
i.e. 30 =n7,neEl or ae ae 
Tt mT, 1 
=> g=" or fea” a 
2 12 
T Tl 
putn =0,0=0 or 0 = +—,| —— rejected 
12 12 
T 
ut n=1,0=— 
. 3 
Inn nT 
or =—+—,—-— 
2 12 2 = 12 
_ 7M St 
12° 12 
270 
put re 


T T 
or 86=n+—| 7 + — rejected 
12 12 
putn =3,0=7 
T TM ST 7M 2M Oe 


cee nd 7. 
12°33 ° 12 12° 3 12 


.. Solutions are 0, 


Ex. 40. Solve sin 3x +cos 2x =— 2. 


Sol. Since, sin 3x => — 1 and cos 2x => — 1. We have, 
sin3x + cos 2x > - 2. 


Thus, the equality holds true if and only if; 


sin 3x =—1and cos 2x =-1 
T 
> 3x =nt +(- 1)" [- =) and 2x = 2nn + 1. 
2 
. TT T T 
ie. x=" +(-1) andx=nnt+t— nel 
3 6 2 


.. Solution set is, 


nm {1 ape 
{xls ; +(-1) ( = Ifo xx= net 
Note 


Here unlike all other problems the solution set consists of 
the intersection of two solution sets and not the union of 
the solution sets. 


Ex. 41. Find all values of ® which satisfy, 
sin(30 + a) + sin(38 — a) + sin(a —8) — sin(a +8) =cos a 
givencosa #0. 
Sol. Given, sin(30 + ) + sin(30 —c) + sin(a — 0) 
—sin(a +0) = cos a 


= 2sin (30) - cos (Q) + 2sin (— 8) cos(a) = cos a 
=> 2(sin 30 — sin @) cos @= cos o 
=> 2 (sin 30 — sin 8) = 1(as cos © #0 given) 
=> 2-2sin@-cos 20 =1 
=> 4 sin 0 (1 —2sin’ 0) =1 
=> 4sin 0 -8sin*°@ =1 
=> 8sin’0-4sin0+1=0 
=> (2sin 0 —1)(4 sin’ 6 + 2sin 89 — 1) =0 
. 1 . —-2444+16 -1+v¥5 
=> sin § =— or sinO = = vs 
2 8 f 
T = 5-1 
=> 6 =nn +(-1)" —, nm +(-1)' sin! v5 
6 4 
-4{-1-~v5 
or nt +(-1)" sin”! =1-v5 
4 
T 1 
= 0= nn +(- 1)’ —, nt +(-1)" 
( iS ( ee 
— 3m 
or nt +(—1)"| ——]|,nel 
10 
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“? - 821, sin( st) sin ( 54°) = 1-95 
4 10 4 
.. General solution set 


a joi = nt +(- 1)" = vero = nn +(-1)" x 


sin a sin 18° 
10 


v ol9 = nn —(-1)' | 


Ex. 42. Solve the equation 


- 4 4 _ 7 a 
sin’ x +cos. x=— sin x-cos x 
Sol. 


7 

. ~ 4 4 . 

Given, sin’ x +cos x =—sin x-Ccos x 
2 


7 

+ 12 2 2 se 2 s 

=> (sin x + cos” x) —2sin“ xcos“ x =—sinxcos x 
2 


1 7 
> 1 — —(sin 2x)? = —(sin 2x) 
2 4 
> 2sin’ 2x +7 sin 2x —-4=0 
> (2 sin 2x — 1)(sin 2x + 4) =0 
. 1 
=> sin 2x = — 
2 
or sin2x=-4<-1 (Rejected) 
1 
= 2x =nt +(- 1)" — 
6 
TL T 
Le. Pas eo 1)" — 
2 12 


Ex. 43. Find all the solutions of 
4cos’ x sin x —2 sin’ x =3 sin x 
Sol. Given, 4 cos*® x sin x —2sin’ x =3sin x 
=> 4(1-sin’ x)sin x —2sin* x —3sin x =0 
=> 4sin x —4sin’ x —2sin’ x —3sin x =0 


oe - 2 * 
—4sin” x —2sin° x +sin x =0 


=> 
> —sin x(4 sin’ x +2sin x —-1)=0 
> sin x =0 or 4sin’x+2sinx—-1=0 
—2+,/4+16 
=> sin x=sin0 or sinx= 
2(4) 
-14V75 oo 31 
=> %x=nnt or sinx= = sin —, sin 
10 
Tl 310 
=> x=nnt,x =nt+(-1)" —, x =nn+(-1)" | -— 
10 10 


.. General solution set 


= {x|x =nt} Uf sla =m +(-1)" = 


_ 3m 


Ufa =ntt +(- 1)" 7m 


} 
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2 x 
— sec — 
Ex. 44. Solve the equation1 + 2 cosec x = __ 2 
ae 
— sec’ — 
Sol. Here, 1+2cosec x = 
2 
1+ tan?~ 
2 2 
> 1+—“—= 
sin x 2 
ie 2 (2+ sin golreent = sin x 
L 2 
| 2 tan | ~ | 2 tan — ] 
2 2 x | 
2 a ins 1+ tan 2| 
1+ tan’? = 2 panier | 
a: | 2 
Put tan — =f, 


2t a(t 
2 =~ +2/=-(1+t’) ; 
1+t 1+t 


4t°+4t+4+42t(1+t’)=0 
2r°+4t°+6t+4=0 
ie. te +2t°+3t+2=0 
(t+ 1)(t? +t+2)=0 


=> t=-1 [ot +t4+240] 
x 

or tan —=t=-1 
x T 

=> —=nnt-—,nel 
2 4 


Tt 
Thus, x = 2nt — —,n € I is the required solution. 
2 


Ex. 45. Find all values of ® lying between 0 and 21, satis- 
fying the equations 
r sin @ = V3 ...(i) 
r+4sin@ =2(V3 +1) (ii) 
Sol. We have to solve for 0, 
.. We shall eliminate r from Eqs. (i) and (ii), 


i 


sin 0 


From Eq. (i), 


.. From Eq. (ii), NS + 4sin0 = 2/3 + 1) 
sin 8 


3 + 4sin? 0 =2(3 +1)-sin®@ 
4 sin’ 0-23 sin 0 — 2sin 0 + V3 =0 
2sin 0 (2 sin @ — V3) - 1(2sin 0 — V3) =0 

(2 sin ® — 1)(2sin 0 — V3) =0 


Yyuud 


1 3 
> sin 8 = — or sin 8 = — 
2 2 
Tt 
> 0=nn+(-1)" — 
6 
or 8 =n +(- 1)" ad 
3 


= General solution set is, 


joi = nn +(-1)" "| vere = nn +(-1)" "| 


~T 
put n = 0,0 = — or — 
6 3 


T O57 T 27 
putn =1,0=7 = or 7 = 
6 6 3 3 
; TN TM 20 51 
.. Solutions are —, —, — and —. 
63 3 6 


Ex. 46. Solve the following system of equations. 


sin x + cos y=1, cos 2x —cos 2y =1 


Sol. Given, sinx+cosy=1 ...(i) 
and = (1—2sin* x)—(2 cos’ y-1)=1 
1 
Le. sin’ x + cos’ y=— ...(ii) 
2 
Put sin x = uand cos y = v in Eggs. (i) and (ii), 
1 
u+v=1 and = 
“ . 1 ; 
Solving above equations; u=—andv=— => sinx= 
db 1 
> x=nt+(-1)'—,neElI andcos y=-— 
6 2 
Tl 
=> y =2mr + z mel 


. The given equations have solutions, 


T 1 
x =nt +(— 1)" —, nel and y= 2mm + —, mel 
6 3 


Ex. 47. Find the coordinates of the points of intersection 


: .p «= TU 
of the curves y =cos x, y =sin3x if-—<x<—. 
2 2 
Sol. The point of intersection is given by 
‘ _ (Tt 
sin 3x = cos x=sin(3 *| 
n{ 7 
> 3x =nt +(-1) [E-=] 
2 
(i) Let n be eveni.e.n = 2m 
T 
=> 3x = 2mm 2-2] 
Tm Tt 
=> xo yf (i) 
2 8 


(ii) Let n be oddie.n =2m+1 


T 
> 3x =(2m + 1)0 -(2-x) 


=> 3x = 2mm + 4x = 2x =2mn+™ 
2 
> x=mnl+ ...(ii) 
Tt T 
Now, as - — <x <— 
2 2 
T™ 1 31 
ae ae ae [From Eqs. (i) and (ii)] 
8 4 8 


Thus, point of intersection are 
eas a ea 


, COS 
8 
Ex. 48. Find the range of y such that the equation in x, 


31 
8 


T 
, COS 
4 


Tl 
4 


8 


y +cos x =sin x has a real solutions. For y =1, find x such 
that0 <x <2n. 
1 


a 


Sol. We have, y = sin x— cos x al 


: T 
=v2sin| x —-— 
i] 


; 1 
sin x cos *| 
V2 


=> aJ2 2 yee i) 
Now, for y = 1 
sin x — cos x =1 
ee 
> sin x cos x = 


1 1 
V2 V2 v2 


Tl at 
> x-—=nt+(-1)"— 
4 4 
um 
=> x=nm+(-1)" —+— 
4 4 
1 
x= 1 
2 


Ex. 49. A triangle ABC is such that sin(2A +B) = . If A, 


B, C are in AP, then find the value of A, B and C. 
Sol. We have, sin(2A +B) = ; = sin (=) 


=> 


2A +B=nn +(-1)" 7 (i) 
Also, we have, A+B+C =n and2B=A+C 


3B=<n = B= 7 


=> 


...(ii) 


From Eq. (i), for n = 1 
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ey ea 
6 
zh DY eee [from Eq. (ii)] 
6 3 
T 51 
=> A=— => C=— 
4 12 


Ex. 50. Find the number of values of 8 in the interval 


[- um “| satisfying the equation, 
2 2 


(1— tan) (1+ tan ®)- sec? 0+ qa =, Also, find 


OE - ce | satisfying the given equation. 
3 3 


Sol. Given, (1 — tan 0) (1+ tan 9) sec’ 6 qgian?® 9 


(1 — tan’ 0) (1 + tan’ 6) + qian’ ® = 9 


=> 
2 
=> 1—tan’@+2'" ° =0 
322 
> 14+ 2"""°° = tan’ 6 


By observation, we have tan’ 0 = 3. 


o=mx(4] 
3 


Moreover there will be values of 0, satisfying, 3 < tan’ 0 < 4 


=> 


and satisfying the given equation as if f(x) = x* —2* -1, 
then f(3*) f(4-) <0. 

So the number of values of 0 is 4. 

™ 


5) 


And 9, lying in the interval - 7 = 


| +7 
3 
Ex. 51. Find the general solutions of the equation 
x ' ‘ 
cos ——2 sin *| sin x {i 


Ge 


Sol. Here, 


. xX 
+ sin%— 2008 x) co8 x= 
4 


[cos ¥ —2sin «sin x 4{1+ sin * — 20 x cos x =0 
4 4 


x. on 
=> cos—-sin x —2sin’ x + cos x 4 


_ x 2 
sin —- cos x —2 cos’ x=0 
4 


=> [sins . cof =] + sin{ =) - cos | + cos x —2 


(sin* x + cos’ x) =0 


: x 
=> sin(x +=) +008 x =2 
4 


5 
Since, the greatest value of sin (=) and cos(x) is 1. 
Therefore their sum is equal to 2 only if, 
sin (=) =1and cos(x) =1. 


5X 


=> = 2m + © and x = 2k (n, ke 1) 
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Since, we have two choose those values of x which satisfy i=3 
. or cos’ a= — 
both of these equations, we have 4 
8mm 20 3 3 
2kn = —— + — -cos’a<-— = 1-cos’a<1-— 
5 5 4 4 
>k= edie . where both k and n are integers. We write, = sin?a < i 
(n~1) ; 
k=n- => (sina + 1/2) (sina-1/2) <0 
5 1 : 1 
A=1 > -— Ssinas- 
for =m, we haven =1+5mandk=1+ 4m (me I) 2 2 
x=2n+8mn mel ee mn —* <a< mnt * where me 1 
Ex. 52. Find all possible triplets (x, y, z) such that Clearly, x — @ = 2nn + cos”! ee [From Eq. (i)] 
2 
(x+y) +(y + 2z) cos 20 +(z —x) sin 6 =0, for all. yi cos a 
Sol. We have, oe 2 
1 20 > x=0+2nt + cos | —————— 
= 2 
(x +y) + (y +2z) cos 20 +(z »( . )-0 vit 4 cos’ a 
= (2x +2y) +(2y + 4z) cos 20 +(z — x) —(z —x) cos 20 =0 where cos = aes or d= cos age 
2 2 
=> (2x + 2y+z—x)+(2y + 4z—-—z+ x) cos 20 =0 \1+4 cos a vit 4 cos’ a 
> (x + 2y +z) +(x + 2y + 3z) cos 20 =0 
Which is zero for all values of 0, if Ex. 54. Find the solutions of the equation 
x+2y+z=0Oandx +2y+3z=0 : F : T 
4 - (sin x + cos x) sin2x =a(sin® x +cos’ x) located between — 
=> xt+2y+z=0 2 
and x + 2y +3z=0 and t and for which values of a’ does this equation have at 
x — y Zz 


2 ae Bis dU 
most one solution satisfying the condition —< x <1. 
6=2 1-3 2=2 2 


=> x = 4k, y =—2k,z =0 Sol. (sin x + cos x)sin2x = a(sinx + cos x) 
or x =2k,y=—k,z=0 [sin’ x + cos’ x — sinxcos x] 
ie. (2k, — k,0) for any k € R. lr 1 ] 
Hence, there are infinite number of triplets. = (sin x + cos x) a = (: ~ sinae | =a --(i) 
Ex. 53. For every real number find all the real solutions Now, sinx+cosx =0 = tanx =-1= tan?” 
to equation sin x +cos (a+ x) +cos(a—x) =2. 
Sol. Given, sin x +cos (a+ x)+ cos (a—-x)=2 # <— [oF sxsa 
=> 1-sin x +2-cosa-cos x =2 a 
= ‘ = ‘ 7 . 
Let 1=r sin 0,2 cos a=r cos > Hence, there is always at least one root lying in — and 7 for 
= r(cos x cos o+sin x-sin >) =2 - 
2 - any value of the parameter a. 
where r° =1+ 4 cos‘ a : : . 
=> rcos(x- )=2, i Now, 2sin2x — 2a + asin2x =0 [from Eq. (i)] 
>r=,1+4cos’ a 2a 
3 > sin2x = (ii) 
=> cos(x— o) =— 2+a 
I T 
2 Since, —<x<Tornm<2x <20 
=> cos(x — 0) = (i) 2 
2 
yi+ 4 cos’ a => -1<sin2x <0 ...(iii) 
This equation has real solution if, Now, from Eqs. (ii) and (iii), we have 
2 
a <1 -1< = <0, where a # —2 


1+ 4 cos’ a 2t+a 
2 2 2a 2a 
or 2<J1+4 cosa or 4cos’ a>3 => 1< and <0 


~2+a 2+a 


2 
> (o- +1anda(2+a)<0 
+a 
Using number line rules, we get 
+ - + 
-2 —2/3 
2 
a<-2 or aaa (A) 
+, - it 
T T 
-2 0 
and —2<a<0 ...(B) 
From (A) and (B) -; <a<0 ...(iv) 


[i.e. common to both (A) and (B)] 


Hence, for every value of ‘a’ satisfying the condition 


2 has the roots lying 


2 
—-<a<0the equation, sin2x = 
3 2+a 


Tt 
between — and 7. 
2 


Now, we have to find the solution of the equation 


2 Tl 
sin2x = —“ , where -— <a <0 and —<x<T7 
2+a 3 2 
Clearly, M<2x <20 

31 
Case I TT <2x < — 
2 


T 
0<2x-Tl<— 
2 


2 
sin(2x) = as 
2+a 
; 2a nm 41. _,/ 2a 
sin(2x —- 1) = = sin 
2+a 2 2 2+a 


31 
Case II —<2x <2 
2 


—™ cox —an <0 
2 


: : 2 
Since, sin2x = 2 
2+a 
2 
sin(2x — 27) = . 
2+a 
. {2a 
2x — 27 =sin 
2+a 
4{ 2a 
x=M+-—sin 
2 2+a 
310 
—, for a < (-29, c0) 
4 
nm 1 ~ 2 -2 
Thus, x= sin’ 2 , for <a<o 
a: 2 2+a 3 
-2 
1. 4/ 2a for — <a<0 
T + —sin | —— |, 3 
2 2+a 
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Ex. 55. Solve the equation 


2 F 
(tan x)°* * =(cotx)*"”. 
2. 1 sin x 
Sol. (tan x)" = 
tanx 
=> (tan x) ** sin x -_ 1 


Now, here two case arises, 
Case I When tan x = 1, the power (cos’ x + sin x) can take 
any value. 
tanx =1 


Tt 
=> x = ntl + — 
4 


Case II When tan x ¥ 1, 0 and cos’ x + sinx =0 


Tt 
or x #NT,nNT + — 
4 
and 1—sin’x +sinx =0. 
> sin’ x —sinx —1=0 
14,144 J54+11-5 
sinx = = ; 
2 2 2 
5+1 a Se . 
Here, v5 > 1 which is not possible. 
2 
1-v5 
sin x = ——— =sina 
2 


. 3) 1-v5 
. x =nm+(-1)'a, where o = sin ) 
2 
Tv n 
Te =n eae) Q, 


1-v5 
where © = ww) 
2 


Ex. 56. Solve the equation 


acosx + cot x + 1 = cosec x. 


cos x 1 
Sol. acos x + —— +1=— 
sin x sin x 
> asin x cosx + cosx + sinx =1(sinx #0) 
=> sinx + cosx =1-—asinxcosx 


On squaring both sides, we get 
1+ 2sinxcosx =1+a’sin’ x cos’ x — 2asin x-cos x 
a’ sin’ x cos” x — 2(a + 1)sinx cos x =0 
sin x cos x[a’sin x cos x — 2a + 1)] =0 
sin2x[a’ sin2x — 4(a + 1)]=0 
sin2x = 0 for any value of a. 


2x =nT 


TL 
x = for ae (<9, 00) 
2 


or a’ sin2x — 4(a+1)=0 
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4(a +1) 


2 
a 


sin2x = 


*'-1<sin2x <1 for all values of x. 


or 


-a’ <4(a+1)<a@ 

-a’ <4a+4or4at+4<a@ 
a’ +4a+42>0 

a’ -4a-42>0 
(a+2)’>0 

(a—2)? -820 


which is true for all ‘a or (a — 2)’ > 8 


=> 


or 


=> 


or 


w-2eD2 
g-B2 29 
@22= 22 or gees aye 
a (-0, 2 — 2V2]U [2 + 2V2,0) 


2x =nnt +(-1)" sin M222) 


2 


2 


nm  (—1)" sin“ + 2) 


a 
nt 
“g forae (-°9, oo) 


nt | (-1)" sin( 4 + 2 
2 2 2 


for a€ (—», 2 — 2/2] U [2 + 22, ~) 


Ex. 57. Find the values of ‘a’ which the system of equa- 
tions sin x- cosy =a” and siny -cos x =a have a solution. 


Sol. We have, 


: 2 : 
sinx:-cosy=a and cosx-:snmy =a 


adding above equations, 


=> 


: : 2 
sin xcos y + cosxsiny =a’ +a 


sin(x+y)=a’ +a ..-(i) 


As we know, 


Le. 


-1<sin(x+y)<1 
-1<a+a<1 
-1<a’+aanda’+a<1 


a +a+120anda’ +a-1<0 


2 2 
1. 3 1 5 
a+—| +—20and]/a+—|] -—<0 
2 4 2 4 
V5 145 
2 


true for all real ‘a and <at+-< 
2 


{S4)ses8 


: (ii) 


Again, on subtracting the two given equations, 
sinx cosy — cosxsiny =a’ —a 
> sin(x —y)=a’-a ...(iii) 
As we know, 
—1Ssin(x -—y)<1 
> -1<a@-a<i 
> -l<a@’-a and a’-as<i 


=> a—a+120and a’ -a-1<0 
2 2 
1 3 dl 5 
> a-—| +—20 and |a-—] <— 
2 4 2 4 


=> True for all real ‘a’ and <a < 
2 


nm [i ]sastt® 


5 ...(iv) 


From Eqs. (ii) and (iv) common solution is 


Pl 


os aoa | 


or 


> 


2 2 


Ex. 58. Find all the numbers a’ for which any root of the 
equation 
sin3x =asinx +(4—2|a]|) sin’ x is a root of the equation 
sin3x +cos 2x =1+2sin xcos2x and any root of the latter 
equation is a root of the former. 
Sol. The first equation of the system can be written as; 
3sin x — 4sin’® x =asinx +(4—-2|a])sin’ x 
sin x{4sin’ x + (4 —2|a|)sinx +(a—3)}=0 (i) 
The second equation is, 
sin3x + cos2x = 1+ 2sin x cos2x 
sin3x + cos2x =1+sin3x — sinx 
cos2x = 1—sinx 
1-2sin’x =1-sinx 
sin x(2sin x — 1) =0 ..-(ii) 
‘ Both equations have a common solution, therefore 
sinx =0 


Also, second root of Eq. (ii) ie. 


sin x = ; , satisfy Eq. (i). 


From Eg, Gi), (3 +(4 2\a|) +(a 3) =0 


> 1+2-|a|+(a-—3)=0 
1 

> |a|=a or a=Oforsinx =- ...(iii) 
2 


Again from Eq. (i); 
4sin’x +(4—2]a|)sinx +(a—3)=0 


For real x, (4-2|a|)’ — 4-4-(a-3) 20 
> (2- a)’ —4(a-3)2=0 
= 4-4at+a’-4a+1220 
=> a’ —8a+1620 
> (a- 4) >0 
; -(4-2|a|)+2,(a-4) 
sinx = 
2:4 
a|-—2+.,(a- 4) 
=> dag! | ( ) 
4 
: |a| -2+a-4 
=>  sinx = ——_____ 
4 
. |a|-—2-a+4 
or sin x = ——______— 
4 
F = : 1 se 
> sinx = or sinx = — [‘."|a|=a from Eq. (iii)] 
2 
‘ a— 2 
=> sinx= or sinx = 


For real x the values of ‘a’ will be suitable in the following 
three cases (also a = 0). 


: —3 
(i) . =0 > a=3 


aig 4 
Gi) 2°" == => a=4 
2 2 


sai -3 
(iii) els or ja—3|<2o0r-2<a-3<2 
2 


=> 1<as<5 
Hence, a € [1,5]. 


Ex. 59. Solve the inequality 


5 - 2 Cees 2 
—sin’ x+sin° x- cos’ x >cos 2x. 
4 


Sol. Re-writing the inequality in the form, 
5(1 — cos2x) + 2(1 — cos?2x) > 8cos2x 


or 2cos’2x + 13cos2x —7 <0 


Putting y = cos2x, we get 


y, m1 
cos3=5 
m3 
>X 
O —n/3 
Sm _1 
cos = =5 


2y°+13y-7<0 or (2y—1)(y +7) <0 


1 1 
or ylies between —7 and— or —7 < cos2x <= 
2 2 
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Since, —1 < cos2x for all x. 


1 
—1< cos2x <-, 
2 


' Tt oT 
Using figure, we get 2nm + = <2x <2nt + re 
Tt 51U 
=> AT + —< xX < nt + — 
6 6 
Ex. 60. Solve the inequality, 
: 1 
sin xcos x +—tanx 21 
2 
Sol. Left hand side is defined for all x except, 
T 
x =nt +—, wherene I 
2 


2tan x s : 
— + tanx > 2 {from given equation} 


Now, we have 5 
1+ tan* x 


Putting y = tan x, we get 


2Y sn yze or Wrydty')-Alty"), 4 
1+y (1+ y’) 
1+ y’ >0for all y. 
ay + y1t+y’)-2A1+y")20 
=> y? -—2y’ +3y-220 
or y(y-N-yy-1)+Ay-1)20 
or (y -1)(y? -y +2) 20 


2 
where y?— +2=(y-3] +2 >for ally: 


(y-1)20ortanx 21 


From figure, we get 


Y 
X= 


x 
2 


Hence, the solution of the inequality lies in the interval, 


Tl 1 
nt+—<x<nnt+—,nel 
4 2 


: Tl T 
Le. xEjnt+—,nwt+ 
4 2 


Ex. 61. If0 < x < 2m, then solve the inequality, 


2 
ca! 1 Payee, 
V2 


Sol. The given inequality can be written as; 


goers Mey -1)/'+1<2 ...(i) 
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Since, cosec’x > 1 for all real x. 
goosec?sx 2 
Also, (y —1)? +121 


=> V(y-1)? +121 


From Eqs. (ii) and (iii), 


2 
goosee* Ny +1) +122 


..From Eqs. (i) and (iv), equality holds only when, 


2. P 
goosee™* = 2and y(y- 1)? +1=1 


or cosec’x = 1 

and (y-1)?+1=1 

or sinx =+landy=1 
T 30 

or x=—,—andy=1 
2 2 


...(ii) 


...(iii) 


...(iv) 


F : ‘ rae nm 3 
Hence, the solution of the given inequality is x = ao and 


y=. 


Ex. 62. Solve the inequality, 
5 +2cos2x <3|2sinx—1|. 
Sol. The given inequality can be written as; 

5 + 2(1—-2sin’ x) <3|2sinx —-1| 
or 7 -— 4sin’ x <3|2sinx —1| 
Putting y = sin x, 

7-4y’ $3|2y-1| 


Now, consider the two cases 


_ 


(i) 2y -120 ory2=-— 


i) 


then, 7 -4y" <3(2y-1) 


[- fory2a|y-al=(y-a)] 
or 4y°+6y—-1020 or 2y°+3y—-52>0 


or (y —1)(2y +5) 20 


) 
Solving this inequality, we get y < — ; ory21. 


1 
But from the condition y = —, we have y 2 1. 
2 


i.e. sinx 21. 


The inequality holds true only for x satisfying the 
equation sin x = 1 that is 


Tl 
SE oe Te 


Ss 1 
(ii) a ea 


then, 7 - 4y° < -3(2y - 1) 


[-fory<a|y—al=—(y-a)] 
or 2y* -3y -220 


i) 


or (y-2)(2y +1) 20 


On solving the inequality, we get 


1 
ys--ory22. 
2 
re 1 1 
But from condition y < -, we have y < —-. 
2 2 


: 1 
or sinx <-- 
2 


On solving the inequality ( from graph we have) 


oT Tl 
we get, 2nl — — <x S2nt —- — 
6 6 


T [ 5 Tt | 
x =2nmt+—or x €} 2nt-—, 2nt-— 
2 6 6 | 


Thus, 


Ex. 63. Solve 


|cos x — 2 sin2x —cos3x|=1-—2sin x —cos 2x. 
Sol. Here, LHS =|cos x — 2sin2x — cos3x| 


=|(cos x — cos3x) — 2sin2x| 


= |2sin2x-sin x — 2sin2x 

= |2sin2x(sin x — 1)| 
and RHS = 1 — 2sin x — cos2x 

= 2sin* x — 2sin x = 2sin x(sin x — 1) 
Thus, | cos x — 2sin2x — cos3x |=1-—2sinx — cos2x 
could be rewritten as, 
| 2sin2x (sin x — 1)| = 2sin x(sin x — 1) 

where 1 — sin x = 0, for all real x 

| 2sin2x | (1 — sin x) = 2sin x(sin x — 1) 
= (|2sin2x|+ 2sinx)(1—sinx)=0 

Either sin x = 1 
or 4| sin x || cos x | + 2sin x = 0. So, two cases arises 
CaseI sinx =1 


Tt 
=> x=2nTt+—-,nEl 


Case II 2|sinx||cosx|+sinx =0 


Ifsin x >0 

=> 2sin x | cosx|+sinx =0 
1 : 

or | cosx|=-— (not possible) 
2 


Thus, no solution for 


sin x >0. 
Consider sin x < 0 
=> —2sin x | cosx |+sinx =0 
— sinx=Oie.x=n7,nel. 
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1 
or | cosx|=— 
2 


1 : 
> cosx = +—andsinx <0 


i) 


=> Those values which lie in III or IV quadrant 


kn+~, for k =(2m+1),mel 


x= 3 
T 
== = : : 1 : : F j 
kn 3° for k =(2m),meI The equation sin x = —|x|+ * will have solution, if the line 
2 2 
Tt 1 a ; 
a2nma+—, nel y =-—| x|+-— (parallel to y,) intersects or touches the curve 
2 2 


deme, asses a y, = sin x at least one point. In this case we must have 
, ; d 1, 7 
3 a = cos x = — (ie. the slope of the line) > x =—. 
2 3 


Tl 
2nn-—,nel x 
3 


Hence, the solution exists if, 


1 71 wd “ 33 —-1 
Ex. 64. Prove that the equation 2 sin x =| x|+a has no oo oe 
ia 3\3 -1 
solunen ora’ 3 ° Ex. 65. In AABC, prove that 
A B Cc 
3/3 — 1 cosec— + cosec — + cosec— 2 6. 
Sol. We have, ———— > 0 and hence their arises three cases 2. 2 2 


A BC 
CaseI When| x | > 2, we have Sol. Since —, —, — all are acute angles, we can use AM = GM. 
ee 2 2 2 
|x|+a>2,whereas 2sinx <2 


A B GC 
Hence the equation, ats + cosec : + — 


2sin x =| x | + a, possesses no solution for | x | = 2 i 3 
CaseII When, -—2<x<0,wehave0<|x|<2 i B cy 
= 2sinx <Oand|x|+a>0 = [cose 5 - cosec 5 - cosec =) ...{i) 
.. The equation, 
: ‘ : A. BoC 1A _ B.C 
2sin x =| x | + ahas no solution. Consider, sin —-sin—-sin — = —sin —-| 2sin—-sin 
Case III When,0< x <2, we have @ . - 2 ‘ 2 7 
i : i 1... A B=€ B+C 
In this case the given equation reduces to 3 in [ cos{ cos{ ) 
2sinx=x+t+a 2 2 2 2 
Let f(x) = 2sin x — x 1.A B-C _{A 
> f'(x) =2cosx -1=0 Sea pie 2 se 2 
Tt 
=> x = — €(0, 2) is a critical point. 1.A A B-C 
3 (0,2) P < —sin —]| 1 — sin] — | |, as cos <1 
fr 2 2 2 
f(x) =—2sin x <0 for x =— 1 A ri 
3 <=] sin— — sin’ — 
r ae 2 
> x = —isa point of maxima. P 
1| 1 1 _A 1 
< sin < 
mn mt 23 n_3V3-m 2l4 |2 2 8 
(F(x) max = 28in = = 
. 3 3 2 3 3 
A B 3 
cosec — - cosec—- cosec — = 8 ..-(ii) 
2 2 2 


: 3V3 - 1 

*. a= 2sin x — x, cannot be greater 3 — for the 
3 From Eqs. (i) and (ii), 

equation to have a solution. Hence, the result. 


A B 
a cosec — + cosec— + cosec 
= 2 


2 3 


‘ 1 
Aliter We have, sin x =—| x|+ aS (gy 
2 


1 
Now, consider the graphs of y, = sinx and y, = —| x |. = nT ts + bees + cosec— 26 
2 2 2 2 
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Ex. 66, /f —___ 


+ tana: tanB =tany, where 
cosa: cosh 


Tl sips 
0<y <—anda,f are positive acute angles, show that 
2 


teeek 
4 > 


Sol. Since, tany = 


T 
+ tana-tanB, where 0< y < — 
cosa cosf 2 


2 
Now, 1-tan*y =1- + tancctan 


cosa cos 


2 
a [ et 


cosa cos 


_ cos*a, cos” B - sin’@ sin’ B — 1— 2sin & sin 


2 2 
cos’ a.cos’B 


_ (1-sin’a) (1-sin’B)-sin’ a sin’B -1-2sina sinB 


2 2 
cos’ acos’B 

2 22 Pi. 5B 
1-sin*f-sin°a +sin°o sin’ B 


-sin’asin’B -1-2sinasinB 


2 2 
cos’ a cos" B 


(sin? +sin°B + 2sinasinB) —_ (sina + sinB)’ 


2 2 2 2 
cos’ -cos’B cos’ -cos’B 


which is < 0. (i) 
Because, if it is equal to zero then sina + sinB =0 

Qa + Qa- 
or 2sin B cos ae 0 

2 2 
a - Tt Qa + > i : 
=> either Be or Be 0 which are impossible. 
2 2 


Thus, from Eq. (i); 
1-tan*y<0 = tan’y>1 


T 
> tany>1 > y>— 
4 


ee 
4 2 


Ex. 67. Find the quadrants of the coordinate planes such 
that for each point (x, y) on these quadrants (where 
x #0, y #0), the equation; 


sin‘@ cos‘0 
+ = 


is solvable for 9. 
x y x+y 
74 4 
Sol. Here, saa i me 
x y xt+y 

=> (x + y)ysin’ 6 +(x + y)xcos*0 = xy 
=> xy(sin'@ + cos*6) +(x’ cos’@ + y’sin’ 0) = xy 
> xy{(sin’® + cos’0)* — 2sin’6 cos’6) 


+ (xcos*@ — ysin’6)? + 2xycos*Osin’0} = xy 


Ex. 


Sol. 


= xy(1—2sin*Ocos*6) + {(x cos’ — ysin’6) + 
2xycos’Osin*6} = xy 
> xy — 2xysin’@cos’0 + (xcos’6 — ysin’@)’ + 


2xy cos’ Osin’0 = xy 


=> (xcos’0 — ysin*8)’=0 => tan?@ =~ 

y 
= x and y must be of same sign, which is true in 1st and 3rd 
quadrant only. 


68. For what values of ‘b’ does the equation eis 


2cos 2x -—1 


b+sinx ; 
= possess solutions. 


(cos? x —3sin? x) tanx 


The condition for the existence of solution are, 


‘ 1... Tl 
1.2cos2x —1#401.e. cos2x #—1.e. x #— 
2 6 
. Tl i 
2.tanx#0ie.x # 0,4— (i) 
2 

2 $235 ? 2 1. Tl 

3. cos’ x — 3sin° x #01.e. tan°x #—-1.e.x ¥ + — 

3 6 


- 2 ..3 
Note 2cos2x — 1 = cos’ x — sin’ x) —(cos’ x + sin’ x) 
2 eee 
= cos x — 3sin” x 


Subject to the above condition, the equation reduces to 


bsinx =b+sinx > rae ..-(ii) 
4 4 ee b 
which is only possible if; —1< ra <1 
Le. ! ga SG dad "= ae 
b-1 b-1 
+ } - | + 
1/2 1 
and —— <0 
= i 
1 
Le. b< ; orb>1landb<1 ...(iii) 
From Eqs. (i), (ii) and (iii) 
1 
b<s- (iV 
. (iv) 
1 —T is 
When b = F eS s (from Eq. (ii)) 
‘ -T 
But from Eq. (i) x# = 
= bee (v) 
: ais 


From (iv) and (v) the equation possess solutions only when 


1 
b<-. 
Z 


Trigonometric Equations and Inequations Exercise 1: 
Single Option Correct Type Questions 


F _ x 2 _ x. : 2x ; 
. The equation 2sin — cos* x — 2sin—sin* x 7. The general solution of 8tan” —=1+sec x is 
2 2 2 


=cos” x —sin’ x has a root for which the false - 


(a) x=2nt + cos’ (=) (b) x=2nt . 


statement is 


(a) sin2x =1 (b) cos x = ; (c) x=2nt + cos" (d) None of these 
1 
(c) cos 2x = ar (d) cos x =1 8. The general solution of tan + tan 40 + tan 70 
. : = tan0- tan 40- tan 70 
. Let the smallest positive value of x for which the ant an 
; Lo ; . (a) 8=—- (b) 8=— 
function f(x) =sin— + sin —, (x € R) achieves its 4 12 
3 11 ig 
maximum value be x,. Express x, in degree i.e. x, =Q°. (©) oa (d) None of these 
Then, the sum of the digits in © is 9. The solution of the equation e“"* —e~*"* —4=0is 
(a) 15 (b) 17 


(a) x=0 
(b) x=sin™ flog(2—V5)] 


(c) no real solution 


(c) 16 (d) 18 


. The number of solutions of the equation 


16(sin® x + cos* x)=11(sin x + cos x) in the interval (d) Nene oP ihe above 
es (b) 7 10. The number of the solution of the equation 
a : 
(c) 8 (d) 9 cos(m,/x —4)-cos mv x =1is 
» xsind+ ysin2a + z sin 3a =sin 4a : % a 
c 


inb+ysin2b + zsin3b=sin 4b 
cal ae oe a 11. The number of real solution of the equation. 


x sinc + ysin2c + zsin 3c = sin 4c. sin(e*)=5* 45-° is 


Then, the roots of the equation. (a) 0 (b) 1 
; +2 - 2 d) Infinitel 
pat fat p42 * =0(a,b,c #nm)are ¢) aa Goa 
2 4 8 12. ABC isa triangle such that sin(2A + B)=sin(C — A) 
(a) sina, sin}, sinc =-—sin(B+2C)=1/2. If A, Band C are in AP, then the 
(b) eee cosb, eae value of A, Band C are 
(c) sin2a, sin2b, sin2c (a) 45°, 60°, 75° (b) 30°, 60°, 90° 
(d) cos2a, cos2b, cos2e (c) 20°, 60°, 100° (d) None of these 


. The least positive value of x satisfying 13, Let 2sin? x+3sin x-2>0and x? —x-2<0(x is 
sin® 2x + 4sin* x — 4sin* x cos” x _1 ie measured in radian). Then ‘x’ lies in the internal. 
4—sin’ 2x —4sin’ x 9 @ (2. (=) 

(a) 1/3 (b) 1/6 6 6 6 

(c) 20/3 (d) 52/6 (9-12) (a) (=2] 
. The maximum value of the expression 

sin? x+2q? — 2a’ —1-— cos’ x|, where aand x are 14. The number of points of intersection of the two curves 

y=2sin x and y=5x*° +2x+3is 


real number, is 
(a) 1 (b) 2 
(c) V2 (d) v3 2 


(a) 0 (b) 1 
(d) eo 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 
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The number of all possible triplets (a,,a,,a,) such that 
a, +a, cos2x +a, sin’ x =0 for all x is 

(a) 0 (b) 1 

(c) 3 (d) Infinite 

The equation sin* x—(k +2)sin’ x —(k +3)=0 possesses 
a solution if 
(a) k>-3 

(c) -3<ks-2 


(b) k<-2 
(d) k is any (+ ve) value 


In interval = : al the equation log ,,. (cos *0)=2has 
2 2 


(a) no solution (b) a unique solution 


(c) two solution (d) infinitely many solution 


If ¥cos0, =n, then Yisind, is 


i=1 i=1 


(a) n-1 (b) 0 
(c)n (d)n+1 
If0<x<m/2andsin” x+cos" x=1, then 
(a) né[2, °°) (b) (—29,2] 

(c) nE[-1,1] (d) None of these 


The most general values of ‘x’ for which 
sin x + cos x= min [1, a” — 4a +6] are given by 
aceR 


(a) 2nn (b) 2nn : 


(c) nn+(-1)" — (d) None of these 


4 

Value of ‘x’ and ‘y’ satisfying the equation 
sin’ y=|x* -x° —9x+9|+[x° —4x-x° +4 
+sec* 2y+cos* yare 


(a) x=1, y=nx (b) x=1 y=2nn+ 7 


(c) x=1, y=2nt (d) None of these 
If max sin 8 +3sin(0 —a)}=7, then the set of possible 


value ofa isOER 


(a) je = 2” ne| (b) {saan ner} 
(d) None of these 


The number of integral values of ‘n’ so that 

sin x (sin x + cos x)=n has atleast one solution, is 

(a) 2 (b) 1 

(c) 3 (d) zero 

Total number of solution of sin{x}= cos{x}, where {} 


denotes the fractional part, in [0,27] is equal to 
(a) 5 (b) 6 
(c) 7 (d) None of these 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34, 


If a, be [0,7] and the equation 
x’ +4+43sin(ax + b)—2x =0has atleast one solution, 


then the value of (a+ b) can be: 


71 3m 
(a) = (b) = 
oT 


(c) — 


5 (d) None of these 


The value of a for which the equation 

4cosec” (m(a+x))+a’ —4a=0has a real solution, is 
(b) a=2 

(d) None of these 


(a) a=1 
(c) a=10 
If the equation 2 cos x + cos 2Ax =3 has only one 


solution, then A is 


(a) 1 


(c) An irrational number 


(b) A rational number 
(d) None of these 


Weds: . 1 Tl n 
Let n be positive integer such that sin — + cos — = —. 
2 


2n 2n 
Then 
(a) 6<n<8 (b) 4<n<8 
(c) 6<n<8 (d) 4<n<8 


The number of solutions of the equation 
5sec0 —13=12 tan in [0,27] is 

(a) 2 (b) 1 

(c) 4 (d) 0 

The number of solution of equation 

x? +x? +4x+42sin x=0in0< x<2r is 
(a) Zero (b) One 

(c) Two (d) Four 


If tal > sin 0] = cot t cos 0} then sin 8 + cos @ is 


equal to 
(a) 0 (b) 1 
(c) -1 (d) 1 or -1 


The equation sin x + sin y+sin z=—3 for 0< x <2n, 
OS yS2n, 0<z< 2m has 
(a) one solution (b) two sets of solutions 


(c) four sets of solutions (d) no solution 


If x=nt+(-1)"a,neEl and x = nt +(-1)"f are the roots 
of 4 cos x —3sec x= tan x, then 4(sina +sinB) is 

(a) -1 (b) 1 

(c) 2 (d) None of these 

If tan m@ = tan nO and general value of 0 are in AP, then 


common difference is 


1 (b) Tt 


m+n 


(d) None of these 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


If sin 30 = 4 sina sin(x +)sin(x —c), then 
(a) x=nt + nel 
(b) xsnmt Tnel 
(c) x=nmt nel 


(d) None of the above 


A cos x—3sin x=) +1is solvable only, if 


(a) AE[0,5] (b) XE[4,5] 

(c) AE(—-9, 4] (d) None of these 

cos 2x —3cosx+1= : holds, if 
(cot 2x — cot x)sin(x — 71) 

(a) cosx=0 (b) cosx=1 

(c) cos (d) for no value of x 


Tl : 
If sec x cos 5x =—1and0< x <-, then x is equal to 
4 


Tl T 
a) — b) — 
(a) : (b) P 
T 
(c 3 (d) None of these 


If sin'” @ —cos'” @ =1, then @ is 


T 1 
SH met (b) air ates 


(c) n+ 7 nel (d) ant" nel 


If /3 sin x — cos x=min {2,e",1,0° — 40 +7}, then 
QaeR 


2m 
(a) x=2nt,neI (b) seater ed 


n+1 


mn 1 nm 1 
=nt +(-1)" —+—,nel (d) x=nm+(-1)""' —-—,nelI 

a rr ae rere 

The number of solutions of the equation 

cos 4x +6=7 cos 2x, when x € [315° ,317° Jis 

(a) 0 (b) 1 

(c) 2 (d) 4 

The number of solutions of cot (57 sin) = tan (57 cos 8), 

V6 €(0,27) is 

(a) 7 

(c) 21 


(b) 14 
(d) 28 
If exp [(sin’ x +sin* x+sin°® x+...0c) In 2] satisfies the 


equation y* —9y+8=0, then the value of 
cos x 


Tl 
,0<x<—, is 
cos x+sin x 2 
(a) +1 > 
(c) ¥3-1 


(d) None of these 
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44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 
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Total number of solutions of cos x =.,/1—sin 2x in 
[0, 27], is equal to 


(a) 2 (b) 3 
(c) 5 (d) None of these 
If the equation cos 3x cos > x+sin3xsin* x=0, then x is 
equal to 

T T 
ene ty Dea T 
(c) = (d) None of these 


ia 


Total number of solutions of sin x =— is equal to 
10 


(a) 4 
(c) 7 


The number of all possible 5-tuples (a,,a,,a,,a,,a,) such 


(b) 6 
(d) None of these 


that a, +a, sinx+a,cosx +a, sin2x +a, cos 2x =0 
holds for all x is 
(a) zero 


(c) 2 


x, and x, are two positive values of x for which 


(b) 1 
(d) infinite 


2COS X, 


sn) é § 35) 
cos x| and 3sin© x —2 are in GP. The minimum 
value of |x, = | is equal to 


(a) (b) 


-i{ 2 
(d) cos (2) 


wa 


tB si 3 : 
If cos x— cotBsin x = v3 then the value of tan bid is 
2 
(a) tan? tan15° 
B 
b) tan— 
(b) 5 
(c) tan15° 


(d) None of the above 


The expression nsin’ 0 + 2n cos(0 +a) 


sin & sin 8 + cos 2(& +9) is independent of ‘0’, the value 
of n is 


(a) 1 (b) 2 
(c)3 (d) 4 
The value of the determinant 
1 a a’ 

cos(n—1)x cosnx cos(n+1)x|is zero if 
sin(n-—1)x sinnx  sin(n+1)x 
(a) x=nT (b) x=nt /2 

1+a’ 
(c) x=(2n+1)m/2 (d) x= ; nel 

a 
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52. 


53. 


54. 


95. 


56. 


61. 


62. 


63. 
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SME Spite lies in 

cos 

(a) (137 / 48,1470 / 48) (b) (147 / 48,187 / 48) 

(c) (187 / 48,237 / 48) (d) any of these intervals 
sin’@ cos’0 x 

If f(x)=|cos’ 0 x sin’ 0/0 €(0,7/2), then roots 

x sin’@ cos’0 

of f(x)=Oare 

(a) 1/2,-1 (b) 1/2,-1,0 

(c) -1/2,1,0 (d)-1/2,-1,0 

The equation sin x +sin y+sinz=—3for0< x <2n, 


O<y<2n,0<z<2n, has 
(a) One solution (b) Two sets of solutions 


(c) Four sets of solutions (d) No solutions 


If sec x cos5x +1=0, where 0< x <2m7, then x= 
Tl T 
a) — — b) — 
(a) rae (b) m 
(c 7 (d) None of these 
If| k |= 5 and 0° <0 <360°, then the number of different 
solutions of 3cos8 + 4sin9 =k is 
(a) Zero (b) Two 
(c) One (d) Infinite 


97. 


58. 


59. 


60. 


If cot(a@ +B) =0, then sin (a + 28) = 
(a) sin (b) cosa 
(c) sinB (d) cos2B 
If cot 8 + cot (3 + 0] = 2, then the general value of 0 is 
(a) 2nm +7 (b) 2nr 22 
(c) nm (d) nm 
1 : 
If cos 20 =(V2 + Vos 0- +] then the value of @ is 
J/2 
(a) 2nm 7 (b) 2nr 2 
(c) 2nt i (d) None of these 
sin x| |. 
If|i- = then sin x lies in 
1+sin x|_ 
11 
ay eee 
(b) ar - 
[25] 
22 


(d) None of the above 


Trigonometric Equations and Inequations Exercise 2 : 
More than One Option Correct Type Questions 


The value of ‘t’ which satisfies (¢ — | sin x [))! =315!7! 

is/ALe ........04. where [.] is GIF 

(a) 9 (b) 10 

(c) 11 (d) 12 

Let f(x) =cos(a, + x) + ; cos(a, + x) + + cos(a, + x) 
2 


1 
+...4 cos(a, + x) 
gest 


where a,,a,,...,a, ER If f(x,)= f(x,)= 


| x5.= x, | may be equal to 


0, then 


(a) 7 (b) 21 
T 
3 d) — 
(c) 3 (d) 5 
Let «, 8, y be parametric angles of 3 points P,Q and R 


respectively lying on x* + y” = 1. If the lengths of 


chords AP, AQ and AR are in GP where A is (1, 0), then 
[Given a, B, y € (0, 27)]. 


(a) sin ca cos Ys sin 
4 4 
(b) sin( "Joo * t) < dat 
(c) sin“ sin! = ae 
2 2 2 


vy. B 


a. 
(d) sin—sin— < sin— 
2 2 2 


64. Let x, y, z be elements from interval [0, 27] satisfying the 


inequality (4 + sin 4x) (2+ cot’ y)(1+sin* z)<12sin’ z, 
then 

(a) the number of ordered pairs (x, y) is 5 

(b) the number of ordered pairs (y, z) is 8 

(c) the number of ordered pairs (z, x) is 8 

(d) the number of pairs (y, z) such that z = y is 2 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


The number of integral values of a for which the system 

of linear equations x sin® — 2y cos — az =0, 

x+2y+z=0,—-x+y+z=0may have non- trivial 

solutions, then 

(a) at a =2 the given system will have finite solutions for 
OER 

(b) number of possible integral values of a is 3 

(c) for a =1 the system will have infinite solutions 


(d) for a =3 the system will have unique solution 


The equation 
2sin’ 0 + (2A —3)sin’ 6 — (3A + 2) sin® — 2A =Ohas 
exactly three roots in (0, 2) , then A can be equal to 


1 
0 b)— 
(a) oa 
(c) 1 (d)-1 
If x+y=2n/3 and sin x /sin y=2, then the 


0,47] are 4 
0,47] are 2 
0,47] are 2 
0,47] are 8 


(a) number of values of xe 
(b) number of values of x€ 
(c) number of values of y€ 
(d) number of values of y € 


If0<x<2m and |cos x| <sin x, then 


(a) the set of all values of x is je | 


(b) the number of solutions that are integral multiple of r is 


four 


(c) the sum of the largest and the smallest solution is 7 


(d) the set of all values of x is x€ ES (22 


If x and y are positive acute angles such that (x + y) and 
(x —y) satisfy the equation tan’ 6 — 4 tan@ +1=0, then 


(b) y= 


(a) x= 


ajaa|a 


(c)y= 
4m F : 

If x + y=— and sin x =2sin y, then 
3 

(a) x=nm+ nel 


(b) yan nm nel 


(c) Both (a) and (b) 
(d) None of the above 

The number of solutions of the equations 

y= : [sin® + [sin 8 + [sin 0 ]]] and [y+ [y]]=2cos® 
[where, [-] denotes the greatest integer function] is /are 


(a) 0 (b) 1 
(c) 2 (d) infinite 
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72. 


73. 


74, 


79. 


76. 
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If [sin x]+ [v2 cos x]=—3, xe [0,27], (where, [-] denotes 


the greatest integer function), then 


71 
(b) xe( n= 


(d) None of these 


Ifo €[— 27, 27] and cos & sin = /2(cos 36°— sin 18° ) 
2 2 


then a values of & is 


71 T 

(a) os (b) 6 
51 T 
(c) ~e (d) es 


The number of values of & in the interval [— 71,0] 


204 
satisfying sin + [ cos 2x dx =0, then 
a 


(a) H=0 

(b) a=0,-71,- 
T ST 

(c) ee 


(d) None of the above 


The solutions of 0 € [0,271] satisfying the equation 
log |; tan0 ([logane 3+ log 5 3/3) = —1, then 


(@)0=" (b) = 
(c) has sum _ (d) >2 


Ifo and are the solutions of acos0 + bsin® = c, then 


: : 2bc 
a) sina+sinB=— 
(a) P a+b’ 
c’-a’ 
b) sin wsinB= 
(b) P a+b’ 
2ac 
(c) sina+sinB= 
B b’ +e? 


d) sina+sinB= 
(d) si sinB aa 


77. The solution of the equation sin 2x +sin 4x =2sin 3x is 


78. 


nt 
(a) x= 3 
(b) x=nt 
(c) x=2ntt 
(d) None of the above 


The general solution of 4sin* x+cos* x=1is 


(a) @n+1)7 (b) vem 


2 
(c) nt £sin™ A 


(d) None of these 
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79. The values of x,0<x< * wheih satisfy the equation 
2 


81°" * +81°° * =30 are 


T Tl 
a) — b) — 
(a) 5 (b) ; 
T 71 
he d\ 
(c) . (d) rr 
3=1 34+1 
80. All values of x €| 0, ids such that v3 - v3 = 4,/2 
2 sinx  cosx 
are 
T T 
a) — b) — 
( te ( ae 
117 370 
ane, qn: 
(c) rv: (d) a 
2 ees 2 
+Q° -2 
81. a —= == has a solution if 
1—tan’ x cos 2x 
(a) HS-1 (b) @21 
(c) M=1/2 (d) mis any real number 


82. The equation 4sin(x+7/3)cos(x—1/6)= a’ 
+-+/3 sin 2x — cos 2x has a solution if the value of 


(a) -2 (b) 0 
(c) 2 (d) aaeE]—2,2[ 


83. Which of the following is/are correct. 
(a) (tan x)™S" * >(cot x)" S" ?, Vx €(0,7/ 4) 
(b) 4’ cosee* 5m 8X WE (0, 70/2) 
(c) (1/2) 8 < (1/3), Vx €(0, 7/2) 
(d) gh (tan x) >2n (tan 2 Vv x€(0,7 /2) 


84. The value of 0, lying between 0 =0 and 0 = - and 


satisfying the equation. 


1+cos’@ sin’ 0 4sin 40 
cos’ @ 1+sin’ 0 4sin 40 |=0, is 
cos’ @ sin’ 0 1+ 4sin 40 
in 71 

4) = hy 

(a) 7 ( ee 

(c) on (d) None of these 


85. If [x] denotes the greatest integer less than or equal to x 


then the equation sin x =[1+sin x]+[1—cos x] has no 
solution in 


Trigonometric Equations and Inequations Exercise 3 : 


Passage Based Questions 


Passage I 
(Q. Nos. 86 to 88) 


If number of solutions and sum of solutions of the equation 
3sin* x — 7sin x + 2= 0, x€ [0, 2m] are respectively N and S 


and f,(8)=sin” 6 + cos” 8. On the basis of above information, 


answer the following questions. 
86. Value of N is 


(a) 1 (b) 2 (c)3 (d) 4 
87. Value of S is 
(a) om (b) = (c)2n (d) x 


88. Ifo is solution of equation 3sin’ x —7 sinx +2=0, 
q 


x € [0, 27], then the value of f,, () is. 
97 57 65 
b) — (c) — 


d) 0 
81 81 81 ) 


Passage II 
(Q. Nos. 89 to 90) 


Let log, N =o +B where o is integer and B = [0, 1). Then, 


On the basis of above information, answer the following 
questions. 


89. The difference of largest and smallest integral value of N 


satisfying & =3 and a=5, is 
(a) 499 (b) 500 (c) 501 (d) 502 


90. If N, is number of integers when a= 2 anda =2and N, 


is number of integers when & = 1 and a=3, then the 
minimum value of (N, sec’0 + N,, cosec’@) 


(a)10 + 4 V6 (b)10+ V6 = (c) 10 (d) 100 


Passage III 
(Q. Nos. 91 to 93) 
If an angle and a side of a right angle triangle is known, then 
rest of the sides and angles can be found as follows 
In AABC (Figure 1), if 7B = 90°, ZC =8 and BC = x, then 
AB = x tan® and AC = xsecO. 
A 


Now, consider an isosceles triangle POR (Figure 2 ), 


Q 
where PQ = PR and 20N = V3 
On the basis of above information answer the following 


91. The angle of triangle POR are 
(a) 150°, 15° 15° (b) 60°, 60°, 60° 
(c) 120°, 30°, 30° (d) 75°, 52.5°, 52.5° 


92. Area of circumcircle of quadrilateral PLOM is 


(a) n 7 (= (aan 
93. Length of the side QR is 
(a) tan 15° (b) V3 tan 15° 
(c) cot 15° (d) V3 cot 15° 
Passage IV 


(Q. Nos. 94 to 96) 


o. is a root of equation (2sin x—cos x)(1+cos x)=sin* x, Bisa 
root of the equation 3cos 2x— 10cos x+ 3=Oandy is a root of 
the equation 1—sin 2x=cosx-sinx:0<a,6,y <1/2 


94. cosa + cosB+cosy can be equal to 


3/6 +2./2 +6 34/3 -8 
ers ad oer: 
(c) net (d) None of these 
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95. sina +sinB +sin y can be equal to 


(4-33 
(a) ar (b) 5/6 
34+ 4/2 1+/2 
(c) - (d) z 
96. sin(a& —B) is equal to 
(a) 1 (b) 0 
gos Oe ae 
6 6 
Passage V 


(Q. Nos. 97 to 99) 
Consider the equations 
5sin? x+ 3sin xcos x—3cos* x=2 ...(i) 
sin* x—cos2x=2-sin2x _ ...(ii) 
97. Ifo is a root of (i) and is a root of (ii), then 


tana + tan can be equal to 


(a) 1+ 69/6 (b) -1—/69 /6 
(2 @ 


98. If tana, tanB satisfy (i) and cosy, cos 5 satisfy (ii), then 


tana -tanB+ cosy + cos 4 can be equal to 


5 2 

= b) ——_+—— 
(a) (b) a Js 

5 2 5 2 

ae dd) 2 
O35 Ta OTB 

99. The number of solutions common to (i) and (ii) is 

(a) 0 (b) 1 
(c) finite (d) infinite 


Trigonometric Equations and Inequations Exercise 4 : 
Single Integer Answer Type Questions 


100. Let A, be the area of triangle AP, B which is inscribed in 


a circle of radius 2 units. If AB diameter of circle, 
kt nt+1 Tl ; 

Z ABP, = — and yA, =4cot—, then “is equal to 
2n 32 2 


k=1 


101. If the sum of the roots of the equation 
cos 4x + 6=7 cos 2x in the interval [0,314]is km,keE R 


Find (k — 4948). 
102. If equation x* tan’ 0 —- (2tan0)x +1=0Oand 


: x + : eo : -1)=0 
1+ log, ac 1+ log, ab 1+ log, be 


(where a, b,c, > 1) have a common root and then 2nd 
equation has equal roots, then number of possible value 
of 8 in (0, 7) is 


103. Number of ordered pairs (x, y) which satisfies the 
4 


ee peter ; 
relation = sin’ y.cos’ y, where y€ [0, 27]. 


2 


104. The number of solutions for, 


: *) **) 
sin| x -— |—cos| x +— |=1 
4 4 in (0,270), is 


2 ; 
cos 7x > Dicosi2x | 


cos3+sin3 
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105. If cos Asin [4 - 4 is maximum, when the values of A is 
6 


equal to = then the value of A is 


106. Let p,qe N and q> p, the number of solutions of the 
equation q {sin 0| =p icos ) in the interval [0,271] is 


107. If68,,8,,0, are three values lying in [0,27] for which 


tan0 =A, then 
1 0 2 2 0 3 1 3) | 
tan — -tan — + tan —- tan — + tan —-tan is equal 
3 
to 


108. 


109. 


110. 


111. 


Ifa be the smallest positive root of the equation 
sin (1-x)= 4) cos x, then the approximate integral 


value of © must be 


If x and y are the solutions of the equation 


12sin x +5cos x =2y” —8y+21, the value of 12 cot (2) 
2 


must be 
If tan( cos 0)= cot (msin9), then cos* (0 —1/ 4) is 
equal to 


If3sin x + 4 cos x =5, then the value of 
90 tan’ (x /2)—60 tan(x /2)+10is equal to 


Trigonometric Equations and Inequations Exercise 5 : 


Statement | and II Type Questions 


= This section contains 6 questions. Each question contains 

Statement I (Assertion) and Statement II (Reason). 

Each question has 4 choices (a), (b), (c) and (d) out of 

which only one is correct. The choices are 

(a) Statement I is true, Statement II is true; Statement II 
is a correct explanation for Statement I. 

(b) Statement I is true, Statement II is true, Statement II 
is not a correct explanation for Statement II. 

(c) Statement I is true, Statement II is false. 

(d) Statement I is false, Statement II is true. 


112. Statement I sin x =a, where —1<a<0, then for 
x € [0, nt] has 2(n —1) solutions V ne N. 


Statement II sin x takes value a exactly two times 
when we take one complete rotation covering all the 
quadrants starting from x =0. 


113. Statement I The number of solutions of the equation 
\sin x| = |x| is only one. 
Statement II sin x| ZO0VxXER. 

114, Statement I If 2sin 2x —cos2x=1, x #(2n+1)1/2, nis 
the integer, then sin 2x + cos 2x is equal to 1/5. 


. 1+2tanx—tan’ x 
Statement II sin 2x +cos2x= 


1+tan’? x 


115. 


116. 


117. 


Statement I The system of linear equations 
x +(sina)y +(cosa)z=0 
x +(cos)y +(sina)z=0 
—x+(sina)y—(cosa)z=0 


has a non trivial solution for only one value of & lying 
between 0 and 7. 


sinx cosx cosx 
Statement II jcosx sinx cos x|=0 


cosx cosx sinx 


has no solution in the interval -1/4<x<7/4. 


Let 0 €(1/ 4,7 /2), then 
Statement I (cos@)*"° <(cos@)°° <(sin6)°*° 


Statement II The equation e*"® —e ""° =4hasa 


unique solution. 


Statement I If 
exp {(sin® x+sin* x+sin® x+...inf)log, 2} satisfying the 


. cos x . 
equation x * _9x+8=0, then the value of ————— is 


cos x+sin x 
V3-1 
2 


(0<x<m/2) 


Statement II sin’ x+sin* x +sin® x+...inf=sec’ x 
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Trigonometric Equations and Inequations Exercise 6 : 
Matching Type Questions 


= Math the statement of Column I with the value of 119. Column I Column II 
Column II. i 
118 (A) Po ON (p) 9=30/8 
d Column I Column II 2 : 
(A) deo. hme thesoludonsiof ()  a-Ben (B) pecs ensue cee ae 1=0 (q) 0=712/8 
; 1. 68 : (C) 8cos’ Osin6—-4cos*O—-2sinO+1=0 (r) 0=2n/3 
See Muara oan (D) sin40=+1 (s) 0=1/6 
the solutions of cosx = — : in (a) A (p, q); B > (p, q, r); C > (x, s); D > (p, q) 
(b) A + (r, s); B > (q, r); C > (1); D > (p, s) 
[0.2m], then (c) A> (p); B > (q); C>@); D > (s) 
(B) Ifa, Bare the solutions of (q) B-y=n (d) A (s); B > (q, r); C > (r, s); D > (p, q) 
cotx= —4 3 in[ 0,27 Jand o, y 120. If f.(0) = sin® + sin30 + sin50 +... +sin((2n —1)0) 
are the solutions of cosec x=—2 ‘ " sin® + cos@ + cos50 +... + cos((2n — 1)0) 
in[0,27 ], then 
(C) Ifo, Bare the solutions of (r) Q-y=m Column I Column II 
sinx=-5 in[0,27 Jand q, y are (A) fi (=) (P) V2-1 
12 
the solutions of wee in (B) T (q) 94/3 
a (5) 
[0,270 ], then 
()  o+P=3n © £(=) @ W241 
t +y=2n 
2 O) -[# © 243 
(a) A>(q,s);B>(p,t); C3 (45, t) "\ 84 
(b) A > (q) ;B > (t); C>(@) (t) 1 
(c) A (r, t) ; B > (t); C > (p, q) 
(d) A> (p,q); B>(q, 1) C3 (8, t) (a) A (p); B>(q); C > (x); D > (s,t) 


(b) A>(t); B>(p); C>@); D>) 
(c) A>(q); B> (x); C>(s); D> (t) 
(d) A> (r,t); B >(s); C > (p); D > (q) 


Trigonometric Equations and Inequations Exercise 7 : 
Subjective Type Questions 


121. Find the number of solutions of the equations; 122. Find all value of « for which the equation 
; sin’ x + cos* x +sin2x +a =0is valid. Also, find the 
(i) | cot x | = cot x + , when x € [0, 27] : ; 
sin x general solution of the equation. 
(ii) sin® x cos x + sin® x. cos’ x + sinx.cos* x =1, 123. If32tan* 0 =2cos* & —3cosa@ and 3cos 20 = 1, then find 
when x € [0, 271] the general value of a. 


1 


(iii) 2°°* =| sin x |, when x € [— 27, 27] : —— 
| | 124. Solve for x and y 4m 4 3°Y = 414 


(iv) | cos x |=[x], (where [.] denotes the greatest 
1 


integer function). 5 165"* 93°) = 


T 
(v) x +2tan x =—, when x € (0, 27]. 
2 
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125. 


126. 


127. 
128. 


129. 


130. 


131. 


132. 
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Find all numbers x, y that satisfy the equation 


i ans : ae t. 
sin” x + - +] cos” x + - =12+-siny. 
ae 2 
sin” x cos x 2 


Find all the solutions of x, y in the equation 


ifr -x? sn’ *>2) + 2cos(x “»)| 


= 13+ 4cos*(x + y) 


Solve for x and y,1—2x—x” = tan*(x + y)+ cot’(x + y). 
Solve the system of equations 

tan’ x + cot’ x =2cos” y 

cos’ y+sin’ z=1 


Find all pairs of x, y that satisfy the equation 


3 
CO CO Oa 


Solve the equation cot) — cosecc (5) = cot. 
2 2 


; : nd Di3 
Find the general solution of 1+ sin* x + cos’* x = sin 2x. 
2 


Solve log |... ,, 2log a=—1stating any condition on ‘ 


(sin? x) 


a that may be required for the existence of the solution. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


Find all the values of ‘a’ (a # 0) for which the equation 


Ce — 8t + 13)dt = xsin * has a solution. Find the 
x 


solution. 


Find all values between 0 and mt which satisfies the 
equation 


: 17 
sin® x + cos® x = — cos’ 2x 


Find all number pairs x, y that satisfy the equation 
tan* x + tan* y+2cot’ x.cot’ y=3+sin’(x + y). 
Determine all values of ‘a’ for which the equation 


cos’ x —(a+2)cos* x —(a+3)=0, possesses solution. 


Find the solutions. 


For x € (—7, 71) find the value of x for which the given 
equation 


yess cos 2x + 2 


(V3 sin x + cos x = 4 is satisfied. 


Show that the equation 

sec 8 + cosec 8 = c has two roots between 0 and 27, if 
c’ <8and four root if c* >8 

Solve the equation for x and y, 


sin? x -1/4 


|sin x + cos x | =1+|siny|and 


cos’ y=1+sin’ y. 


Trigonometric Equations and Inequations Exercise 8 : 
~ Questions Asked in Previous 10 Years' Exam 


(i) JEE Advanced & IIT-JEE 


140. 


141. 


Let S= {x €(-7, 1): x #0, + +} The sum of all distinct 


solutions of the equation V3 sec x + cosec x 


+ Atan x — cot x)=0in the set Sis equal to 
[Single Correct Option 2016 Adv.] 


(c) 0 
The number of distinct solutions of the equation 

5 : ‘ : F 

~ cos’ 2x + cos* x +sin* x +cos® x+sin® x =2in the 


interval [0, 271] is [Integer Answer Type 2015 Adv.] 


142. 


143. 


For x € (0,70), the equation sin x + 2sin 2x —sin3x =3 has 


(a) infinitely many solutions 
[Single Correct Option 2014 Adv.] 
(b) three solutions 
(c) one solution 
(d) no solution 


Let 8,  € [0, 2] be such that 2 cos 0(1—sin @) =sin’ 0 


[tan : + cot 3) cos d — 1, tan (2m — 8) >0 


‘ 3 : 
and-—1<sin0<-— v3 . Then, cannot satisfy 
2 [More than One Correct Option 2012] 


Tv 4tt 
(b) roe re 


(d) ot <0 <2n 


Tl 
(a) a a 


4tt 31 
(c) —<o<— 
3 2 


144, 


145. 


146. 


147. 


148. 


If P= :sin@ — cos = V2 cos 0} and 


OQ = {(0:sin® + cos6 = V2 sin 0} be two sets. Then, 
[Single Correct Option 2011] 
(a)P COandQ-P#6 (b)OCP 
(c)P ZO (d)P=Q 
The positive integer value of n > 3 satisfying the 
1 1 


1 ‘ 

+ is 
. { 1 . {20 31 
sin} — sin | — in | — 
n n n 


[Integer Answer Type 2011] 
The number of values of 0 in the interval (- = 


Tl 
, — | such 
2 


that 0 4 for n =0, +1, +2 and tan® = cot50 as well as 
5 


equation 


sin 20 = cos 40 is...... [Integer Answer Type 2010] 


The number of solutions of the pair of equations 
2sin” 0 — cos 20 =0 and 2cos’ 0 —3sin0 = 0in the 
interval [0, 271] is [Single Correct Option 2007] 
(a) 0 

(b) 1 

(c) 2 

(d) 4 

The set of values of 0 satisfying the inequation 

2sin? 0 —5sin 0 +2>0, where 0 <0 < 2m, is 


[Single Correct Option 2006] 
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0, 


a 
Cc 
ae. 


ela ala ala 
——a | 
= 

ae a|3 ag 


0, 


a 
(b) oh 
| 


_—— | 
= 


(d) None of the above 


(ii) JEE Main & AIEEE 


149. 


150. 


151. 


If0< x < 2m, then the number of real values of x, which 
satisfy the equation 


cos x + cos 2x + cos 3x + cos 4x =0, is 


[2016 JEE Main] 
(a) 3 (b) 5 
(c)7 (d) 9 
The possible values of 8 € (0, 1) such that 
sin (9) + sin (40) + sin (70) = 0 are [2011 AIEEE] 


2m um 40 TM 3 8 TMT 5ST TM 2M 3 8T 
(a) —, —, —, —, —, (b) —, —, —, —, —, 
9 49 2 4 9 41223 4 9 


2m Tm MT 2M 3M 357 2m 1m T 2M 3 8 
9° 4° 2° 3° 4° 36 9'4°2'3' 4° 9 


(c) (d) 


The number of values of x in the interval [0, 370] 
satisfying the equation 2sin’ x +5sin x —3=0, is 

ial 6 (b) 1 [2006 AIEEE] 
(c) 2 (d) 4 


Answers 


Exercise for Session 1 61.(c,b) 62. (a,b,c) 63.(a,d) 64. (c,d) 65. (b,c,d) 
ical ho nen 2.3 415. aane™ 66. (a,¢,d) 67. (a,c) 68. (a,c) 69.(,d) 70. (¢) 
14 6 8 71.(a) 72. (a) 73.(a,d) 74.(a,b) 75. (a,c) 76. (a,b) 
5. nnt = 6. (6n+ I) 7.4 8. n+ = 77. (a,c) 78.(b,c) 79. (a,c) 80. (b,c) 81.(a,b) 82. (a,b,c,d) 
8 12 3 83. (a,b,c,d) 84. (a,b) 85. (a,b,c,d) 

9, Bh 10. (2n+ Ho, nt+ a 11. No solution 86.(b) 87. (d) 88. (c) 89. (a) 90. (a) 91. (c) 

3 : 8 3 92.(b) 93. (d) 94.(a)  95.(c)  96.(c) 97. (a) 

12. mt 13.5 or 14.4 15.0 98.(b) 99.(a)  100.(8) 101.(2) 102. (1) 103. (8) 


104.(1) 105.(3)  106.(4) 107.(3) 108.(2) 109. (5) 
110.(2) 111.(0) 112. (d)—-113.(b)—-114. (d)_—‘115. (b) 
116.(c) 117.(c)  118.(a) ‘119. (a) 120. (b) 


Exercise for Session 2 


T nT Tt —nAT 1 T 
1, 2ntt or (4n+ 1) 5 2. rae ae ae clears 121. (i) > (2), (ii) No solution, (iii) 4, (iv) 0, (v) 3 
4. 2nn-= 5. Innt 4 6.8 122. ae|— P ; and = caer a sin '(1— J2a+ 3) 
4 4 12 2 2 2 2 
7. nm+tan'2 orntt+ tan(-3] 8. nT, m7 123. a= 2nt+ an neZ 
3 


Tt T 
. c 124.x=nn+ (-1)"—and y= 2mm + —,m,neEZ 
Exercise for Session 3 op so 3 


1. 2nn+/™ 2. 2nn+ 2% 3. (2n+1)= 125. x = (2m + 1)™ and y= 2nt+ oH I 
4 6 4 4 2 
T T : 2n 
4, A=nt+ ie B=nt+ : 5.0 6. No solution 126. (2, 2nn + —— 2} 
3 
7. nt 8.3 9.5 10.0 


127.x=—-land y= nnd T+ 1nel 


Exercise for Session 4 128.x=kn+ . y=mmand z = nt where k,m,n €Z 


Tl Tt T T Sn 
1; [-n-Z)[En| 2. E}ufo.8 jm] On on 
6 6 2 6 6 129.x = 2mm + and y= 2(m—n)n+ —,m nel 
3. [=F2"|u 0} 4, Ee .. ; 
2 6 2 130.0 = 4m + > 
Tt T 30 
5. (0.4) “(-2.2) 131.%= ann hy S 
3nn , 3 —— 
7.R- {rex= 2 . oh ez] 8. Gaus =) 132. x = nm + (-1)" sin’! Q-¥°"" "1 and the condition is 0<a<1 
133. a = 3n(4n+ 1) 
Chapter Exercises 134. x = e +(-)" . 

1.(d) 2.) 3. (a) 4.(b) 5. (b)—6.(c) Wee eae ay 

7.(c)  8.(b) 9.(c) 10.(c) 11.(a) 12. (a) ae! = fe 
13.(d) 14. (a) 15. (d) 16. (c) 17. (b) 18. (b) 136.x=nt+ cos'Va+ 3, where n € zand a €[-3, -2] 
19.(b) 20.(c) -21.(b)~—-22.(a)—23.(a)_—-24. (b) igi 
25.(b) 26.(b) —27.(c) ~—-28.(d)_—-29.(a)_~—:30. (b) 3 
31.(d) 32. (a) 33. (a) 34. (c) 35. (a) 36. (c) 139. x= 2mn+ =, 2mn, nn + ™ and y=kn;m,n,k, el 
37.(a) 38. (a) 39.(b) 40. (b) 41. (a) 42. (b) . a 6 a a 

140.(c) 141. 142. 143. (a,c, 144, 

oy a ee 145.(7) 146.(3)  147.(c) 148. (a) 149. (c) 


49.(a) 50.(b)  51.(a) 52. (a) «53. (a) 54. (a) 


55.(c) 56. (b) 57. (a) 58.(d)  59.(b) 60. (c) i 


6. |Win — Vn] < \||m — nl 


@ 
0 Th ions > sin’ x + 20% - J2a* =1— cos? x) 


<|sin® x + 2a” — 2a” + 1+ cos’ x < V2 


: x 
P 4 x 7. Consider, tan? —=1+sec x 
1. (cos’ x — sin’ x) An —-1]=0 2 


ef a 3 1-cosx =¥ 1 
cos2x = Or =] 1écosx |! eosx 
Hence, option (d) is false. => 8cosx—8 cos’ x=(1+cosx)” 
2, 2 
2. The maximum possible value is 2. = DEORE = OeRs A Tees: ae EOs 
x => 9cos’ x-6cosx+1=0 
sin} — | takes the value 1 when 2 
3 > (3cosx—1)° =0 
1 
~ -omn + = > cosx=—=cosa 
3 2 3 
bn5 al 
ie. X _o9 4 360m => x=2nm + o where ‘& =cos > 
3 
[By using cos8@=cosa = 0=2nt + a] 
sn{ *) takes the value 1 i . 
11 => x=onnt cos"| ) 
x Tt 3 
when — =2nn + — 
11 2 8. We have tan 0+ tan 40+ tan70=tan0-tan40-tan70 
ie. ~ ~904+360n =  tan0+tan40=—tan70 + tan@-tan 40-tan70 
ad =  tan0+tan40=—tan70(1—tan0-tan 460) 
We are looking for a common solution, 7 tan0+ tan40 — 
_ = =-tan 
we have 3m — 11n =2. 1—tan0@-tan40 
Clearly, the smallest positive solution to this is m = 8, n = 2, 
thus x, =8910°, giving « = 8910. = tan(@+ 40)=—tan70 
‘ ; => tan50=tan(—70 
3. 16(sin’ x + cos’ x) —11(sinx + cosx) = 0 a ae) 
; a = og P => 50=nt +(—70) 
=> (sinx + cosx) {16(sin® x — sin” x cosx + sin® xcos’ x — a 
sinx cos’ x + cos’ x) —11}=0 = 120=nn => o= 5 rene) 
= (sinx + cosx){16(1 —‘sin’ x cos’ x —sinx cosx) — 11} = 0 0. Pure**et 
. Pute™*= 
=> (sinx + cosx) (4sinx cosx —1)(4sinx cosx + 5) =0 


; : 2 7 
Agncnaesane 526 we have Given equation becomes t“ —4t—1=0 


sinx + cosx = 0, 4sinx cosx -1=0 =F t=2% V5 mre =24 V5 
: TM 51 9M 13% 17M 217 Either sinx=log, (2+ 5) 
The required values are —, —, —, , : ’ 
12 12 12 12° 42° 12 an sinx=log (2/5) 


Thee solubous mam) as 2+5>e or as (2-1/5) is (—ve) and log is not defined for 


4. a, b, care roots of equation (—ve) values 


xsin® + y sin20+ + z sin30 =sin40 = sinx>1 = no solution. 
; : . 3 
= xsinO + y(2sin® cos®) + zGsin® — 4sin’ @) 10. For ,/x—4 to be real x>4, for which Jx is also real. 
= 4sin 9 cos@ cos20 : 
Now, if cos(t-Vx) <1, then cos(m./x-4)>1 
=> cos*0-~ cos’0 ea cosO+ ~~ = 
2 8 and, if cos(tVx)>1, then cos(m./x—-4)<1 
5 sin’ 2x + 4sin' x — 4sin’ x cos’ x _ 1 (since their product = 1) 
: 4 —sin’ 2x — 4sin’ x 9 But both of these are not possible as cos@ cannot be greater 
= 4sin’ x 1 than 1. 
Aeos 2 asin whos & 9 > cos(t ./x—4)=1 and cos(tV/x)=1 
sin'x 1 1 => x—4=0 and x=0 
> FT == = tanx=t— = = 
cos'x 9 3 => x=4or x=0 
But x=0 is not possible (as x24) 
=> x=— 


6 = x=4 is only solution. 
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11; 


12. 


13. 


14. 


15. 


16. 
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Consider R.H.S i.e.,5* +5 * 


5*+5 * 
=> 257-577)? 
2 
> 5° +5 % >2 [By using AM =>G.M] 


= From the given equation sin(e* )=2 
which is not possible for any real values of ‘x’. Thus, the given 
equation has no solution. 


We know that in a triangle A+ B+ C=180° 
and 2B=A+C (As A, B, C are in A.P) 


> 3B=180 or B=60° 
Now ‘@ be the common difference between A, B and C, 
then C-A=20 ...(i) 
=> sin(C—A)=1/2 (given) 
> sin(20)=1/2 [Using Eq. (i)] 
> 20=" ge > o=" poe 
6 12 12 
Tm TT T ST 
Now, A=B-0 or 
3 12 3 12 

T T TM OST 
= A=— asa cannot be less than ‘0’ and C=— + —=— 

4 3 12 «12 
= A=45°, B=60°, C=75° 
Consider : Ist equation i.e. 2sin® x+3sinx-2>0 
> (2sin x—1)(sinx+2)>0 
> (2sinx -1)>0 [As sinx+2>0VxeER ] 

. 1 T 5ST : 
> sinx>— => xe] —,— ..-(i) 
2 6 6 


Consider x” —x-2<0 
> (x-2)(x+1)<0 = -1<x<2 
From Eqs. (i) and (ii) , 


51 T 
Now, as, eure we obtain that ‘x’ must lie in (z. 2} 


Z 3 
Consider : y=5x" 249-5 da :| 


1) 3 1 1) 14 
=5)| xt+—]}] +--— ]=5| x+—] +—>2 
5) 5 25 5) 5 


As y =2sin x <2, so there cannot be any point of intersection. 
We have a, +a, cos2x+a, sin” x=0 
>a, +a, cos2x+a,(1—cos2x)/2=0 


= which is zero for all value of ‘x’. 


Ifa, = 4 Wg 


For anykeR 
Hence, the required number of triplets is infinite. 
We have, sin’ x—(k+2)sin’ x-(k+3)=0 
og  (k+2)£ (+2) +4(k +3) (k+2)£(k+4) 
> sin’ x= = 
2 2 
= Either sin’ x=k+3 or sin’ x=-1 


=> 0<sin’ x<1 or not possible 
=> OSk+3<1 
=> —3 <k<-2 


17. 0 [=z > -1<sin0<1 


18. 


19. 


21. 


But here 0<sin0<1 [As log, x is define for a>0 or 0<a<1] 


Now, log,,, 9 cos’ 0=2 [By using log, b=c > b=a‘] 


> cos’ 0=sin’ 9 => tan’ 0=1 
Tt -l 1 
> 0=nn + —V0eE | —,— 
4 2 2 
Tt —T 
=> @=—, 8B=— 
4 4 


-t)\ -1 
(Reject as sin( =—<0) 


V2 


=> The given equation has unique solution. 


n 
Consider ¥ cos0, =n 


i=1 
cos®, + cos@, + cos@, +...+ cos0, =1+1+1...+nis valid only 
when 


n times 
cos 8, =1, cos@, =1, cos 0, =1,..., cos8, =1 
=> 8, =0, =0, =...=0, =0 
> Yi sin ®, =0 


i=1 
Case I : For n=2, sin’ x+ cos’ x=1. 
Case II : If n>2, sin” x and cos” x both decrease then 
sin" x+ cos” x<1 (as 0<x<m/2) 


Case III : If n<2, sin” x and cos” x both increases then 
sin” x+ cos” x>1 (as 0<x<m/2) 


Then, sin” x+ cos” x>1 for n<2 
>nE(-~,2] 


. sinx+cosx=min{1,a° —4a+6} ...(i) 
aceR 


As, a’ —4a+6=(a—-2)’ +2>2 for alla 
=> (i) becomes sinx+ cosx=1 


> sin +4) : 
in} x+— |=—= 

4) V2 

Tl n 

> aaa a 


n 


> x=ntt + (-1) 


sin’ y=|x? —x* 9x49] + |x° —4x—x° + 4|+sec” 2y +cos'y 
Now, for x=1 (According to the choices) 


sin’ y=sec’ 2y+cos* y 


> sin’ y-cos’ 2y=1+ cos‘ y-cos’ 2y 
Now, R.H.S 21 and L.H.S <1 
=> LHS=1 
> sin’ y-cos’ 2y=1 
> sin’ y=1 and cos’ 2y=1 
5 yet 
2 


™ 
General values of ‘y’ is 2nt + rm 


T 
Hence, x=1 a daar 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


As :5sin0+3sin(0—)=5sin0+3 
(sin 8cos —cos Osin 1) =(5 +3 cos ) 
sin 8—3sin acos0 


Now, —(5+3cosa)’ +9sin’ & <5sin0 
+3sin(0-c)<,/(5+3 cosa)” +9sin® o 
=> max {5sin 0+ 3sin(0—a)} =,/34+30cosa 
ER 
49 —34 

> .(34+30cos@=7 => cosa= 

30 
=> 


1 Tt T 
cosQ=—=cos— > “=2nt + — 
2 3 3 


Consider : sin x(sinx+cosx)=n 

1—cos2x  sin2x 

+ =n 
2 2 


=> sin’ x+sinx-cosx=n => 


=> sin2x—cos2x=2n-1 
=> As - 2 <sin2x—cos2x<J2 
> ai/2 on —1ea/2 
1-2 1+-+2 
> Pcs =>n=0,1 


sin{x}=cos{x} graph of y =sin{x} and y cos{x} meet exactly 6 
times in [0, 27]. 


x’? +4-2x+3sin(ax+b)=0 
(x-1)’ +3+3sin(ax+b)=0 
= x=1andsin(ax+b)=-1 


31 
> sin(a+b)=-1 > ars 
Here, 4[1+ cot’ m(a+ x)]+a’—4a=0 
> 4cot’ m(a+ x)+(a—2)’ =0 
> a-2=0 and cot’m(a+x)=0 > a=2 


As max cos@=1, 2cosx+ cos2Ax=3 is possible only when 
cosx=1 and cos2Ax=1, 

ie. cosx=1 and sinAx=0 

Clearly, if A is rational, say p/q, then x=2qm, q€I, satisfies both 
the equations. Therefore, for exactly one solution, x=0, A 
should be irrational. 


=< T _ (tm Tt _ (tm Tt n 
sin + cos =vsin{ ™ +) orsin( 2+] vn 
4 


“a2 


2n 2n 2n an 4 
. T tT TM 30 
Since —<—+—<— forn>1 
2n 
1 
or Agile, or 2<Vn<2V2 or 4<n<8. 
Je af? 


If n=1, L.H.S =1, R.H.S =1/2 
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Similarly for n=8, sn( yD ly 
16 4 


a3 4<n<8 
29. 5sec 0—-13=12tan0 


or, 13cos0+12sin 0=5 
13 12 
or, cos0+ sin0 
(13° +12? 13° +12? 
_ 5 
13° +12? 
5 13 
or, cos(0—«)=——=, where cos ~=———= 
V313 V313 
5 
0=2nt + cos’ ——+ a 
V313 
5 13 
=2nnt+cos ’ ———+ cos’ ——— 
V313 313 
13 
As ——, then 


5 
cos |———>cos’ ; 
V313 V313 


0€[0,27 ], when n=0 (One value, taking positive sign) and 


when n=1 (One value, taking negative sign). 
30. Here, x’ +(x+2)? +2sinx=4. 
Clearly, x=0 satisfies the equation. 
If O<x<n, x? +(x+2)’ +2sinx>4 
If m<x<2n, 
x? +(x+2)? +2sinx>27+25-2 
So, x=0 is the only solution. 


If tan{ sin a] =cot (= cos a] 
2 2 


37. 


Tt. tl 1 
= tan} —sin 0 |=tan| —-—cos@ 
2 2 2 
Tt tl 1 
> —sin0=nn +——— cosO,neEl 
2 2.2 
> sin0+ cos0=2n+1,nEl 
= sin 9+ cosO0=2n+1, 
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neél; but —/2 <sin0+ cos0< v2, therefore, sin6+ cos @=1 or —-1 


32. We have, sinx+siny+sinz=—3 
OSx<20 
OSy<20 
0 <z<20 


It is possible only, when sinx=siny = sinz=—1 


3m 
x=y aera for x,y,z €[0,27 ] 


33. 


We have, 4cosx—3sec x=tanx 


[cos x#0i.e.,xodd multiplied of *) 


3 sinx 
Then, 4cos x— =——— 
cosx cosx 


4cos’ x—3=sin x 
4—4sin’? x—-3=sin x 


4sin’ x+sinx—-1=0 
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-14+V17 
8 


sinx= 
—1+¥17 
Either sin yo =sin © (let) 
-1-v17 
or singe NIT =sinf (let) 


x=nt +(-1)" oor x=nm+(-1)"B 


-1+V17 _ , -1-V17 
a , sinB= 


sin a 
8 
So, 4(sina+sinB)=4 ane. 1) = | 2 |- 1 
8 8 8 
34. We have, tanm0=tann0 
m0=kn +nO,Vkel (Using formula) 
m0-—nO0=kn,Vk EI 
0=k- a Vkel (.. mand n are constants) 
m-n 


Then, if we put k=1, 2, 3, ... we get 
Tt 2m 31 


,..., Which is AP. 


Thus, common difference = 


m-n 
35. *. sin3a=4sin asin(x—)sin(x+ a) 
3sina—4sin*® a=4sin a(sin’® x—sin’ o) 
On dividing both sides by sina, we get 
3—4sin® @=4sin’ x—4sin’ o 
=> 4sin’ x=3 


93 
=> sin x=— 


(using formula) 


36. We know that, 


asin 0+ bcos @=c is solvable, if|c|<.fa” +b’. 


Now, Acosx—3sinx=A+1 is solvable, if 


|A+1|<.JA' +9 
(A+1)° SV 49 
NV 4+14+2ASN 49 
2A<9-1 => A<4 
LE(—-, 4] 


1 
(cot2x—cot x)sin(x—1) 
1 
sin(x—2x) 


37. We have, cos2x—3cosx+1= 


2cos’ x-1—3cosx+1= 


___(~sin x) 
sin2x-sin x 
in(B—A 
using formula, cot A—cot B 20 


sin A-sin B 


2sin x-cos x-sinx 


2cos’ x-3cosx= — 
sin’ x 


2cos’ x-3cosx—2cosx=0 
2cos’ x -—5cosx =0 
cos x(2cosx—5) =0 

Either 2cosx—5=0 


5 


> cosx= (which is not possible) 


2 

Then, cosx=0 
Tt 

38. -- sec x-cos5x=—1 and ar 


cos5x 


cosx 
=> cos5x=—cosx 
cos5x+cosx=0 
=> 2cos3x-cos2x=0 
Either 2cos3x=0 or cos2x=0 


Tl 
cos3x=0 or 2x=(2n+ aS 


3x=(2n+1)7 or x=(2n+ 17 Wnel (not possible) 


Tt 
x=(2n+1)— 
6 
Tt 
Put n=0, then aa 
Tt 
x=— 
6 


39. «sin @—cos'”’ 0=1 
sin’ 0=1+ cos” 0 
This equation is valid, if cos" 0=0 and sin’” 0=1 
( 0Scos’ O<1, 0<sin* 0<1) 


cos9=0, then sin0=1 
O=@n+1)"Wnel 
O=nn + wn el 


40. -- o° -404+7=0° —404+44+3 =(-2)' +323 
and 2<e<3 and n=3.14 
4<e’ <9 
Now, V3 sin x—cosx=min {2,e", 1,’ —40,+7} 


3 sin x—cos x=2 


: 1 
—sin x——cosx=1 
2 2 
F TT . 1 
sin x-cos——cos x:sin—=1 
6 6 


: T 
sin x} 
6 


Tt Tt 
x-—=2nt+—,Vnel 
6 2 


tl 
x=2nt+—+—,Vnel 
2 6 


27 
x=2nt + gee 


41. 


42. 


43. 


We have, cos4x + 6 =7cos2x 
2cos’ 2x —1+6—7cos2x =0 
2cos’ 2x —7cos2x +5=0 
(2cosx —5)(cos2x -1)=0 


Thus, cos2x =1 
5 
and cos2x = 7 (which is not possible, —1 < cos@ <1) 
cos2x =1 
2x =2nn, Vn EI (using formula) 
x=nn, nel 
XH Ml, 2M, BM, coves 
1:e% x = 180°, 360°, 540°, ....... 


x € [315°, 317°] 
So, x =nt ¢[315°, 317°], Vn EI 


Hence, number of solutions is 0. 


Let A =5zsin@and B =5rcos0 
Then, cot A — tanB =0 
se - a“ =0 => cosA-cosB —-sinA-sinB =0 
sinA cosB 
cos(A + B) =0 
=> A+ B=(2n+ 1) Snel Ai) 
Now, 


T 
5m sin + 57 cos@ = (2n + 1) ee el 


Zn +1 
sin8 + cos0 = n 


1 1 an+1 
sin@-——= + cos 9-—= = L 
10/2 


V2 V2 


. ( = 2n+1 
sin| 0+ —]= 
4 10V2 


Tt 
-1sin[ 0+ *) <1 


...(ii) 


2n+1 
=> ape et 
102 
-10V2 -1 oa 10/2 -1 
2 2 
-7.5<n<65 [-- V2 = 1.4 (let)] 
*'.n=-—7, —6, —5, — 4, —3, —2, -1, 0, 1, 2, 3, 4,5, 6 
Hence, number of solutions is 14. 
2 sd 16 sin’ x ; 
sin® x+sin’ x +sin’ x+...c0=——— = tan" x 
1—sin* x 
=> exp" x+sin' x+...)In 2] 7 ew x In =em gan?x 


The given equation is y’ -9y +8 >(y-1)(y—8)=0 


1 
Either y=1=>2""* =1=2° => tan’ x=0, but xe( 0%] 


“. Neglecting x=0 or y=2° = tan’ x=3 


T Tt 
> tanx=tvV3 >x=—, as ar 


_ 1/2 1 B= 
cosx+sinx 1/2++/3/2 341 2 


COS x 
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44, cosx=,/1-sin2x =|sinx—cosx| 


(i) sinx<cosx 


> cosx=cosx—sinx => sinx=0 
Tt 51 

where, x€} 0,— |U} —,2m7 |, 
4 4 


sinx=0 
> x=2m, neglecting x=1 


(ii) sinx>cosx > tanx=2 


T ST 
where xe( 7.5) “.tanx=2 => x=tan"'(2) 


Thus, the given equation has two solutions. 


45. 


and cos3x=4cos’ x-3cosx 


3 1 
> cos Ape MOA SSO) 


cos3xcos’ x+sin3xsin’ x 
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1 
We have, sin3x=3sinx—4sin® x => sin’ x= 7, @sinx sin3x) 


1 
= qieos’ 3x+3cosxcos3x +3sinxsin3x-—sin’ 3x] 


1 3 
= goes cos6x]=cos’ 2x 


T 
cos2x=0 >2x=(2n+ aS 


T 
x=(2n+1)— 
4 


ia 


46. 


there are six solutions. 


>< 


47. 
holds for all values of x, 
a, +a,+a,=0 


a,—a,+a,=0 


=> a,=0 anda, +a,=0 


T 31 
Putting x=— and — , we get 
2 2 
a, +a, —a, =O and a, —a, —a, =0 
> a, =0 and a, —a, =0 


Egs. (i) and (ii) give a, =a, =a, =a, =0 


Graphs of y=sin x and y rs meet exactly six times. Hence, 
1 


Since, the equation a, +a, sinx+a,cosx+ a,sin2x+a,cos2x=0 


(on putting x=0) 
(on putting x=7) 


...(i) 


...(ii) 


The given equation reduces to a, sin2x=0. This is true for all 


values of x, therefore a, =0 

Hence, a, =a, =a, =a, =a, =0 
Thus, the number of 5-tuples is one. 

48. 


cos’ x=2cos x(3sin* x—2) 


= cos x[cos x—2{3(1—cos’ x)—2}]=0 


= cos x(6cos” x—2+ cos x) = cos x=0, which is not possible. 
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=(x+1)[(x-cos’ 0)(cos’ 0—x) -(sin’ 9—cos’ 6)(sin’ 0-x)] 
=(x+1)[-x’-cos’ 0+2xcos’ 0 
= eet an bogie cos"(2} oe cos"(2) —xcos’ 0+ xsin’ 0—-sin’ 0+ sin’ Ocos’ 6] 
3 3 =(-1/2)(x+1)[(x—sin’ 0)’ +(x—cos’ 0)’ +(sin’? @—cos’ 0)]* 
So, f(x)=0, if x=—-1 or x=sin’ 0=cos’ 0 
sin’ 0@=cos’ 0 
if 2 > 0=1/4>x=1/2 
hg ee (2) Hence, x=—1,1/2 


1 
or 6cos’ x+cosx—2=0 > cosx=—, 


> |x, —Xx. |=“ or |x, —Xx. |=2cos . 
1 3| 3 1 2) 3 


=> le =a 


54. Given, sinx+siny+sinz=—3 is satisfied only when 


x x 
i 1-tan’— cotBtan— 
30 
49. cosx cotBsinx _ v3 => 2 2 _x3 a aaa. for x,y,z €[0,27]. 


2 2 2x 2x 2 
1+tan°— 1+tan*— 
2 55. sec xcos5x=—-1 = cos5x=—cosx = 5x=2nt + (1-x) 
3 = 
=> 1—tan’ = cotBtan == 1 + tan” ~ — (2n+1)n or ie ne 
2 2 2 2 6 4 
TM 1M 30 5M SN 7X 7M 9M 117 
=> (2+ /3)tan? ~+2cotB tan~+(/3 -2)=0 Hence, x = —,—,—,—,— ,—, —,—,, 
2 2 42 4 6 6 6 4 6 6 
= | 2 3 4 
= tan = 2cotB+ y4cot'B+ 4 _ ~2cotB£2cosecB 56. 3cos0+ 4sin0=5 | 2cos6+ sin] -scos(0-a) 
2 2(2+/3) 2(2+ V3) 3 3 
x_—cotB+cosecfh where cos @=3/5, sina=4/5 
= i (2443) Now, 3cos0+ 4sin 0=k 
- =+ - =+ 
; alt —cotB—cosecB ia a) eae ct) - 
r in ar a => —a=0°, 180° >0=«a, 180° +a 
2 (2+¥3) ; > 
. 6 57. Given, cot(a+B)=0 
> ar =tan 5 tan15° 


=> cos(a+B)=0> o0+P=(2n+ 1)e nel 


50. nsin’ 0+ 2ncos(0+ ) sinasin 0+ cos2(a+ 0 
enti lat coseieeht) ; sin(a +28) =sin(20.+ 28—«) = sin[(2n+1)n-@] 
=nsin’ 0+ncos(0+ a) {cos(O—a) —cos(0+ &)}+2 cos (0+ )-1 = sin(ann + 1c) =sin(m — 0) =sina 
= nsin’ 0+n(cos’ 0-sin’ «) —ncos’*(0+ &)+2cos’(a+0)-1 . 
= nsin’ 0+ncos’ 0-nsin’ @ +(2—n)cos’(0+ @)-1 58. cot 0+ cot( E+ a] =2 
=(n—-1)—nsin’ «+(2—n) cos’'(0+ &)=>n=2 cos0 cos{(m /4)+ 6} _ 
51. Applying C, >C, -2cosxC, +C, to the given determinant, we = sinO sin{(m/4)+0} 
get Tt T 
1 —2acosx+a’ a a => sin Pass =2sin Osin — 
0 cosnx cos(nt+1)x}=(1—-2acosx+a’ )sinx=0 Tt 7 1 
0 sinnx sin(n+1)x => sin( £+20} coo = +20) 
if sinx=0 or cosx=(1+a’)/2a ie., ifn=nn, nel a ee me = 96 =onnk: = b2nnt 
sinsa . 2 3 6 
52. ; <0ifsin3a>0 and cos2a<0 or sin3a<0 and cos2a>0 Ale 44) 
cos2a AL 
59. 2cos’ 0-(V2 +1)cos0-1+ =0 
ie., if 3@€(0,m) and 20€(m /2,3m /2) cos’ 6-(v2+1)cos Va 
or 3Q€(1,27) and2aE(—1/2,1/2 8 
( ) ( ) (V2+1)+ (V2 +1)? -— 
ie., if ©E(0,0/3) and ME(m/ 4,37 / 4) 2 
Ay 3 => cos0= 
or ME(1/3,20/3) and wE(—1/4,7/4) Le., if HE(m/ 4,7 /3) 4 
i 1 T 
since (13m / 48,14 / 48) C(n/4,7/3), - cose cos =| egy i ™ 
option (a) is correct. 4 4 
2 T 
1 cos x Trick : Since 6 = — satisfies the equation and therefore the 
53. f(x)=(sin?@+cos’O+x)|1 x sin? 4 
1 
1 sin’®@ cos’@ general value should be 2n2 + re 
1 cos’ 0 x ksin 2 lsin | 
; 60. |sinx|>0 => —+—__-<1 = 1-——_—_— 
=(x+1)}0  x-cos’@ sin’ @-x | | 1+|sin x| 1+|sin x| 


s 2 2 2 
0 sin’ @-cos 8 cos’ 0-x So, the given in equation becomes 


67. 


62. 


63. 


64. 


_ lsin x| mal 
1 +|sin x| 3 
1 sin x 1 
> ue > |sin x|<— 
3 1+|sin x| 2 
1 1 11 
> —-<sinx<- => sinxeé| --,- 
2 2 22 
(t — [|sin x] ])! =3!5!7! 
, Tt 
if x=nt bare eae) 
then (t — 1)! =3!5!7! 
> (t —1)!=10! 
> t-—1=10 
> t=11 
Tt 
Ifx#nm + Pie a 
(t-0)!=10! 
> t=10 
cosa cosa 
fx) =[ cosa + = tog SS) 
2 2" 
sina, sina, sina, \. 
cosx + +++ + —— |sinx 
2 2" 
> f(x) =A cosx — Bsinx 
Now, f(%) = F(,) = 0 
A cosx, — Bsinx, =0 
> . 
A cosx, — Bsinx, = 0 
> tan x, = tanx, 
> x, =n + x, 
> x, — X, =n 


AP= Va — cosa)’ + sin’ o 
\ . oO 
= 2jsin 01/2 | = are 


Similarly AQ = 2siné and AR = 2sin 


Now as AP, AQ, AR are in GP. 


. Q@ , : ‘ 
*, sin—, ae. ait are in GP. 


_a .,¥ 
sin— + sin— 6 
> 2 2 2 sin 
2 2 
a+ a- 
> sin ¥ cos Y ane 
2 2 
‘ B 


53 OKs ; 
Also, sin— sin— < sin— 
2 


sin’ z + cosec’z >2,2+ cot’ y >2,4+sin4x >3 


> sin’ z =1, cot’ y = 0,sin4x =-1 


T 31 
> ZEj,—, —F, 
2 2 


T 37 3n 7m lim 157 
yej—, »xe€ Narre : : 
2 2 8 8 8 8 


65. For non-trivial solution 
sin0 -—2cos0 -a 
=] 1 1 |;=0 
1 2 1 


> sin® + 4cos0 = 3a 


<a<— 
3 3 


So, 3 integral values. 


66. The equation becomes (sin 6 — 2) (sin® + A) (2sin® + 1) = 0 


=> X=+£1,0 
67. x+y=2n/3 or y=(21/3)-—x 


: . ({ 27 
sinx=2sin eas 


=73cosx+sinx => cosx=0 


Tt 
=> ae GLa i 
27 T 
> y=— —-nl -—=—— nn 
3 2 6 
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Hence, for xE[0,47], x=1/2, 37/2, 57/2, 70/2 and for 


ye[0,4n], y=1/6 , 70/6, 1370/6, 1970/6 
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68. It is easier to solve the inequality using graphical method. The 


graphs of y =|cos x and y=sin x are shown in the following 


figure. 


~< 


y =Icos xl 


3n/2 


T 31 
From the figure, |cos x|Ssin x for xe| = 20] 


69. (x+y) and(x—y) satisfy the equation tan’ @—4tan0+1=0. 


Thus, 
tan(x+y) + tan(x—y)=4 
and tan(x+y)tan(x—-y)=1 
or tan2x=tan((x+y)+(x—y)) 
ms fie tan(x+y)+tan(x—-y) 
1-tan(x+ y)tan(x—y) 
Tl 
tan2x=co or 2x=90° or x=45° 
= 
- 6 
4 
70. x+y = 
3 
and sinx=2siny 


: . ( 40 
sinx=2sin = 
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4m 4n 1 
sin x=2] sin —-cos x—cos——-sin x > ~2</2 cosx<-1 = —V2<cosx<-—= 
3 3 V2 
1 51 
3 1 
sin x=2 PE cag —sinx = —1Scosx<-—= = xe| =) 
2 2 V2 4 
‘ F 510 
sinx=— V3 cosx + sinx From Eqs. (i) and (ii), we get x] 7, 7a 
cosx=0 
a a nm) V5+1 vV5-1 1 an 1 
x=(2n+1)~,Vnel 73. Here, cos 7 ==> =2nt+ 
2° 2 4 4 4 2 2 4 3 
27 7 Tt 
game” a=4nt + —+—=4nt + —, 4nt 
2 3 6 6 
Putti ‘ ; 7% TT 
utting the value of x in Eq. (i) we get For, n=0, d=—,-— 
4n 1 6 66 
ae sin2x |" 
74. snort) =0 >sina(1+ cos30)=0 > a=0, cos3a=-1 
a 


51 
y=——nn, Vnel 
6 Tl 
3Q0=—-T, —31 er —T 


log ,3 
75. log | | 853 _, log(v3) I 


log ,tan® log 


5 
(xy) ={ om +e on |ynel 


71. We know that, 
[x+I]=[x]+ I, if J is an integer. 


2 
then, y=, [sin 0+ [sin0-+ [sin 8]]] > log 5 oo momo 


1 ‘ 
Sar panera Let log ,; tanO=y =y|2+9- 1> [Fe-t 
- + ((sin6]+ [sin 9]+ [sin 6]) 4.4 
3 => —+3=— or y'(2+3y)=y 
y=[sin 0] (i) y y 
[y +Ly]]=2cos0 => yBy* +2y-1]=0 
[y]+Ly]=2cos0 . y<o 
[y]=cos@ ...ii) yGBy-1)(y+1)=0 
—1<sin 0<1, then three cases arise: y=-1 (“ y cannot be positive) 
Case I If —1<sin0<0, then [sin@]=—1 > log ,, tanO=—1 
y=~-1 put in Eq. (ii), then tan0= : & 105 and he: 
cos =[-1]=-1 v3 6 6 
= sin0=0 “. There are two values of 0 in [0,27] 
But —1<sin0<0 76. Consider acos0+ bsin0=c 
Hence, this case is not possible. => acos@=c—bsin0 
Case II If 0<sin 8<1, then [sin6]=0 => a’ cos’ 0=(c—bsin 6)’ (Squaring both sides) 
and y=0 [from Eq.(i)] => a’(1—sin? @)=c’ —2bcesin0 + b’ sin’ 0 
Put in Eq-(ii), cos0=0 > (a’ +b’)sin? 0-2besin0+c’ —a’ =0 
=> sin@=1 = As oand f are values of ‘0' as given: 
But we have 0<sin 0<1, so this case is not possible. .. roots of above equation are sino and sing. 
Case III If sin@=1, then [sin 0]= . . bc 
. 7 : > sina+sinB=sum of roots = ——— 
y=1 put in Eq. (ii), cos8=1 = sinO=0 a’ +b° 
But, we have sin 0=1, so this case is not possible. ea 
.. Number of solutions is 0. sin a-sinB = products of roots = ath? 
a ee Bt [v2 cosx]=—3, xe[0,2r] 77. Consider sin2x+sin4x=2sin3x 
It is possible only when [sin x]=—1 and [V2 cosx]=—2 = (Guinaciaay—asnses6 
If [sin x]=—1= —-1Ssin x <0, => 2sin3x-cos x—2sin3x=0 
x €(1,270) A+B A-B 


tf [vB cosx]= . [By using sin A—sin B=2sin 5 P 


78. 


79. 


80. 


87. 


> 2sin3x(cosx—1)=0 
=> Either sin3x=0 or cosx=1 


=> 3x=nl > x=2nT 


TL 
> x= or x=2ntt [where né1] 


We have, 4sin* x+ cos* x=1 

4sin* x=1-cos* x=1 (1—cos’ x)(1+ cos’ x) 
4sin* x—[(1—cos’ x)(1+ cos’ x)]=0 

4sin* x—[sin’ x(1+ cos’ x)]=0 

sin’ x[4sin’ x—(1+ cos’ x)]=0 

[4sin’? x—-(1+1-sin’ x)]=0 

[4sin? x-1—(1—sin’ x)]=0 


sin’ x(5sin® x-2)=0 


sin’ x 


sin’ x 


YuuUYULUI 


2 
Either sin x=0 or sinx=+ Aa 


> x=nt or x=nTt ta 
eap 12 
where &=sin * _ and nel 
5 
Letsi™ * =y 
gos x =] (-sin? x) 


(i) 
then 


=81817°" * =81-y7 ...ii) 
So, the given can be written as 

y’-30y+81=0 = y=3 or y=27 
By using Eqs. (i) and (ii) 


= Either 81°" * =3 or 81" * =27 


> 4sin’ x=1 or 4sin’ x=3 
1 3 T 
> sin x=— or singet? as O< x<— 
2 2 2 
=> 


1 T ; 
ae or oar are only the solution. 


The given equation can be written as 


2] 2H) 
2/2 2/2 
+ =2 


sinx cosx 
_ 1 Tt 
sin— cos— 
= 124 12g 
sinx cosx 
Fi ™ F 
=> sin} —+x |=sin2x 
12 
Tt T 
oo or —+x=N-2x 
Tt 117 
> x=— or — 
12 36 
a = (sin’ x + a —2)(1+ tan’ x) 
1-tan’ x 1-tan’ x 
=> a’ cos’ x=sin’ x+ a —2 
> 2=sin’ x(1+ a’) 
=> sin’ x= 


1+a’ 
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82. 


83. 


84. 
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o<s—*_<1 


> Ss z= 
1+ 


=> a’ >1>0S-1 or a1 
4[sin x cos /3+ cos xsint /3]x[cosxcost /6+sinxsint /6] 


=a’ +~/3sin2x—cos2x 


1. V3 V3 1. 
= 4 -sinx+ cosx cosx +—sinx 
2 2 2 2 


=a’t V3 sin2x—cos2x 


V3sin2x+3cos? x+sin? x =a’+V3sin2x—cos2x 


cos2x+2=a’ —cos2x 
a’ —-2 


=> 
=> 
=> cos2x= 
=> 


O<a’S4 => -2<a<2 
All values of a given in (a), (b), (c), (d) satisfy this relation. 


Tt 
(a) For xe{ 0 =) tanx<cotx 


Also In (sin x)<0 


=> (tan x)" (sin (cot ree x) 
TT 
(b) For x€| 0,— |, cosec x21 
2 
=> In (cosec x) > => 4m cosec x <—5m (cosec x) 


= cosx €(0,1) 


T 
(c) xe( 02] 


1.1 
=> In(cos x) < 0 Also, a 


() (cos x) (2) (cos x) 
os, <| — 
2 3 


Tl 
(d) For xe( 0 4 


=> 


Since, sinx<tan x, we get 
In (sin x)<In (tan x) 
=> gn (sin x) <2 (tan x) 

The given equation can be written as 
1+cos’0 sin’O@ 4sin40 
-1 1 0 

0 -1 1 


[Applying R, >R,—-R, and R, >R,-R,] 
2 sin’@ 4sin40 


ad o 1 0 |=0 [Applying C, >C,+C,] 
-1 =] 1 
F : 1 
> Pe ea ners 
> so=nn+(-1y(-2] => §=— (1 
6 24 


Tt 
We have to choose values of 0s.t Bair’ 


_7m 11% 
24° 24 
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ge 
2 2 
> [1+sin x]=0, [1—cosx]=1 
2 sinx=0+1 >-1=1 
At x=0 
(1+sin x)=1, (1—cosx)=0 
sinx=1+0>0=1 
At mila 
2 
{1+sin x]=2-[1—cosx]=1 
sin x=2+1=3 
At x=T 


sinx=1+2=3 

Tl 
In 4.0} [1+sinx}-0,[1~cosx]=0 
sinx=0+0=0 

Tl ‘ 
In 02) [r+sinx)=1 [1-coss]=0 
sinx=1+0=1 

T ‘ 
In =n) {1+sin x]=1, [1-cosx]=1 


sinx=1+1=2 


31 
In not) [1+sin x]=0, [1—cosx]=1 


fi sinx=0+1=1 
.. All the four results hold. 


Sol. (Q. Nos. 86 to 88) 


86. 


87. 


88. -. 


3sin’ x —7sinx +2 =0 


1 
sinx = Fi or 2(Reject) 


N=2 


(Absurd) 


(Absurd) 


(Absurd) 


(Absurd) 


(Absurd) 


(Absurd) 


(Absurd) 


(Absurd) 


One value in first quadrant and other lies in second quadrant. 


Let x + ©, then two values © and 2m — a. 


> sum is 7 


2/2 


' 1 
sina@=—- => cosa =+—— 
3 3 
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f,(Q) =sin* x + cos* a=1-2 sin’ & cos’ a = — 


Sol. (Q. Nos. 89 to 90) 


89. 


90. 


If © =3 anda =5, then N € [5’, 5°] 
largest value of N is5* — 1 =624 
smallest value of N is5° =125 


Difference of largest and smallest integral value of N 
= 624-125 = 499 


If a =2 anda =2, then 
N, is (2°) — (2°) =4 
If @=1anda=3 then N, is3” —3' =6 
y =(N, sec’@ + N, cosec’ 0) 
= (4 sec’O + 6 cosec’@) 
. The minimum values of y is (2 + V6)’ =10 + 4v6 


81 


Sol. (Q. Nos. 91 to 93) 


91. °. 


92. 


93. 


ZOMN = 15° = ZONM 
ZMON = 180° — 15° — 15° = 150° 


M 
rea 
KA 
a 
N R 


Now, quadrilateral ONRM is cyclic 


[." ZOMR = ZONR = 90° ] 


ZR = 180° — 150° = 30° = ZO 
=> ZP =120° 
ZPLO = ZPMO = 90° 


[- PR = PO] 


“. Quadrilateral PLOM is cyclic and OP is diameter of 


circumcircle 
=> ZLOM = 180° —ZP = 60° 
> ZPOM = 30° 
P 
L a 2 M 
O 
Now, is right angled A POM, 
OP = v3 sec30° 
2 
3 2 
=_—,—_— =1 
2 3 
P 
v S 
2 


1 
Radius of circumcircle = 7 


2 
1 Tt 
Area=T7|—}| =— 
2 4 


ZOON = 15° 
on = 3. 
2 
O 


3 75° 
. 15° 
N Q 


[- AC = x sec 8] 


.. In right angled AQON 


=> 


B 


NQ = ON tan75° = a tan75° 


QR = V3 tan75° = V3 cot 15° 


Sol. (Q, Nos. 94 to 96) 


94. 


95 


96. 


97. 


=> 
=> 
=> 
So 
=> 


(2sin x—cos x)(1+ cos x)=sin’ x 

(1+ cos x)[2sin x—cosx—1+cosx]=0 
(1+ cos x)(2sin x—1)=0 

cosx=—1 orsinx=1/2 

sina=1/2 [as 0<a<m/2] 

cos a=~3 /2 


Next, 3cos’ x-10cosx+3=0 


> 


So, 


and 


(3cosx—1)(cosx—3)=0 
cosx=1/3 as cosx#3 


Pa 


cosB=1/3, sap 


1-sin2x=cos x-sinx 


= sin’ x+cos’ x—2sinxcosx=cosx—sinx 


=> 


(cos x—sin x)(cosx—sinx—1)=0 


=> Either sin x=cos x = siny=cosy=1/ V2 


or 
=> 


cosx—sinx=1—=> cosx=1, sinx=0 


cosy =1, siny=0 


cos a+ cosBh+ cosy can be equal to 


i.e., 


v3 1) or 34! 
2 3 j2 2 3 
3V64+2V2+6 3V3+8 
or 
6V2 6 


+1 


sind&+sinB+siny can be equal to 


i.e., 


1 272 1 «1 2V2 
+ + or —+ +0 
2 3 2 2 3 
gN2+14 | 3+4v2 


6V2 6 


sin(&—P) is equal to 


113 2v2 


sin &cosh—cos asinb = errs 


a. 2° 3 
_ 1-26 


6 


5sin’® x+3sinxcosx—3cos’ x =2(sin’ x+ cos’ x) 


= 3tan’x+3tanx—-5=0 => tanx= 


and 
=> 
=> 


=> 


34/69 
6 


sin’ x—cos2x=2-sin2x 


3sin’ x+2sinxcosx=3(sin’ x + cos’ x) 


cos x(2sin x—3 cos x)=0 


3 2 
Either cos x = 0 or tanx =— => cosx = +—— 
Pa 13 

: —3+-/69 3 

Taking tan i tanp=— 


we get tana+ tanB=1+ 69 /6 


Chap 02 Trigonometric Equations and Inequations 


98. Taking tana= 


-3+ 4/69 

3 

-3-./69 
6 


tanB= 


2 
cosy=0, cos6=+ — 


13 


5 
we get tanatanB+cosy+ See a 


99. (1) and (2) have no solution common. 


100. Let 0, = i 
TL 


: AB is diameter of circle. 
“A AP.B is right angled triangle. 


Pe 
..-(ii) 
A B 
...(iii) 
1 
68 > A, = AB. cos§@,- ABsin 0, 
= 4sin20, 


n+1 


Now, }'sin26, =sin20, + sin20, +...+ sin26,,, 


k=1 


_ Tt  , 20 _ (n+1)0 
=sin— + sin— + ... + sln-——— 


Tl 
= = cot — = cot 
2n 


101. 2cos’ 2x —7cos2x +5=0 
=> cos2x =1 
=> x =nt 
k=14+2+...+99 


99 x 100 
= ———— = 4950 


Now, k- 4948 = 4950-4948 =2 


T 
=>n=16 
2 
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...(i) 


102. In 2nd equation sum of coefficients is zero, hence its one root is 


1 and second root is also 1 as it has equal roots. 
Common root of first equation is 1. 

=> tan’ @-2tan0+1=0 

=> (tan0 -1)° =0 

= tan 8 =1, hence one solution in (0, 1). 
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103 x' +1 (2siny cosy)’ 
“8x? 4 


2 1 2 
=> x + — =2sin’2y 
x 


== 
LHS > 2 and RHS < 2 


LHS = RHS will hold 
only if LHS = 2 =RHS 


ie. x’ =1andsin’2y =1 

T 30% 5ST 70 
> x=+1land2y =—, —, —, — 

2° 2 2 2 
So, total number of ordered pairs are 8. 
104. We have, 
sin] x—— |—cos| x+— |=1 
4 4 
: Tv ‘ 
sin( x—% + sin{ + *) - 
4 
. T 
=> 2sin x cos—=1 
4 
. 1 

=> sin x=—— 

V2 

T 31 
=> x=—, — 

4 4 


We know that 3 radians =171° 22’. 
Therefore, sin3>0, cos3<0 and \cos3|>sin3 


cos3+sin3<0 
2cos7x ; 
Now, —_—_§_— Py ae 
cos3+sin3 
> 2cos7x<2°°**(cos3+sin3) 
=> 2cos7x<0 = cos7x<0 


nee ‘ . 
Clearly, re satisfies this equation. 


30 . : : 
Hence, x =— is the required solution. 
4 


Hence, only one solution. 


105. :. cosAsin( A-2 = 2eosAsin( A~)] 
6 2 6 


[' sin 0=sin(z —8)] 


(.. cos3+sin3 <0) 


1) 1 1 
=-—| sin} 2A sin 
2L 6 6 


eae ‘ P Tt). 7 
So, it is maximum, when sin| 2A —— | is maximum. 
6 


ie., Py ee 
6 2 
gA= 4 
2 6 
As 
3 
but As® 
Xn 


Hence, A=3 


2 sn A+ A = sin A a+t)| 
2 6 6 


106. 


107. 


108. 


109. 


110. 


Draw the curves p|cos6| and q|sin0| and find the number of 


intersection points. 
A 


sin 0 
q ql | 
p ) 7 plcos 6| 
4 
x O kT RQ Bn On ee 
2 2 
\" 
Hence, intersection points are A, B,C, D 
.. Number of solutions is 4. 
0 
3 tan——tan* — 
tan0= F) 3 
1-3 tan? — 
3 
0 0 0 
=> tan® ——3A tan——3tan—+A=0 
3 3 3 
0, 0 0 0 60 
tan—-tan— + tan—-tan— + tan—- tan + =-3 
3 3 3 3 
i) 6, 6, 6. e) 
=> |tan—-tan— + tan—-tan—+ tan—-tan—| =3 
3 3 2 
sin(1—x)20, cosx20 


coss=cos} "(1 -»| 
x=2nT + ( -(1 -»)| 


nm 1 
= x=nl-—+— 
4 2 


L.H.S <13 and R.HS = 2(y —2)’ + 13213 


5 
Roots of eqn. exist if y=2 and sin| a tan’ “ =1 
1 


3. 'D 
Now, consider sn x+tan' al =1 


a) ee 
> x+tan’— =sin‘(1) 
12 
ap oe 
=> x+tan —=— 
12 2 
a5 
> x=——tan  — 
2 12 
ajo 
> x=cot — 
12 
2 
=> cot x=— 
12 


5 
Hence, 12 cot( 22-12 cot x=12x—=5 
2 12 
tan(7 cos 0)=tan(m /2—m sin 0) 
=> TMcos0=nn+71/2—-TsinO(n €!) 


= n(sin@+ cos®) = (2n+ NS 
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. 2n+1 1 sin® cosa 
> sin 8+ cos0= 
115. Instatement,| 1 cosa sina |=0 
2nt+1 : 
> cos(mt / 4—0)= -1 sina —-cosa 
2/2 a 
i => either sina@=0 or tana=1 
Since —1<cos(m/4-0)<1 
2n+1 > a= / 4 (as 0<a<m) 
=> -1< <1 i 
2/2 and Statement II, (sinx+2cos x) 


‘ : 1 cosx cosa 
= n=0 or —1 as nis an integer 


> cos(m/4—0)=+ (1/22) 1 sinx cosx/=0 

= 8cos’(t/4—-0)=1 1 cosx sinx 

= 160os'{ *-0)=2 => (sinx+2cosx)(cosx—sin x)’ =0 
= (sinx+2cosx)(cosx—sin x)’ =0 

111. From the given equation we have which does not hold for any value of x as—™/4<x<m/4 
3 2tan(x/2) +4 1~tan*(x/2) =5 116. For (1/ 4,1 /2), iene Sane 
1+tan*(x/2)  1+tan’(x/2) V2 

=> 6tan(x/2)+ 4—4 tan*(x/2) =5+5 tan?(x/2) So, (cos6)** <(sin @)*°*° 

=> 9tan’ (x/2)—6tan(x/2)+1=0 and (cos 0)" ° <(sin@)°"” 

= 90tan?(x/2)—60 tan(x/2) = —10 => (cos@)*"° +(cos 6)" <(sin 6)" 


Showing that Statement I is true. 


pix x _ 7 ‘ 
90 tan F 60 tan ; +10 =-10+10=0 In Statement I let, eat 
2 = 
112. When n=1,. we have interval [0,7], which covers only the first ahem Se 
and second quadrants in which. => t= 4tylo+4 =2+/5 
sin x=—1/2 is not possible. Hence, the number of solutions 2 
zero. Also, from 2(n—1), we have zero solution when n=1. => e945 sin 0=log(2+ V5) 
For n=2, we have interval [0,27] which covers all the quadrants Since, 2—/5 <0, sin 0=log(2+ V5)>log, 


only once. Hence, the number of solutions is two. 


Also, from 2(n—1), we have two solutions, when n=2. = sin®>1 which is not possible. 


Fro n=3, we have interval [0,37], which covers the third and 
fourth quadrants only once. Hence, the number of solutions is 
two. But from 2(n—1), we have four solutions which contradict. 117. sin’ x+sin‘ x+sin® x+...inf 


So, the give equation has no solution and the statement II is 
false. 


Hence, Statement I is false, and Statement II is true. sin’ x ee 
= ———-=tan* x 
113. The graphs of y=\sin x| and y=|x{ is 1-sin’ x 
Y => Statement II is false. 


Now, exp {tan’ xlog, 2}=2"" * 


So gian’ x =i or pian? x =9 


X’4 >X 
=> an * =8 [. tanx>0=2™ *>1] 
> tan’ x=3 > tanx=v3 
y’ 

; F ‘ 1 1 3-1 
|sin x|=|x/| has only one solution x=0. But Statement II is not Now, =e = = = v3 
the only explanation of Statement I. cosxtsinx 1+tanx 3+1 2 

2tanx 1-tan’ x —J3 
114. sin2x=———_., cos2x =——__— ‘eet _7v3 
ae tanh 118. (A) sinx ; and cosx ; 
=> Statement II is correct. Frm f= 117 gu oe 
In Statement I, we have 6 6 67 6 
* x= si lim 57 
cos’ x= sin2x B-y- ihe 
> cos x(cos x—2sin x)=0 6 6 
> tanx=1/2as cosx#0 ape ee ae 
From Statement II we get 
. 1+1-1/4 7 “ Ags 
sin2x + cos2x=——____ =— 
14+1/4 5 (B) cot x= —4/3 and cosecx=—2 
Statement I is false a= Un ,_5h 70 
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oa-B=7 andfp+y=2n 
Bo pt 


1 1 
(C) a a N 


v3 


ge pe ge” 
6 6 6 
O-Y=T, 0+P=3n ,B+y=20 
Crr,s,t 
(A) 2sincos0=1/ 2 if cos@>0 
= sin20=1//2 > 0=1/8o0r3n/8 
sin20 = -1/+2 if cos0<0 
> 6 =5n/8 or 77/8 
A> pq 


(B) 2cos20cos 40+ cos 40 = 0 
> (2cos20+ 1) cos 40 = 0 
Either cos 40=0 

_™ 30 SN 70 


> 6 s—— ,— or cos20=-1/2 
8 8 8 8 

=> 6= 7/3 or 27/3 

“ Bop.gr 


(C) (4cos’ 0-1)(2sin8—-1)=0 


> cos’ 0=1/4 => cosO=+1/2 
> 0=n /3, 27/3 or sinO=1/2 
> 0=1/6 

“Crs 


T 30 5ST 77 


2cosx +1 1 
=> —— =0 => cosx=-— 
sinx 2 


27 
> a 


2m 41 
x=—, — 
3.5 3 
(ii) We have, sin’ xcosx + sin’ x.cos’ x + sinx.cos’ x =1 
=> sin x cos x(sin’ x + sinxcosx + cos’ x) =1 
sin2x sin2x 
=> 1+ =1 
2 
> sin2x(2 + sin2x) =4 
=> sin’ 2x + 2sin2x- 4=0 
—24.,/44+ 16 
> sin2x = —— —— = -1 £ v5 


This is not possible, as —1 <sin 2x <1. 
Hence, the given equation has no solution. 
(iii) We have, 2°°* =| sin x | 


It is true only for cosx = 0 and|sinx|=1 


Tt . . Tt 
=> cosx= rd andsinx =+1= sn 4 *) 


Tt 
> es 


But, x € [-27, 271] 


T 1m 3% 30 
x=-—, —, —, ae Hence, number of solutions = 4. 


cos x | =[x] = y (say) 


D) Ifsin40=+1, 0=—,—,—, 
ee 88 88 y y=] 
-. D>p,q 2 = -y=lsin x\ 
120. f (0) = sin® + sin30 + sin50 + ...+ sin((2n — 1)0) co LET 
cos0+ cos30+ cos50+ --- + cos[(2n-1)0] _l 
= —o \, 
[0 n ra in 220 Y 
sin 20 Graph of | cosx | and [x] don’t cut each other for any real 
sin — : value of x. 
2 sin(n @) 
= = tann0 Hence, number of solutions is zero. 
(n—1)20|. n cos(nO) 
0+ sin —(20) Tl 
(v) We have x + 2tanx = — 
cos 6 2 
sin — ™ <x 


or tanx =— -—— 


a aie aaa eee et eee 
Oo 
za an in /- | Qo oe 


? 

1 

1 

121. (i) If cot x > 0, then —— = 0 which is not possible. 
sinx i 

Now if cot x < 0, /™ 

YW aU Xx 

then, —cot x =cotx + — Y Y"479 


sin x 


122. 


123. 


124. 


Now the graph of the curve y = tanx andy = a in the 


interval [0, 27] intersect at three points. 
Hence, number of solutions is three. 


Here, (sin’ x + cos’ x)’ — 2sin’ x.cos’ x + sin2x + a =0 
> 1 ~ Tsin*2x + sindx + a=0 
> sin’ 2x — 2sin2x — 2(1 + a) =0 
> sin2x = 


> sin2x =1-~V20+4+3 


and sin2x = 1 is already included in the solution of 


sin2x =1—-~V20+4+3 


3 
But sin2x is real, so20+320ie,a=> ” 


Also, -1 <sinx <1 


-1<1-1,/20+3 <1 
=> —2<-,/2a+3 <0 


Squaring both sides, 
0<20+3<4 

> —-3<$2a<1 
3 1 3.1 
--~<QaS<-— orge] —-,- 
2 2 22], 


nt  (-1)" 
Also the general solution is, x = ; + ( . sin {1 —./20 + 3} 


Here, 3cos20 = 1=>3(2cos’ 09-1) =1 


2 
=> phos =a a coe Ge 
1 2 
«2 rs = 
sin°O@ 1-cos 0 1 
Now, tan’ 0 = ae = ——— 
cos’ 6 2 2 2 
i] 3 
32tan® 0 =2cos’ & —3cosa 
4 
1 
=> =o =2cos’ &—3cosa 
> 2cos’ a -3cosa—2=0 
> (2cosa + 1)(cosa — 2) =0 
=> 2cosa+1=0 orcosa—-—2=0 
1 
=> a alae or cos = 2 (impossible) 
T 27 
=> a=2nt + Were ae ae 


Let qin = xr and Bi /cosy = uw 
Then, the equation becomes, A + ft =11 
5’ — 2u = 2, solving these equations we get, 


2X. + 50° = 24 
or 5N + 2A —-24=0 or (5A + 12)(A-2) =0 
12 
So A =2,-— 
5 
If ee aay ae ap 
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P14 V204+3 >1] 
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: 1 
sin x =— 
2 


12 ‘ 12 ide 
IfxX=- a then 4°°* =— = which is impossible as 4°"* > 0 


when A = 2, we getu =11-2=9 


=> =9=3° 


T 1 
=> ER A a dae 


T Tt 
Thus, x=nmt + (-1)’ ms and y =2mm + = where m,n € Z. 


. The given equation is, 


siny = a sin x + 
sin‘ x 


+2) +2[ costa +2) ~24 


cos xX 


4 4 1 1 
= Asin" x + cos’ x) + 2) ——— + ; +8—24 
sin’x cos x 


1 
= 2sin* x bi cos* x) I+ aly een ae —16 
sin x.coOS xX 


: 1. 16 
=> siny =2)1—-—sin°2x]1+—- =16 
2 sin’ 2x 


16 , 
> 16 + siny =(2 ~sin’2x + =) ...(i) 
sin’ 2x 


Since, siny <1 
=> 16 + siny $17 


L.H.S. is not greater than 17, on the other hand 
0 Ssin’2x <1 


=> 2 —sin’2x >1andsin*2x <1 
16 
=> 4 216 
sin’ 2x 
16 
Lie 
sin 2x 


16 
> @—sin’2x[ 14 — Jen 
sin’ 2x 


This shows that right member of equation (i) is not less than 17. 
Thus the inequality holds only when 
siny =1andsin’2x =1 


> y=(4n+1)7,nel 


be ot 
from second equation sin’ 2x = 1 =sin® — 


T 
> Sa a 
T 
x =(2m + 1)— 
( 4 


Thus, the solution are om = ree (4n+ v4 | 
y 


. We have, 


1 i= e[ eet) + 2cos(x+ »| =13+ 4cos*(x+ y) 


=> 6/4 x? 6,/4x x’ cos(x + y) + 8cos(x + y) 
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= 13 + 4cos*(x + y) 
=> 4cos’(x+y)+(6V4x— x" —8)cos(x + y) 
+(13 -6V 4x — x’) =0...(i) 


Let, cos(x + y) =tand6,/4x — x° -8=a>6,4x-x° =8+a 


Clearly, 4x—x’ >0 or x(x-4)S0 or OS x <4 __ (ii) 
Now, — equation (i) reduces to; 
4t’ + at+(5—a)=0 
which is quadratic in t. 
D20 
a’ — 4.45 —a)>0 
a’ + 16a -8020 
(a + 20)(a — 4) = 0 
> as<-200ra=>4 ... (iii) 
However, according to substitution; 
a=6,/4x— x’ —8 
=6,/4 —(x — 2)’ -8 
-§<a<4 ...(iv) 
=> a=4 {from (iii) and (iv)} 


Hence, 6,/4x—x° -8=4 
4x—x° =2 


4x—-x? =4 
x -4x+4=0 


> (x -2)’ =Oorx=2 
Now, equation (i) becomes; 
> 4cos*(2 + y) + 4cos(2 + y)+1=0 
> (2cos(2 + y) +1)’ =0 
—) 2cos(2+ y)+1=0 
=> cos(2 + y)= — co = =) 

2 3. 
=> 2+y=2nnt + = 
=> y= tnt —2nel 


21 
Thus, the solutions are (2 2nt + = - 2} 


Rewriting the given equation as, 

{tan(x + y) — cot(x + y)}? =-(1 + 2x + x°)=-(1 + x) 
or {tan (x + y)- cot (x + y)}’ +(1 + x)’ =0 

which is possible only when, 

tan (x + y)- cot (x + y)=Oand1+x=0 


2 


Tl 
tan’(x+ y)=1= fan! and x= 


Tt 
4 


i}n i; 


sit 
Now, tan’(x + y) = tan’— =>xty=nnt 


Tl 
=> a ane 


T 
The required solutions are ( lnm + ; 


128. 


129. 


130. 


As we know, A.M. =G.M. 
tan’ x + cot’ x x Jen a, cat 

2 
> tan’ x + cot? x >2 
Now, from the first equation, 

2cos’ y >2 
cos’ y >1, which is only possible when, 

cos y =1 
Putting cos’ y = 1 in second equation we get, 
sin’z =0>z =n 


...(ii) 


Similarly cos’ y =1>y=mn .. (iii) 
Alos, tan’ x + cot’ x =2cos’ y 
=> tan’ x+cot’x=2 = tan’x=cos’x=1 
T 
=> x=kn+ a ...(iv) 


Hence, the solutions are 


Tt 
x=kn + —,y =mn,z =n wherek, mn e€ Z 
4 


The given equation can be rewrite as 


2004 * = ”) cof ==) + 2eos(*+2) -1=- 2 
2 2 ei 2 
i 
or 4cos 
2 
2 
or 2eo{ +2) cos 22) + sin’ 722) <0 
2 a 2 
=> 2oo{ 22) - coo ==} andsin'( ==2) -o 
2 Pa 2 


from second equation, we get, 


x —y =2nm, where n € I 
or y=x-2nt 
Substituting the values of y in the first equation, we get 
2cos(x — nl) =—cosnt 


=> 2cosx.cosnimt = —cosnt 


1 T 27 
> ia Te > se 


.. Solutions are, 


(20 + = } (20m n)m + * } 


s) 0 
Here ale — cot 0 = cosec o 


OS — cos® ) 
=> —+- = cosec | — 
aa” sin® 2 
is) 
2cos’ — — cos0 
=> l = cosec 
sin®@ 
0 6 0 0 
=> 2cos* [cos sin’ =sin®. cosec — 
Z 2 2 
0. 
=> 1 = cosec a . sind 


131. 


132. 


133. 


> bed > dine ts 1|=0 
2 2 2 
_ 8 61 
= sin— = 0 or cos— = — 
2 2 2 
T 
> 6 = 2nt or 0=2{ nm + ©] 


0 : 
for 0 = 2nm, cot : and cot 0 are undefined, 
Hence do not satisfy the given equation. 


21 
.. The only solution is 0 = 4nm + rs 


We know,a + 6+ c=0,6a'°+ 6' 4+ =3abe 


Put a =sinx, b =cosx,c =1 


: ; Doc 
1+ sin? x + cos’ x =3sinx.cosx =—sin2x 
2 


=> atb+c=05>1+4sinx + cosx =0 


T 
—" cos x] =-1 
4 
> cos| x — — |= cos— 
4 4 
Tt 
> ial ccar ears 


a=-1 


sin? x 


We have, log,,, .2 . log 


=> log yin x 2 = log gn x a = —2 (i) 
log,a 
= bee =e 
“ — log,sinx 
> log, a = — log, sin x)’ 
-| 
=> log,sinx = + an 
: ‘ : : (—log, a) 
as sinx <1 = log,sinx < 0, so, rejectlog,sin x = a 
-| 
> log,sin x = — ee) 
> sinx = VO tee 0/2 


=x =nm + (-1)" sin {2-V~ 7} and the condition is 
0 <a <1so that log, a is defined and log, a < 0. 


We have, f (t? —8¢ + 13)dt = xsin 
a x 


P 8t . a 
=> — —-—+13t| = xsin— 
3 2 x 
0 
x . _ a 
=> — —4x° + 13x = xsin— 
3 x 
3 _ a 
> x” —12x + 39 =3sin— {. x # Of 
x 
r _ (a 
> (x —6)° +3 =3sin| — 
x 


min. L.H.S. = 3 and max. R.H.S. =3 


= (x 6)? +3=3 and3sin( 2) =3 
x 
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134. 


135. 


136. 


137. 
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a 
x =6 andsin— =1 
x 


a Tl 
> x=6 mh Se) ee 


x 


The given equation can be rewritten as 
: : 17 : 
(sin’ x + cos* x)’ — 2sin* x.cos* x = —(1 —sin’ 2x) 
16 


Put t =sinx. cosx, 


17 
1-2?) -—2¢* =—(1 - 4¢’ 
( ) 7 ) 
=> 32t* + 4t? -1=0 
=> 32t* + 8’ — 4t7-1=0 
=> (4¢? + 1)(8t? —1) =0 
1 
> t=+—_ [40° +140] 
2/2 
> i c + ’ => sin2 + : 
sInx.cosx ==x=— nzx = = —— 
22 2 
Tl TT T 
= 2x = mm + (-17( ©] > f= 


We have, tan‘ x+ tan’ y+2cot’ xcot’ y 
=3+sin(x+y) 
=> tan’ x+tan*y+2cot’ xcot” y—2=1+sin’ (x+y) 
= (tan’ x—tan’ y)+2(tan xtany—cot x cot y)’ =—-1+sin*(x+y) 
Clearly, L.H.S 20 and R.H.S <0 
L.H.S = R.H.S =0 
=> tan’ x=tan’ y, tanxtany=cot xcoty and sin*(xt+y)=1 
=> tan’ x=tan’ y, tan’ xtan’ y=1 andsin’*(x+y)=1 


Tt 

= tan’ x=1 and x+y=nt+—,n, m, €z 
2 
Tt _ 

> rca a aL n,m, Ez 


= Thus, x=y=pme— pez 


(a+2)+ (a +2) + 4a +3) 


cos’ x= 
2 
cos? x = TE at 4) 
2 

either, cos’ x = —1 (not possible) 
or cos’ x =a+3 
Since, 0<cos’ x <1 
ee 0<a+3S51> -3Sa<s-2 
Also, cos’ x =(a + 3) 


=> x=nn+cos'.j/a+3, wheren €/ anda €[-3, -2] 


2sin? x+ 2V3 sin x.cosx+1 


Tt 
Here as *)| =4 
3 sin? x + cos’ x + 2V3 sin x .cos x 
: Tt 
=> asin x + *) =4 
6 
| V3 sin x + cos x| 
: Tt 
=> Foe + *)| =4 
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| 2sin(x + 7/6)| ™ 
> sil *)| =4 > x =2mt + Zoe 
6 
T 
- |sin(x + 1/6)| => x =2mmT or 2mm + — 
=> sin x + =) =1 2 
6 T T 
; ~ => x=2mn + —, 2mm, nn + —andy =kn;mn,kel 
To make the R.H.S. well defined it is necessary that, 2 6 
sin me =) >0 > xe (-. =) 140. Given, V3 sec x + cosec x + 2(tan x — cot x) = 0, 
6 6 
(-t<x<m)—{0,+ 1/2} 
sin(x + 71/6) 
Now, we have [so 4: =) =| => V3 sinx + cosx + 2(sin’ x — cos’ x) = 0 
. => V3 sinx + cosx —2 cos2x =0 
, Tl Tl ; 
> sin» + *) =1 > x= ea Multiplying and dividing by Va’ + b’, i.e. V3+1=2, we get 
3 1 
138. We have, 2 v3 sinx + —cosx | —2 cos2x=0 
2 2 
sec + cosec 0=c 
i — i Tl TT 
. sin@ + cos@ = csin®. cos8 => cosx- cos —+sinx-sin— | — cos2x = 0 
Squaring both sides, we get 3 3 
1 + 2sinOcos0 = c’ sin’ 0. cos’ 8 1 
=> cos| x — — | =cos2x 


2 
1+sin20 = ssn’ 20 


Put sin20=t - 2 = ann t(x— 2] 
ct’ — 4t-4=0,t €[-1,1] 

Thus, the equation must have atleast one root € [—1, 1] ra id 

Case I: D2 0, f(-1) >0, fl) >0 => 2 RE OE A EI 

=> 16+ 16c° 20,c° +4-4>0,c° -4-450 Sc’ >8 


[- cos8 = cosa => 0 = 2nn + @] 


Tl Tl 
=> x =2nl —— or3x =2nT + — 
3 3 
T ant 1 
oF 1 => x =2nT orx= + 
3 3 9 
Case | 
; _ ot _m% —5t 71 
In this case we will get two distinct values of sinz 0, resulting . = 3 == 9° 9° 9 
in 4 distinct values of 0 € (0, 271) two of them would be 
sat ; —T TOM 70 
repeated. Now, sum of all distinct solutions = a + 3 - a + rs =0 
Case II: f(1) f(—1) <0 
2 2 2 141 3 2 4 «4 6 +6 = 
> (c’ —8)c° <0>c° <8 7 He 2x + (cos’x + sin® x) + (cos’x + sin’ x) =2 
5 ; 
> qotax + [(cos’ x + sin’ x)’ —2sin’ xcos’ x] 
2 Cee 2 te ee + 2 2 
; + (cos* x + sin’ x)[(cos” x + sin® x)” —3sin° xcos° x] =2 
7 5 
Case Il > oe 2x + (1 —2sin’ xcos’ x)+ (1 —3 cos’ xsin’ x) =2 
In this case we will get one value of sin20, resulting in 2 5, = , 
distinct values of 0 € (0, 27). = 5 a ea aaa 
139. |sinx+ cosx|™ *"4 =14]sin i 5 5 
| | pny) @ => ~ cos’ 2x — —sin’ 2x = 0 
and = cos’: y=1+ sin’ y ...(ii) 4 4 
=> 1-sin’y=1+sin’y>sin’y =0,y =kn,k el = Pe es ee 
= |sinx + cosx|™ *~"/4 =1 4 4 4 
1 -% 5 stax =) 
Then, either sin’ x = Fa sinx + cosx =1 Fae 
1 
T T T > cos’ 2x =—=> 2cos’2x =1 
=> x=nnt + —orcos| x —-—]=cos— 2 
6 + 4 
=> 1+ cos4x =1 
> cos4x =0,as0<x<27 


T T T T 
Now, cos} x- =cos— > x =2mn + — 
4 4 4 4 
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4 Tm 3m Su 7m ON 11m 13m 157 
x= , 
22 Be De 22) 2 2 2 


Here, 2cos0(1—sin@) = sin’ o( tan’ + cot *) cos —1 


as 0<4x <8n 2 9 2 
sin° — + cos — 
ee hot Sn ee en = 2cos0—2 cosO sing = sin’ 6 “6 i cos —1 
e e° 8° @° 8° 8° ge" 8 a ae 
Hence, the total number of solutions are 8. 2 . 
: : 1 
142. Plan For solving this type of questions, obtain the LHS and = 2cos0—2cos0 sing =2sin’ 6} — Jeoso-1 
RHS in equation and examine, the two are equal or not for a sin 0 
given interval. => 2cos0+ 1 = 2sindcos0+ 2sinOcoso 
Given, trigonometrical equation = 2cos0+1= 2sin(6+ 6) (ii) 
(sin x —sin3x)+2sin2x =3 From Eq. (i) 
=> -—2cos2xsin x + 4sin x cos x =3 3m St 
— <0<— => 2cos0+1 €(1,2) 
. ; C+D)\.(C-D 2 3 
[. sinC — sinD =2cos sin) ——— ; 
2 * 1 <2sin(0+ 0) <2 
i = i 1 
and sin20 = 2sin@cos6] = + <sin(0+) <1 itt) 
> 2sin x (2 cos x — cos 2x) =3 2 
. e T 51 131 177 
=> 2sin x(2 cos x—2 cos’ x+1)=3 => rhe as or eros 
2 
3 1 
=> 2sinx 3 —2{ cos x-4) =3 “ x gener" 0 or ie 0<0<(22)-0 
2 2 6 6 6 6 
1\ a ( 3m 2) - (= in) 0e{ ** 
ee EY 2 ; ,— |, as at 
=> 3 sin x —-3=4] cos x 3 sin x 2 3 3° 6 2° 3 
Asx €(0,m) LHS<0 and RHS>0 144, P ={8:sin 0—cos0= 2 cos 6} 
For solution to exist, LHS = RHS = 0 => cos0(J2 +1) =sin0 
N LHS=0 > inx-3= 
ow, 3sinx—- 3 7 = BAG ued 
= sinx=1 > = => O = {0:sin@+ cos6} = V2sin0 
T => sin@ (V2 — 1) =cos0 
For x= - we 
1 2+1 
ee - { => ee ar =(/2 +1) 
RHS = 4 {cos ) sin = ( Ja 140 =a ont 
2 2 2 4 P=Q 
“. No solution of the equation exists. 145. Given, n >3 € Integer 
143. Plan It is based on range of sin x, aad 1 1 nm 1 
n = 
ie. [-1,1] and the internal for a<x<b. aa (=} a (=) aa (=) 
Description of Situation As 0, )€[0,27] and n n n 
V3 1 1 1 
tan(2m —0)>0, -1 <sin®@ < -— = 7 an on 
2 sin sin sin 
tan(2m—-0)>0 = —-tanO>0 a n Le 
-. 0 €Tlor IV quadrant. sin 30 ein 
n n__ 1 
v3 = = 
Also, —1<sin0 <—-— _ mw , 30 _ 2 
2 sin —-sin sin 
n n n 
Te OT 
a5 Shh sin — 
=> 2 cos ( sin —=—22 n 
n n : 
sin — 
n 
. amt 2m . 31 
=> 2 sin cos =sin 
4m 51 7 e e 
=> — <0<— but OeIl or IV quadrant ._ 40. 30 4r 31 
3 3 = sin =sin => = 
- a n n n n 
=> — <6<— (i) 71 
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146. Given, tan@=cot50 


Tt Tt 
> tand = tan| =—50] > a a 
Tt Tt Tt 
=> 60=—-nn > 0=—-— 
2 12 6 


Also, cos40=sin20= cos( -2 0] 


T 
> 10-20 +( 526) 
Taking positive sign, 
1 mT 1 
60=2nn+— => O=—+— 
2 3 12 


Taking negative sign, 


Tt Tt 
20=2nn-— => O0=nnt-— 
a 4 


Above values of 0 suggest that there are only 3 common 


solutions. 
1 
147. 2sin’? @-—cos20=0 = sin’O= z 
Also, 2cos’0=3sin0 sin 9 =— 


= Two solutions exist in the interval [0, 27]. 


148. Since, 2sin? 0-5sinO0+2>0 
= (2sin @—1)(sin0-2)>0 


[where, (sin 0-2) <0,V Oe R] 


(2 sin 0-1) <0 


1 
sin 80<— 
2 


From the graph, 0 € [0 2) U (=. 2n) 


149. Given equation is 


Yuuay 


cos x+ cos 2x + cos3x + cos 4x =0 
(cos x + cos 3x) + (cos 2x + cos 4x) =0 
2 cos 2x cos x + 2 cos3x cos x =0 


2 cos x (cos 2x + cos 3x) =0 


BPs x 
2 cos x | 2 cos — cos —|=0 
2 2 


5x x 
=> cos x - cos —-cos— =0 
2 2 
5x x 
=> cos x =0 or area eal 
Now, cos x =0 
T 31 
=> x=—,— [. OS x<2m] 
2 2 
5x 
cos — =0 
2 
5x mT 3m 50 7M ON 117 
= =—s5 , , > onny 
2 2 2° 2° 2 2° 2 
T 31 7m OT 
=z x=—, —, 1,:—;,— [. OS x <27] 
5 5 5 65 
x %T 30 5T 
and cos = SS SS, 
2 2 2 2 
> x= [. OS x <27] 
TM 31 T 30% 70 OT 
Hence, x=, Tl, —, 


272° °5'5°5°5 


150. sin 0+ sin 40+ sin70=0 
sin 40 + (sin 0+ sin 70) = 0 
sin 40+ 2sin 40-cos30=0 


> 


As, 


=> 


1 
sin 40 {1+ 2 cos30}=0 = sin 40=0, cos3 —— 


0<0<Tm 
0<40<47 
40 = 7, 27, 30 
1 
cos 30 =-—— 
2 
2m 4m 87 
0<30<3n => 30=—, —,— 
a. 3) 33 


_@ T 3m 2m 4n 80 
4°2° 4° 9° 9°9 


151. Given equation is 2sin’ x + 5sin x —3 = 0. 


> 


=> 


(2sin x —1)(sin x + 3) =0 


; 1 
sin x =— 


[sin x #-3] 


It is clear from figure that the curve intersect the line at four 
points in the given interval. 


Hence, number of solutions are 4. 
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Session 1 


Basic Relation between the Sides and Angles 


of Triangle 


Basic Relation between the 
Sides and Angles of Triangle 


In a AABC, the angles are denoted by capital letters A, B 
and C and the lengths of the sides opposite to these angles 
are denoted by small letters a, b and c, respectively. 
Semi-perimeter of the triangle is written as : 
at+tb+c 
s§ = ——__. 
2 


and its area is denoted by A. 


> 


Some geometrical properties of A,B,C and a,b,c. In AABC 
(i) A+ B+C=180° 
(ii)a+b>c,b+c>a,cta>b 

(iii) a>0, b >0,c >0 


Sine Formula or Sine Rule 


In any AABC, the sides are proportional to sines of the 
opposite angles, 


; a b Cc 
ie. 


sin A 7 sin B 7 sin C 
Proof : CaseI. When /C is acute : 


From A draw AD | BC 
In AABD, Cc b 
sin B= AD = AD 
Cc B D C 
+ g—_ > 
or AD =csinB (i) 
In AACD, sinC = cae = a 
AC b 
or AD = bsinC (ii) 
From Egg. (i) and (ii), we get csin B = bsinC .(1) 
Case II. When ZC is obtuse : 
From A draw AD L BC 
In AABD, 
sin B = AD = AD 
c 
AD =csinB ... (iii) 


From AACD, 
AD AD 
AC b 
“. AD = bsin(180° — C) = bsin C ...(iv) 
From Eqs. (iii) and (iv), we get 

csin B=bsinC ...(2) 
Case Ill. When 2C =90° 
Draw AD | BC 


sin(180° 


C)= 


MACHR So Se yy 
AB c 
AD =csin B 
or AC=csinB 
[.. D and C are same point] 
or b=csinB 
or bsinC =csin B [°C =90°]  ...(3) 
Thus from (1), (2) and (3), it follows that in all cases 
c 


(4) 


bsinC =csin B or 


sinB  sinC 
Similarly by drawing perpendicular from from C to AB, we 
can prove that 


a b 


= AD 
sinA sinC ©) 
From (4) and (5), we get 
a b c 


sinA sinB sinC 


Cosine Formula or Cosine Rule 


: b? +c? -a’ 2 2, 22 
i a ora’ =b° +c" —2bacosA 
c 
2492p? 
(ii) cos B=2 "4 
2ac 


or b* =c’ +a” —2accosB 
a+b’? —¢? 
2ab 


orc’ =a’ +b* —2abcosC 


(iii) cosC = 


Proof : 
Case I. When /A is acute 
Draw BD | AC 
In AADB, sin A = BD = cis 
AB c 
B 
a Cc 
C D A 
—— b —_—_> 
BD=csinA 
and cos A= ap = ay 
AB Cc 
AD=ccosA 
Now CD=AC- AD 
=b-—ccosA 
Case II. When ZA is obtuse 
In AADB, 
sin(180° — A) = Be 
AB 
sin A+ cs 
Cc 
or BD = csin A and cos(180° — A) = gas 
AB 
—cosA oe or AD=-ccosA 
c 
Now, CD=AC+AD=b-ccosA 


Case III. When 4A = 90° 


Here D and A are same points 


In AACB, BD=BA=c=csinA 
B 
a 
Cc 
‘a 
C . A(D) 


[. ZA — 90°... sin A =sin 90° = 1] ...(i) 


and AD =0=ccosA 
CD = AC-AD=b-ccosA 


[cos A =cos 90° = 0] ...(ii) 


...(iii) 
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Thus in all cases BD = csin Aand CD =b-—ccosA 
Now, in ABCD, BC’? =CD* + BD* 
a’ =(b-—ccosA)* +c’ sin’ A 

=b* +c’ cos* A-2becosA+c’ sin’ A 
=b’ +c*(cos’ A+sin’ A) —2becos A 
=b’ +c’ —2becos A ..(1) 

or 2becos A=b* +c¢° —a’ 

b? +c° -a’ 

2be 
a’ =b*’ +c’ —2becos A 
co +a* —b? 


2ca 


cos A= 
Also, from (1), 
Similarly, we can prove that cos B = 


or b* =a’ +c’ —2cacos B 
a’ +b’ -c? 
2ab 


or c’ =a’ +b’ —2abcosC 


and cosC = 


Projection Formulae 


(i) c=acosB+bcosA 
(ii) b=acosC +ccosA 
(iii) a= bcosC +.ccos B 
Proof : 
Case I. When ZB is acute 
From ACBD, 


BD =acos B ..-(i) 


In AADC, 


AD=bcosA 
Now, c=AB=AD+DB=bcosA+acosB 
Thus, c=bcosA+acosB 
Case II. When ZB is obtuse 
From ACBD, 


(ii) 


cos(180°-B) = = 
BC 
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or 
In ACAD 
cos A = ——_ = AD 
AC b 
or AD =bcosA 


Now, c=AB=AD-—- BD=bcosA+acosB 
Case III. When 2B = 90° 


In ACAB, 
ees ee 
AC b 
c=bcosA 


=bcosA+ccosB 


A 5A R10) 


ati) 


using Eq(i 
ksinA+ksin B [ g Eq(i)] 


A+B 
2cos 
_ 2 2 
. (A+B A-B © 
2sin - COS sin — 
2 2 2 
nf A>?) 
sin as, COS 
3 he 2 
A-B . {A+B C 
cos and sin =cos| — 
2 2 2 
A= 
= tan 
S 
A-B a-—b Cc 
tan = cot 
2 at+b 2 
Similarly it could be shown, 
(2) b-c_ A C-A_c-a_.B 
tan = cot —, tan = cot 


Gaye C 
= -cot 


> 
+ 
o& 
eee 
ll 
a. 
=) 
a Ss 
ntl|a 
aes 


2) = LHS 


2 ) b+te 2 2 cta 2 


Example 1. Find the angles of the triangles whose 
sides are 3+ V3, 2/3 and V6. 


Sol. Let a=3+ 73, b=2V3, c= 6 
bi+c%-a? 124+6-(9 +34 6y3) 


=> cosA = 
2be 12/2 
_6-6v3_ 1-3 
122 22 


[.. ccos B = ccos 90° =0, as cos 90° = 0] 


Thus in all cases, c= bcos A+acos B 


cos A = cos (60° + 45°) 


cs i weee tS 
Similarly, we can prove that as cos (60° + 45°) = Se 
b=ccosA+acosC : 
and a=bcosC +ccos B ies 
: . a b 
Applying Sine formula - =- 
ee sinA sinB 

Tangent Rule or Napier’s Analogy ae Be BE 

=>  sinB=-—sinA= sin (105° ) 
A-B a—b Cc a 34/3 
In any AABC, tan 7 cot i 
a+b Q al {sin60°.cos 45° + cos60° -sin 45°} 
Proof: In AABC, we know 3+ 3 
O_o? 2." =k (say) [sine law] = 203 vs +1 
sinA sinB sinC sf al 363 & 1) | 28 
i pane b= en ean (i) sin B = —~ = sin 45° [-- B ¥ 180 — 45° as B+ A < 180°] 
Now, RHS V2 
a=b Cc = B= 45° 
ore alas Here, A = 105°, B= 45° 

_ C = 180° —(A + B) = 180° — (150°) = 30° 


ZA = 105°, 7B = 45° and ZC = 30° 


Example 2. The sides of a triangle are 8 cm, 10 cm 
and 12 cm. Prove that the greatest angle is double of 
the smallest angle. 

Sol. Let a=8 cm, b= 10 cm and c = 12 cm. Hence, greatest 


angle is C and the smallest angle is A, {as we know great- 
est angle is opposite to greatest side and smallest angle is 
opposite to smallest side.} Here, we have to prove C = 2A, 
applying cosine law, we get 


a +b’—c* 64+ 100-144 1 


cosC = ...(i) 
2ab 2°8-10 8 
2 2 2 
ae cae 
2be 
100+ 144-64 3 a 
= = ...(ii) 
2°10-12 4 
cos2A = 2cos* A -1= 2-— -1 [using Eq. (ii)] 
1. at 
cos2A se (iii) 
From Eqs. (i) and (iii), we get 
cos2A = cosC 
=> C=2A. 
Example 3. With usual notations, if in a AABC, 
b+c cta a+b 
= = , then prove that 
11 12 13 
cosA_cosB_ cosC 
t 19 25 
Sol. Let, b+e _cta_atb_, 
12 13 
=> 2(at+b+c)=36k (i) 
b+c=11k,c +a=12k,a+b=13k ...(ii) 


On solving Eqs. (i) and (ii), we get 
a=7k, b= 6k, c =5k 
b?+c*—a’ 36k” + 25k” — 49k* 


Hence, cos A = 


2be 60k? 
11 7 
60 5 35 
eee a’ +c’ —b’ _ 49k’ + 25k* — 36k’ 
2ac 70k? 
_ 38 _ 19 
70 35 
seats a+b’ —c? 49k? + 36k? — 25k? 
2ab 84k? 
_ 605 
 84.=«7 
_ 25 
35 
cosA _ cosB__ cosC 
7 19 25 
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Example 4. The sides of a triangle are three 
consecutive natural numbers and its largest angle is 
twice the smallest one. Determine the sides of the 


triangle. 
Sol. Let the sides be n,n +1,n +2 
A 
n+1 
n 
Cc nt+2 B 
ie. AC =n, AB=n+1,BC=n+2 
Smallest angle is B and largest one is A. 
Here, A =2B 
Also, A+B+C =180° 
=> 3B+C =180° > C = 180° — 3B 
: . sinA sinB_ sinC 
Using, sine rule, = = 
n+2 n n+1 
iy sin2B__ sinB __ sin(180° —3B) 
n+2 n n+1 
sin2B sinB_ sin3B 
an = = 
n+2 n n+1 


(i) (ii) (iii) 
From Eqs. (i) and (ii); aOR? oe 


+2 n 
+2 
cosB=—" ...(iv) 
2n 
and from Eqs. (ii) and (iii); 
sinB _ 3sinB— 4sin® B 
n n+1 
sinB — sin B{3 — 4sin’ B} 
> = 
n n+1 
+1 
> : = 3-4(1- cos’ B) 
n 
n+1 2 
=-1+4cos* B .(v) 
n 


From Eqs. (iv) and (v), we get 


n+1 nao) 
=-1+4 
n 2n 
n+1 n’>+4n+4 
+1 : 
n n 
ant+1_n°>+4n+4 
n n° 
an? +n=n'+4n4+4 
=> n’—3n-4=0 > (n-4)(n+1)=0 
n=4or-1 where n # —-1 


n = 4. Hence, the sides are 4, 5, 6. 
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Example 5. Let O be a point inside a AABC, such co 
that ZOAB = ZOBC = ZOCA = w. Then, show that 2 
cotw =cotA+cotB+cotC. fees hee = 7 [where k =a+b+c, given] 
Sol. In AOAC, Using sine rule, 
in(A - in(180— A A C 3b 
mi se a Example 7. Ina AABC, ccos* —+ acos* — = —, then 
OC b 2 2 2 
ay sin(A-w)_ sinA 6) show a,b, c are in AP. 
Oc b JA C38 
Also, in AOBC Sol. We have, ccos*° — + acos° — = = 
> £(1 + cos A) + (1 + c0sC) == 
=> at+c+t(ccosA + acosC) =3b 
> at+c+b=3b [using projection formula] 
> a+c=2b 
which shows a, b, c are in AP. 
Example 8. In a AABC, a=2b and|A-B|=— 
sinw _ sin(180- C) xample 8. Ina ,a=2b and | la 
OC a Determine the ZC. 
es Sa 2 (ii) Sol. Given, a= 2b m0) 
OC a > ZA>ZB_ [asa> band we know greater angle is 
On dividing Eqs. (i) and (ii); sin(A-w) _ asinA opposite to greater side] 
sin w bsinC Tt 
b => |A — B] =— 
{as.we know, = =—_= = =k 
a en: ee or A-B=~ ..ii) [as A > B] 
sin(A-—w)_ ksinA-sinA 3 
=> = . ats 
sin w ksin B-sinC Using Napier’s analogy, we have 
sin Acosw — cos Asinw _ Sak {sin(m —(B+C))} tal 4 = *) _ an co C) 
sinw sin BsinC 2 at+b 2 
=> sin A(cotw) — cosA = sin a( SeBeose Tee Fnc) => tan | _ 2b —- ae. Cc 
sin BsinC 6 2b+b 2 
— sin A(cot w) — cos A = sin A(cotC + cot B) [using Eqs. (i) and (ii)] 
=> cotw — cot A = cot B+ cotC 1 1 
= —= = —cot| — 
> cotw = cot A + cot B+ cotC. V3 3 (<} 
Example 6. Solve = cat[S) = 13 
2 
B. : : 
bcos* —+ccos’ — in terms of k, where k is perimeter of C on n 
2 2 ie. a = a > C= 5 
the AABC. 


Cc B 
Sol. We have, bcos’ ] +c ae 


b 
> a(1 + cosC) + (1 + cos B) 
=> es + ee + ccos B) 
2 2 
b+e 1 : wc 
=> P + ; [using projection formula] 


Example 9. In a AABC, the tangent of half the 
difference of two angles is one-third the tangent of 
half the sum of the angles. Determine the ratio of the 
sides opposite to the angles. 
(4 - *) 1 (4 + *) 
tan =—tan 
2 3 2 
() 
cot 
2 


Sol. We have, 


i) 


Using Napier’s analogy, 


(A=) a—b 
tan = 


2 at+b 


ii) 


From Eqs. (i) and (ii); 


1 (A=*] a—b (<) 
tan = “cot 
3 2 a+b 2 
1 (<} a-b (S) 
=> cot = ‘cot 
3 2 a+b 2 
[sat BeCan tan <) = tanl * ca es 
2 2 2 


1. 
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=b 4 

> c =- or 3a—-3b=atb 
a+b 3 
2a= 4b 
bil 
or -=- 
a 2 


Thus, the ratio of the sides opposite to the angles is b: a =1:2. 


Exercise for Session 1 


In the given figure, if AB = AC, ZBAD = 30° and AE = AD, then x is equal to 
A 
307 
E 
x 
B D C 
(a) 15° (b) 10° (c) 121 (d) 72 
2 2 
In AABC, a =4,b =12 and B =60°, then the value of sin Ais 
1 1 2 13 
a) —~ b) —— C)=—= d)* 
(a) 25 (b) 378 (c) B (d) - 
Let ABC be a triangle such that 7A =45°, 7B =75°, thena + c/2 is equal to 
(a) 0 (b) b (c) 2b (d) -b 
b_ V3 , 
Angles A,B and C of a AABC are in AP. If — = we then ZA is equal to 
c 
T T 51 T 
a)— b) — C)—= d= 
(a) ; (b) r (c) (d) 5 
ifoot 4 =) *© then AABC is 


(a) Isosceles (b) Equilateral 


remane 2-28 ne) 

"a? +b? sin(A+B) 
(a) Right angled or isosceles 
(c) Equilateral 


(c) Right angled (d) None of these 


, then the triangle is 


(b) Right angled and isosceles 
(d) None of these 


Diet = 2. = nee = 
In any triangle ABC, a Sue CP, SiG A) ce sil al B)_ 
sinB+sinC sinC+sinA_ sinA+sinB 
(ajat+b+c (b)a+b-c (c)la-b+c (d) 0 


In any AABC, if 2cos B = then the triangle is 


(a) right angled (b) equilateral 


(c) isosceles (d) None of these 


204 = Textbook of Trigonometry 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


(a+b+c)(b+c-a)(ct+a-—b)(a+b —-c) 
4b °c? 
(b) sin? A 


The expression 


is equal to 


(a) cos? A (c) cosA cosB cosC (d) None of these 


InAABC, ifa cos A=b cosB, then the triangle is 


(a) Isosceles 
(c) lsosceles or right angled 


(b) Right angled 
(d) Right angled isosceles 


Ina AABC,(a+b+c)(b+c-a)=Abe, if 


(a)A <0 (b) A >0 

(c)O<A<4 (d)rA <4 

Ifa =9,b =8andc =x satisfies 3cos C =2, then 

(a)x =5 (b) x =6 (c)x =4 (d)x =7 


In AABC, if sin? A + sin? B =sin? C, then the triangle is 


(a) equilateral (b) isosceles (c) right angled (d) None of these 


The sides of a triangle are « — 8, + B and ./30” + B?, («> >0). Its largest angle is 


2 3 om 
(a) > (b) 5 (0) (4) 
: 1+ cos(A —- B) cos C 
In any triangle, = 
1+ cos(A —- C) cos B 
24 pb? pb? 2 2 2 
(a) ~ - 2 (b) pe? _ (c) & ; (d) None of these 


If the sides of a AABC are in AP and a is the smallest side, then cos A equals 


(a) oe (b) sce 2 (c) sida (d) None of these 
In a AABC, a? cos 2B + b? cos 2A + 2ab cos(A — B) = 
(a) a’ (b) c? (c) b? (d) a? + b? 


In any AABC, 2[bc cos A + ca cos B + ab cos C]= 


(aja? +b? +c? (b) a? + b? —c? (d) None of these 


Ina AABC, tan (A + B)-cot (A —B)is equal to 


a-b a+b a+b a-b 
a b C d 
| ae (0) c Sar: aa 8) 
If in a AABC, b = V3, c =1and B —C =90°, then “Ais 
(a) 30° (b) 45° (c) 75° (d) 15° 


Session 2 
Auxiliary Formulae 


Trigonometric Ratios of Half-angles 
In any AABC, we have 
b? +c’? -a’ 


...(i) [using cosine law 
oi (i) [using ] 


cos A= 


ier ee 


2 2 2 
2sin* a =1 pte =a 
2 2bc 


ii) 


[using Eqs. (i) and (ii)] 
_ abe -b’ - ce’ +a’ 


2be 
_a@’—-(b? +c? -2bc)_ a’? —(b-cy 
2be 2be 
_(at+b-c)(a-b+c) 
2be 


[we know a+ b+c =2s 
>a+b=2s—candatc =2s — b] 
A _ (2s —c¢ —c)(2s — b— b) 


2sin’ 
2be 
sau A _ 4(s—c)(s — b) 
2be 
gut A _ (8 = Ms~0) 
bc 


[since in a triangle, A is always less than 180°, 
“. sin A/2 is (+ve)] 


or ma =, (s= BS 4) (A) 
2 be 


Similarly, it may be proved, 


. B_ |(s—a)(s—c) 
sine ‘f a ..(B) 
ia ifs SONS) AC) 
2 ab 


P+c-a’ 


2bc 


A 
Again, 2cos*— =1+ cosA=1+ 
2 


_ 2be +b? +0° - a’ 
2be 

_(b+cy -a 

7 2be 


_(b+c-—a)(b+cr+a) 
2be 
[where a+ b+c =2s,b+c=2s—-al 
2s X 2(s — 7 
gfe s X 2(s Q) og? Aas a) 


2co : 
2be 2 bc 
Since, A /2 is less than 90°, 
cos A/2>0. 
cost - s(s — a) 

2 be 
Similarly, Ps ey dca) dual Gees s(s —¢) 

2 ac 2 ab 


Also, ak _ sin A/2 _ {e — b)(s —c) | bc 
2  cosA/2 be s(s — a) 
ia = [(s — bY(s — e) 
2 \ s(s-a) 
Similarly, tan B_ |(s—a)(s—c) 
2 \ s(s—b) 
and tan C _ |(s —a)(s — b) 
2 VY s(s-ce) 


Area of Triangle 


If A represents the area of a triangle ABC, then 


area of A= . BC. AD, iF A= ; (base) (nigh) 


=" a-(esin B) sssin =A?) 
c 


1 
A=-—ac-sinB 
2 


D 


Also, sinC = 9° > AD =bsinC 
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heey -b-sinC 
2 
Seis 1 . 
Similarly; A= Pie -sin A 


As abcne= tedn a= <asin 
2 2 2 


Note 


(i) Area of a triangle in terms of sides (Heron's formula) : 


A= 1 pesinAs l pesos <ehee 
2 2 2 2 


7 be | — b)(s- BREG — a) 


be be 
A = Js(s — a)(s — b)(s — c). 


(ii) Area of triangle in terms of one side and sine of three angles: 


A= poesin’ 2 5 (ksinB)(ksinC) sin 
2 
= 1 2 sinAsin BsinC = (43) -sinA-sinB:sinC 
2 2\sinA 
_@ sinBsinC _ b* sinAsinC_c’* sinAsinB 
2 sinA 2 sinB 2 sinc 


A 


Example 10. If the angles of a triangle are 30° and 
45°, and the included side is (V3 +1) cm, then prove 


that the area of the triangle is s(v3+ 1). 


sinA sinB_ sinC 


Sol. We have, 
a b c 
sin105° sin30° sin 45° 
=, = = 
4344 b c 
ae Ja +4 
> b=— c= 
2sin105° = /2sin 105° 
B 


45° 
Ac 


1 1 
So, area of AABC = hen AS sD, 
A QB) 
2 2V2.sin(60° + 45°) 


____ +1) = BY +n 
89 {. 4 1] Ws ei) 2 


2 V2 2 2 


Thus, area of A is v3 +1). 


Aliter In above example we have 7 A =105°, Z B =30°, 
ZC =45° anda=V3 +1 
ee a sin BsinC 
2 sin A 
3+1)’ sin30°.sin 45° 
_ 3 )* _ sin30°.sin 45 a5 44) 
2 sin (105° ) 2 


Thus, area of [using note (ii)] 


Example 11. Consider the following statements 
concerning in AABC 


(i) The sides a,b,c and area A are rational. 
, B Cc : 
(ii) a, tan > a are rational. 


(iii) a,sin A, sinB, sinC are rational. 
Prove that (i) = (ii) = (iii) = (i). 
Sol. a, b,c, A are rational (given). 


> s,s — a,s — b,s —c are rational. 


Now, tan ee (ae =e) 
2 | s(s — b) 


- eal bien) _ A 


s*(s — by s(s — b) 
B . ‘ 
an = rational [as A, s, (s — a) are rational] 


GC 
Similarly, a is rational. Hence (i) => (ii) 


2tan 2 
Now, sin B = 2 _ is rational by (ii). 
1+ tan’— 
2 
Similarly, sin C is also rational. 
1— tan 2 ‘tan — 
tan — = cot 2s 2 2 = rational by (ii) 
a tan se + tan — 
2 
= sinA is rational 
Hence, (ii) = (iii). 
a b c 


Now, — =—_=- = k, which is rational since ‘a’ 
snA sinB sinC 


and ‘sin A’ are rational. 


> are rational. But sin B and sinC are 


and 
sin B sinC 


rational by (iii) 


> band c are rational. 


1 
=> A = —bcsin A is also rational. 
2 


Hence (iii) = (i). 


10. 


11. 


12. 
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Exercise for Session 2 


If ina AABC, (s —a)(s —-b)=s(s —c), then angle C is equal to 
(a) 90° (b) 45° (c) 30° (d) 60° 


In any AABC, if cot >, cot = ,cot S are in AP, then a, b,c are in 


(a) AP (b) GP (c) HP (d) None of these 


A B 
tan — -— tan— 
In any AABC, ee 

A B 
tan — + tan — 
2 2 


reg: Ore Oars ey: 

In a AABC, be cos? S + ca cos” : + ab cos” . is equal to 

(a) (s — a)? (b) (s —b)’ (c) (s -c)? (d) s* 

In a AABC, ifcos A+ cos C + 4sin? (F} then a,b,c are in 

(a) AP (b) GP (c) HP (d) None of these 
If in a AABC, 3a =b +c, then the value of cos . cot = is 

(a) 1 (b) 3 (c) 2 (d) None of these 
In any AABC, (° . *) cos*( 4) + (2=* Joos? (5) + (2 = cos*( = is equal to 

(a) (o) (5 (a) 0 


In a AABC , the tangent of half difference of two angles is one-third the tangent of half the sum of the two 
angles. The ratio of the sides opposite the angles is 


(a) 2:3 (b) 1:3 (c) 224 (d)3:4 
If in a triangle, a cos” . + cos? ; = 2 then its sides will be in - 
(a) AP (b) GP (c) HP (d) AGP 
In the adjacent figure ‘P’ is any interior point of the equilateral triangle ABC of side length 2 unit 
A 
B C 
If x,,X, and x, represent the distance of P from the sides BC, CA and AB respectively then x, + x, + x, is 
equal to 
(a) 6 (b) V3 (c) = (d) 2./3x 
lfc? =a? + b”, then 4s(s —a)(s —b)(s —c) is equal to 
(a) s* (b) b?c? (c) c*a? (d) a*b? 


The number of possible ZABC in which BC = /11.cm, CA = 13 cm and A = 60° is 
(a) 0 (b) 1 (c) 2 (d) None of these 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


If two sides a,b and the ZA be such that two triangles are formed, then the sum of the two values of the third 
side is 
(a) b? —a? (b) 2b cosA (c) 2b sinA (d) 


If in a AABC, sin A =sin? B and 2cos? A =3 cos’ B, then the AABC is 

(a) right angled (b) obtuse angled (c) isosceles (d) equilateral 

Ifa cos A=b cosB, then the triangle is 

(a) equilateral (b) right angled (c) isosceles (d) isosceles or right angled 


Points D, E are taken on the side BC of a triangle ABC such that BD = DE = EC. lf ZBAD = x, ZDAE=y, 
sin(x + y)sin(y +z) 
sin x sinz 
(a) 1 (b) 2 (c) 4 (d) None of these 


ZEAC =z, then the value of is equal to 


If the base angles of a triangle are 227 and 112 J then the height of the triangle is equal to 
(a) half the base (b) the base (c) twice the base (d) four times the base 


In a AABC, a = 1and the perimeter is six times the AM of the sines of the angles. The measure of ZAis 


™ T™ Tl ™ 
a)— b) — Cc). = d)= 
(a) - (b) 5 (c) - (d) r 
In a AABC, if median AD is perpendicular to AB, then tan A + 2 tanB is equal to 
(a)1 (b) 3 (c) 0 (a); 


If p is the product of the sines of angles of a triangle, and q the product of their cosines, then tangents of the 
angles are roots of the equation 

(a) qx® — px? + (14+ q)x -p=0 (b) px® — qx? + (14+ p)x -q =0 

(c) (14+ q)x® — px? + qx -p=0 (d) None of these 


Session 3 
Circles Connected with Triangle 


Circles Connected with Triangle = circum-radius 


Circumcircle of a Triangle 


The radius of the circumcircle of a AABC is called the 
circum-radius given by; 


The circle which passes through the angular points of a a b c abc 


AABC is called its Circumcircle. The centre of this circle is 
the point of intersection of perpendicular bisectors of the 


(i) R= = = (ii) R=" 
2sinA 2sinB 2sinC 4A 


Proof 


sides and called the Circumcentre. Its radius is always 


(i) Here, the perpendicular bisectors of the sides BC, CA 


denoted by R. 
and AB intersect at O. 

Note .. O is the circumcentre such that, 
1. Circumcentre of an a cute-angled triangle lies inside the OA=OB=OC=R 
triangle. i - ~ 

2. Circumcentre of an obtuse-angled triangle lies outside the We have, ZBOC=2ZA 
triangle. ZBOD=ZCOD=ZA 


3. In aright angled triangle the circumcentre is the mid-point of 


hypotenuse. 


In AOBD, 


> R=—* 
2sin A 
Similarly, R= and R=—<* 
2sin B 2sinC 
Hence,| R= a G wee 
2sinA  2sinB 2sinC 
(ii) As discussed, Area of A = : besin A 
=> sin A= a8 (i) 
be 
Also, R=—* ...(ii) 
2sin A 
*. From Eqs. (i) and (ii); 
a _ abe _ abe 
4A 


R= a ae: 
5 2A 4A 
bc 


In-circle or Inscribed Circle of a 
Triangle 


The circle that can be inscribed with in a triangle so as to 
touch each of its sides is called its inscribed circle or 
In-circle. The centre of this circle is the points of 
intersection of bisectors of the angles of the triangle. The 
radius of the circle is always denoted by ‘r’ and is equal to 
the length of perpendicular from its centre to any one of 
the sides of triangle. 
In-radius The radius of the inscribed circle of a triangle 
is called the in-radius. It is denoted by ‘r’ and is given by 
(r= 


Ss 


(ii) r =(s 


A B C 
a) tan — =(s — b) tan— =(s—c) tan 
) ; (s—b) ; (s=—<c) ; 
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_ asin B/2- sin C/2 


lil) r 
(it) cos A/2 
_ bsin C/2 - sin A/2 oe csin A/2.sin B/2 
cos B/2 cosC/2 


(iv) r=4R sin A/2 sin B/2 sin C/2 


Proof Let the internal bisectors of the angles of the 
triangle ABC meet at I. Suppose the circle touches the 
sides BC, CA and AB at D, E and F, respectively. 


Then, ID, JE, IF are perpendicular to these sides and 
ID=IE=IF =r. 


(i) We have, area of AABC = area of AIBC + area of 
ATAB + area of AICA 


1 1 1 
A=-—ar+-—cr+—br 
2 2 2 


ae ee ere fas tPF) 
2 2 
=> A=sr 
A 
or r=—. 


Ss 


(ii) Since, the lengths of the tangents to a circle from a 
given points are equal, therefore 


AE = AF, BD = BF and CD = CE. (D) 


Now, 2s=at+b+c=BC+CA+ AB 
=(BD + DC) +(CE + EA) +(AF + FB) 
=(BD + BF) +(AE + AF) +(CD + CE) 
=2(BD + AE+ CD) =2(BC + AE) =2(a+ AE) 
> s=a+AE 
=> AE =(s—a) 
Now, in AJAE, 
eee 
2 AE 
=> r= AE tan(A/2) =(s —a) tan A /2 


r=(s—a)tanA/2 
Similarly, r =(s—b) tan B/2 and r=(s—c)tanC /2 
r=(s—a)tanA/2 
=(s—b) tan B/2=(s—c)tanC /2 


Hence, 
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(iii) In AJBD and AICD, we have, 


tan B /2 =" and ee ae 
BD 


2... «CD 
-_" and CD= r 
tan B /2 tan C /2 
Now, a=BD+CD 
r r 
=> a= + 
(= C 
tan} — tan} — 
2 2 
cosB/2  cosC/2 
> a=r + 
sinB/2 sinC/2 
=> 


nr |oosBRence ames 
sin B /2- sinC /2 

i rsin(B /2+C/2) 

sin B /2- sinC /2 


sin(B /2+C /2) = sol © - +) =cosA/2. 


_ rcos A /2 
sin B /2- sin C /2 
asin B /2- sinC /2 bsin A /2-sinC /2 
r= — and 


> 


cos A /2 cos B /2 
re csin A/2- sin B /2 
cos C /2 
(iv) We have, r= geen G2 and R=—“ 
cos A /2 2sin A 

2Rsin A- sin B /2- sin C /2 

> r= 

cos A /2 
an = 2k (2sin A/2- cos A/2)- sin B/2- sinC /2 
cos A /2 


=> r=4Rsin A /2-sin B/2-sinC /2 


Escribed Circles of a Triangle 


The circle which touches the sides BC and two sides AB 
and AC produced of a triangle ABC is called the Escribed 
circle opposite to the angle A. 


Its radius is denoted by r,. Similarly, r, and r, denote the 
radii of the escribed circles opposite to the angles B and C, 
respectively. The centres of the escribed circles are called 
the ex-centres. 


The centre of the escribed circles opposite to the angle A 
is the point of Intersection of external bisector of angles B 
and C. The internal bisector also passes through the same 
point. This centre is generally denoted by I,. 


[< A+B+C=T] 


Formulae for r,, r,, F 


In any AABC, we have 
(i) 7, = z n= = T= E 
s-a s—b 
(ii) r, =stanA/2,r, =stanB/2,r, =stanC /2 
_ acos B/2-cosC/2 _ _ bcos A/2-cosC /2 


(iii) r, = Tv 
: cos A /2 : cos B /2 
ie ccos A/2-cos B /2 
° cos C /2 


(iv) r, = 4Rsin A /2cos B /2.cos C /2, 
r, =4Rcos A/2sin B /2.cosC/2, 
r, =4Rcos A/2cos B /2.sin C /2 


Proof (i) Let the AABC be as; 


We have, 
I,.D=LE=I,F=r, 
Now, area of AABC = area of AI, AC + area of AI, AB 
—area of AI, BC 


= A=01,E-AC+21,F- AB~~I,D- BC 


1 1 1 
A=-r,b+—re-—ra 
2 2 2 


r 


A=+(b+c-a 
5) ) 
A=" (2s—2a) [using a+b+c=2s] 
A 
=> i= 
s—a 
ee A 
Similarly, r, = andr, = 
s—b s—c 


(ii) Since, the lengths of tangents to a circle from an 
external points are equal, 


AE = AF, BD = BFand CD = CE 
Now, AE + AF =(AC+ CE) +(AB + BF) 
=(AC + CD) +(AB + BD) 
=AC+AB+CD + BD 


= AC + AB+ BC 
=at+b+c=2s. 
— 2AF =2s 
=> AE=AF=s 
LF 
In AI, AF, tan A/2 = = 
AF 
i 
> tan A/2=—+ 
s 
=> r, =stanA/2 


Similarly, r, =s tan B/2 andr, =s tan C/2. 
(iii) In AI, BD, we have 


B ILD 7, 
tan} — |= =— 
2 BD BD 


> BD =r, an 
2 
Similarly, in AI,CD, we have 
CD =y, mm 
2 
B Cc 
Now, a=BC=BD+CD=r, car +r, sae 
B Cc cos A /2 
=r,| tan—-+tan =F, 
2 2 cos B /2cosC /2 
acos B /2cos C /2 
=> i = 
cos A/2 
Similarly, 
bcos A /2-cosC /2 ccos A /2- cos B /2 
+= andr, = 
cos B /2 cos C /2 
(iv) We have, r, = os eC and R=—“ 
cos A /2 2sin A 
2Rsin A- cos B /2-cosC /2 
=> i= 
cos A /2 
a _ 4Rsin A /2: cos A/2- cos B /2- cos C /2 


1 


cos A /2 

7 r, =4Rsin A /2- cos B/2-cosC /2 

Similarly, r, = 4Rcos A /2: sin B /2- cos C /2 
r, =4Rcos A/2- cos B /2: sinC /2 


Example 12. show that 2—& 4 £—94. 9°" <9 


r r 


q 


Sol. LHS Pe asks alas 
tT. iz 


ry 2 3 


> (b (4) +6 0(S") +0 (5) 


2 3 


(b-c) 
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- (s —a)(b—c)+(s— b)(c —a)+(s—c)(a— bd) 
A 
_ s(b-c+c-—a+a—b)—[ab—ac + be —ba+ ac — bc] 
A 
A 
Thus, pe ere et 
ry r, rs; 


Example 13. If r, =r, +r, +1, then prove that the 


triangle is right angled. 
Sol. We have, 


ee it Ot 
A A A A 
=> = + 
S-a $s s-b s-c 


s-sta_s-ct+s—b 
(s — b)(s — ¢) 
a _ 2s-(b+c) 
s(s—a) (s—b)(s—c) 
Gon G=bie—e) 


s’ —(b+c)s+ be =s° —as 


s(s — a) 


l 


[as,2s=a+b+c] 


l 


s(-at+b+c)=be 
(b+c—allatbte)_,. 
2 
(b+c) —(a) =2be 
b? +c? + 2be — a® = 2be 


Ye eo de ot 


b+ce=a 


ZA =90° 


B Cc 
Example 14. Prove that reot5-cot > =r. 


Sol. LHS r cot B/2-cotC /2 
cos B/2 cosC /2 
sin B/2 sin C /2 
[as, r = 4Rsin A /2-sin B/2-sinC /2] 
4R-sin A /2-cos B/2:cosC /2 
r, = RHS [as, r, = 4Rsin A /2-cos B/2-cosC /2] 
“. rcot B/2-cotC /2=r1, 


=> 4Rsin A /2-sin B/2-sinC /2- 


=> 
=> 


Example 15. In a right angled triangle, prove that 


r+2R=s. 
Sol. In a right angled triangle, the circum centre lies on the 
hypotenuse. 
=> R= ; (i) fe ZA = 90°] 
Also, r =(s—a)tan A /2=(s—a)tan 45° 
r =(s—a) ..-(ii) 
From Eqs. (i) and (ii), we get r =s—2R 
=> r+2R=s. 
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Example 16. The ex-radii r,,r,,r, of a AABC are in HP, 
show that its sides a,b,c are in AP. 


Solution. r,,r,,7, are in HP. 


2 1 1 
=> 4S 
Yr, Le rs 
= As—b) _(s a) ,(s c) 
A A A 
> 2s — 2b = 2s —(at+c) 
> 2b=atec 


Hence, a, b, c are in AP. 


Example 17. If A,B,C are the angles of a triangle, then 
prove that 


‘ 
cos A+cosB+cosC =1+-. 


Sol. cos A + cos B+ cosC 


A+B A-B 
= 2cos - COS 5 + cosC 


rae & A-B 
= 2sin —-cos +1 
2 2 


po ee 
= 1+ 2sin — -2sin — -sin — 
2 2 


2 
eA. Boge r 
=1+4sin—-sin—-sin—=1+ 
2 2 2 R 


[as, r = 4Rsin A /2-sin B/2-sinC /2] 


— cos A + cosB + cosC = 1+ > 


Example 18. Find the ratio of the circum-radius and 
the inradius of AABC, whose sides are in the ratio 
4:5:6. 


Sol. Here, a= 4k, b=5k, c =6k 
15k : 
s= -s ...(i) 
A= a{s(s —a)(s — b)\(s —c) 
7 (24 sx (1 sk a) 
2 2 2 2 
. ate afi) 


and R ae ak Sek [using Eq. (ii)] 
4A 4. 7k? 
4 
Rey <i) 
7 
A_15V7,, 2 
and k’. using Eqs. (i) and (ii 
a i [using Eqs. (i) and (ii)] 
r= v7, ...(iv) 
2 
R_8k/V7 _ 16 a . 
“= —— [using Eqs. (iii) and (iv)] 
r  V7k/2 0 7 le 
=> R:r =16:7 


Example 19. Find the ratio of IA:IB:IC, where | is the 
incentre of AABC. 


Sol. Here, BD:DC=c:b 
A 
/ 
B D Cc 
But BD+DC=a; 
BD =—*—-a i) 
bt+c 
In AABD, Ep = _— 
sinA/2  sinB 
AD=—**_. Be 2 -cosec A /2 ..-(ii) 
b+c sinA/2 b+c 
AI AB c b+e 
Also, a = = using Eq. (i 
apt ae [using Eq. ()] 
b+c 
ID a 
or —= 
AI bt+e 
On adding ‘1’, we get 
ID a ID+AI atbt+ce 
+1= +1 
Al bt+c Al bt+c 
b+e 
—" = 
at+b+c 
b+ 2A A 
Ao, -cosec A/ 2 =—-cosec A/ 2 
at+b+c bt+ce Ss 
a A 
Similarly, BI =—-cosec B/ 2 


Ss 


Cr= are C/2 
Ss 


A A A 
= IA: IB: IC =—-cosec A/2:—cosec B/2: —cosec C/2 
S: S 'S 


IA : IB: IC = cosec A/2: cosec B/2: cosec C/2 


Note 
Student are advised to remember the above result i.e. 
/A=rcosec A/2,/B =r cosec B/2,/C =r cosec C/2. 


Example 20. If the sides of a triangle are in GP and 
the largest angle is twice the smallest angle, then find 
the relation for r. 

Sol. Let the sides of A be a,b=ar,c=ar’, wherer >1 


Here, c = 2A (given) 


So, B=n1-A-C=T1-3A 
ab _c 1 oor | ai 
sinA sinB sinC sinA sinB sinC 
1 r r’ 
> . = . = . 
sinA sin3A_ sin2A 
in3A , 
r? =2cos A andr = =3-4sin’A 


sin A 
r=4cos’A-1 
4 
r=r-l1 


Thus, the required relation is r* — r -1=0. 


Example 21. The equation ax’ + bx + c = 0, where 
a,b,c are the sides of a AABC, and the equation 
x? + J2x+1=0 have a common root. Find measure for 
ZC. 

Sol. Clearly, the roots of x’ + Vax + 1=0are non-real complex. 


So, the one root common implies both roots are common. 


So, Hw 
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eet Ue 
2ab 
_k’ +2k?-k? 1 
2k.V2k 2 
=> ZC S45" 


Example 22. If in a AABC, the value of 
cot A,cotB,cotC are in AP show a’,b’,c? are in A.P. 
Sol. Here; cot A, cot B, cotC are in AP. 


eta -b a+b -c? 


b+c-a c 


> : , are in AP 
2be 2ac -— 2ab-— 
2R 2R 2R 
=> be +c’ -a’,c’ +a’ —b’,a’ +b’ —c’ are in AP 
b 
| ltiplying by *| 
> —2a’, — 2b’, — 2c” are in AP 
[subtracting a’ + b’ +c’ from each] 
= a’, b’,c’ are in AP. 


Aliter 2cot B= cot A + cotC 


Aa +e?-b’) BP +e?-a@ a+b’ -c? 


2ac -kb 2be -ka 2ab-kc 
[using sine and cosine law] 
> Aawt+e-b)=b+ce-atat+b-c’ 
=> a’ +c? — b’) = 2b" 
> a+c’-b=b’ or atc’ =2b° 


: 2 2 2 ¥ 
ie. a’, b°,c° are in AP. 


Exercise for Session 3 


oO a KR WN SD 


In a AABC, show that 


In a AABC, show that 2R? sin AsinBsinC = A. 


acosA+bcosB+ccosC_ r 


The side of a triangle are 22 cm, 28 cm and 36 cm. So, find the area of the circumscribed circle. 
If the lengths of the side of a triangle are 3, 4 and 5 units, then find the circum radius R. 
In an equilateral triangle of side 2/3 cm. The find circum-radius. 


If8R* =a? + b? +c’, then prove that the A is right angled. 


at+b+t+c 


R 


7. Ifthe sides of a triangles are 3: 7 : 8, then find ratio R :r. 


8. Inan equilateral triangle show that the in-radius and the circum-radius are connected byr = ma 


9. In any AABC, find sinA + sinB + sinC. 
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10. 


11. 


12. 
13. 
14. 
15. 
16. 


17. 
18. 
19. 


20. 


21. 


22. 
23. 


24. 


25. 


26. 


2f. 


28. 
29. 


30. 


31. 


32. 
33. 
34. 


In any AABC, show that cos A + cos B + cos C = (1 + r} 


htr m-r_c 


+4 — =, 
b 


If the side be a,b andc, then show that 


Show that, + + Gm =8" 
Show that (r+ )(, +5 )(% +4) =4Rs? 
If, =r +f +1, then show that A is right angled. 


In an equilateral triangle, show that the in-radius, circumradius and one of the ex-radii are in the ratio 1:2: 3. 


Shewihatl 1\1 1) 1 5) 
roohkr bhr os r°(Za) 


If 4,1," in a triangle be in HP, then show that the sides are in AP. 


In a AABC, show thatr, rr, = A’. 


If /,,/,,1, are respectively the perpendicular from the vertices of a triangle on the opposite side, then show that 
a*b*c* 


Ila ls =~ 


If the angle of a triangle are in the ratio 1 : 2 : 3, then show that the sides opposite to the respective angle are in 
the ratio 1: V3 :2. 


Show that, 4 Rr cos ar age c =S 
2 2 2 


If (a —b)(s —c) =(b —c)(s — a), then show thatr,,r,,r, are in HP. 


2 
To show that + u + : | a 
og Te OF S 


Show that (r, —r)(% -r)(rm —r)=4Rr? 
3 
Show that{ 1 + (2 + af + ‘) = 7 
h bh B)tr G) a’b’c 


If the sides be a,b and, then find the value of (r + r,) tan 


+r +r)tan 24 4 (r + r,)tan 


If the sides be a, b,c, then find value of o=6 ee =e 
Lf, h h, 


If the sides be a, b,c, then find (4, —r)(r, +r). 


If a,b,c are in AP, then show thatr,,r,,r, are in HP. 
h ie 


+—=2R-r 
ca ab 


Show that 4 
be 
Cc 
Show thatr, + r, =ccot 3 
Show that Rr(sinA + sinB + sinC)=A 
Show that 16R7r 1, 1, % =a’b?c? 


If re te then show that c = 90°. 
how 


Session 4 


Orthocentre and Its Distance from the Angular 
Points of a Triangle and Pedal Triangle and 


Centroid of Triangle 


Orthocentre and Its Distance 
from the Angular Points of a 
Triangle and Pedal Triangle 


Let ABC be any triangle, and let AK, BL and CM be the 
perpendicular from A, B and C upon the opposite sides of 
the triangle. These three perpendiculars meet at a point O’ 
which is called the orthocentre of the triangle ABC. The 
triangle KLM, formed by joining the feet of these 
perpendiculars is called the pedal triangle of ABC. 


In AO’ BK, tan(90° - c) = 2X 
KB 


> O’ K = KB.tan(90° — C) = KBcotC 


= ABcos BcotC i from AABK, cos B = 4 


cosC 


=c-cosB- — 
sinC 


— O’ K =2Rcos BcosC | *. R= —"— = b es 
2sinA 2sinB 2sinC 


Similarly, 
O’ L=2Rcos AcosC and O’ M =2Rcos Acos B 
In AAO’ L, cos(90° — C) = = 
AO’ 
> AO’ = AL: cosecC = AO’=ccos A: cosec C 


[= from AALB, cos A= = 
AB 


> AO’=c:-cosA: 


sinC 
> AO’=2RcosA 


Similarly, BO’ =2Rcos B and CO’ = 2RcosC 
Thus, the distance of the orthocentre of the triangle from 
the angular points are, 
AO’ =2RcosA 
BO’ =2Rcos B 
CO’ =2RcosC, 
and its distance from the sides are, 
O’ K =2Rcos BeosC. 
O’ L=2RcosCcos A. 
O’ M =2Rcos Acos B. 


Some Relations between Orthocentre, 
Incentre, Escribed Circles, Centroid, 
Circum-centre and Pedal Triangle 


(i) Orthocentre of the triangle is the incentre of the pedal 
triangle. 

(ii) If I,, J, and I, be the centres of escribed circles which 
are opposite to A, B and C respectively and I is the 
centre of incircle then AABC is the pedal triangle of 


the AI_I,I, and I is the orthocentre of the AI, I,I 


Nee 5) P23 

(iii) The centroid of the triangle lies on the line joining the 
circumcentre to the orthocentre and divides it in the 
ratio 1: 2. 

(iv) Circle circumscribing the pedal triangle of a given 
triangle bisects the sides of the given triangle and also 
the lines joining the vertices of the given triangle to 
the orthocentre of the given triangle. This circle is 
known as nine point circle. 

(v) Circum-centre of the pedal triangle of a given triangle 
bisects the line joining the circumcentre of the 
triangle to the orthocentre. 


Example 23. In AABC, a,b and c represents the 


sides, thus find the sides and angles of the pedal 
triangle. 


Sol. Let AABC be any triangle and let D, E, F be the feet of 


perpendicular from the angular points on the opposite 
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sides of the AABC, then the ADEF is known as Pedal 
triangle of ABC. 


Here, ZHDC and ZHEC are 90° each.Thus, points 

H, D,C and E are concyclic, 

a ZHDE = ZHCE=90° - A ...(i) 
Similarly H, D, B,F are concyclic. 

a ZHDF = ZHBF =90°- A 
Hence, 7 FDE = 180° — 2A 

So, Z DEF = 180° — 2B 
and ZEFD = 180° — 2C 


...(ii) 
[using Eqs. (i) and (ii)] 


180°-2A 


Thus, angles of pedal triangle FDE are 
180° — 2A, 180° — 2B, 180° — 2C. 
Again in ABFD, 
ZFDB = 90° — ZHDF = 90° — (90° — A)= A 
FD BF 


sinB sinA 
sin B 


FD = BF 


sin A 


_ sinB 


-BC-cosB | °. In ABFC, ae =cosB 
sinA BC 


_ asin B-cos B 
a sin A 
FD = bcosB 
Similarly, EF = acos A and DE = ccosC 
=> Sides of pedal triangle : 
acos A, bcos BandccosC or Rsin2A, Rsin2B and Rsin2C 


= 2Rsin B-cos B 


Note 


If given AABC is obtuse, then angles are represented by 2A, 2B, 
2C — 180° and the sides are acos A, bcosB, —ccosC. 


Example 24. Find the area, circum-radius and 
in-radius of the pedal triangle. 


Sol. We know, area of A = ; (product of the sides) x (sine of 
the included angle) 
= »(Rsin2B)(Rsin2C) -sin(180° — 2A) 


1 
= —R’-sin2A-sin2B-sin2C 
2 


EF _ Rsin2A  _R 
2sinFDE 2sin(180°-2A) 2 


The circum-radius = 


The in-radius of the pedal ADEF 
= ar (ADEF) 
Semi- perimeter of ADEF 
we! R’sin2A -sin2B-sin2C 
2 2Rsin A-sin B-sinC 
= 2Rcos A.cos B.cosC 


Thus, area of pedal A = 7 Rsin2A -sin2Bsin2C 


: : R 
Circum-radius = — 
2 


In-radius = 2Rcos A- cos B-cosC 


Centroid of Triangle 


In AABC, the mid-points of the sides BC,CA and AB are 
D, E and F, respectively. The lines, AD, BE and CF are 
called medians of the triangle ABC, the points of 
concurrency of three medians is called centroid. 
Generally, it is represented by G. 


LN. 
ZIN 


By analytical geometry : 


AG =2.AD; BG =2.BE and CG=2CF 
3 3 3 

Length of Medians and the Angles that the 

Median Makes with Sides 

In above figure, AD* = AC* + CD* —2AC-CD-cosC 


2 


AD’* =b’ +°-—abcosC 


AD? =b? 42. a (Ae =<) 


4 2ab 
AD? _ 2b" +2c° —a’ 
4 
1 2 2 2 
> AD =—./2b° +2c° -a 
2 
1 
or AD =—,/b? +c? +2becos A 
2 


Similarly, 


BE a Jag? +2a’ —b’ 
2 


and 


CF aba +2b? -—c’ 
2 


Let ZBAD =f and 7 CAD =y, we have 


siny DC _ a 

sinC AD 9.1 bp? p26? a? 
2 

; asinC 

siny = 


2b° +2c* —a’” 
Similarly, sinB = ee _, 
2b° +2c* —a’ 


: sin8 b 
again = ; 
2 
Si 2bsinC 
2b’ +2c* —a’ 


Ex-central Triangle 


Let ABC be a triangle and I be the centre of incircle. Let I,, 
I, and I, be the centres of the escribed circles which are 
opposite to A, B, C respectively, then I,,I,, 1, is called the 
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Ex-central triangle of AABC. 


By geometry IC bisects the ZACB and I,C bisects the 
ZACM. 


ZICL, = ZACI +Z ACI, 


=) acB+142ZACM 
2 2, 

= 1 (80°) = 90° 
2 


Similarly, ZICI, =90° 

Hence, I,1, is perpendicular to IC. 

Similarly, AI is perpendicular to I,J, and BI is 
perpendicular to I, I,. 


Hence, I,1,], is a triangle, thus the triangle ABC is the 
pedal triangle of its ex-central triangle I,/,,I,. 
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Sides and Angles of the Ex-central Triangle 
In above figure, 
ZBI,C=ZBI,1+ ZCLI 


= ZBCI+ ZCBI 
=~ © 4B _ogo_A 
2 2 2 
or PA a ee 
2 
Thus the angles are, 
90° A 90° B 90° = 
2 2 2 


Again in right angled AI, I,C, 


LC 
1 =cos| 90° — a 
LI, 2 


Lé=t1, sin ..-(i) 
LC 
In ABI,C, 2 owes 
sinZI,BC sin ZBI,C 
II, sin A/2 a 
= = 


[a = 5) ~ sin(90° — A/2) 
sin}, ——————_ 


acos(B /2) 2R-sin A- cos(B /2) 
=> LI, = = 
sinA/2-cosA/2 1]. . (4 (4 
2sin - COS 
2 2 2 
LI, Sania 
2 
nc Cc 
Similarly, 5 ea 


I,I, =4Rcos a 
2 
Area and Circum-radius of the Ex-central 
Triangle 
* Area of triangle = ; (Product of two sides) x 
(Sine of include angles) 
= | (4Reos B/2)-(4Rcos C /2) x sin(90° — A /2) 


A=8R’ cos A/2- cos B/2+cosC /2 


I,I 

The circum-radius aS = SENOS AR = 
2sinI,I,I,  2sin(90° — A/2) 

> Circum-radius = 2R. 
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Distance between the In-centre and 
Ex-centres 


Here, ZIBI, = ZICI, =90° 
I A ly 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
\ i Ps 
| 
1 
1 
1 
1 
v 


WV 


h 


*, II, is the diameter of the circumcircle of ABCI, 
a BC a _ 2RsinA 
‘sin BI,C sin(90°— A/2) cos A/2 


II, =4R- snl 2 


Similarly, II,=4R sl 


ea ae Ne ee 


B 
2 
and II, =4R snl C 


Further, 2 BI,I=ZBCI= 


ae) 


BI=II, ae 
2 


=> BI=4Rsin A/2: sin C /2 
Similarly AI =4Rsin B/2- sin C /2 
CI =4Rsin A/2-sin B/2 


Distance between an Ex-centre and 
Circum Centre 


Let O be the circum centre and I be the in-centre, then AI 


produced passes through the ex-centre I,. 
Let AI, meet the circum-circle in D, join CI, BI, CD, BD, 
CI,, BI,. 


Draw I, E, perpendicular to AC. Produce I,O to meet the 
circle in L join CL. 


The angle ZBI, and ZCI, are right angles, hence the circle 


on I,I as diameter passes through B and C. 


The chord BD and CD of the circum-centre subtend equal 


angles at A and are therefore, equal. 
DB = DC =DI 


Hence D is the centre of the circle 
IBI,C. 


DI, = DC= 4Rsin= 


Now, OI; — R* =Square of 
tangent from I,.=I,D-I,A 


va AA A 
=2Rsin— - r,cosec — 
2 


OI? = R? +2Rr, 


or 
OI, = Ry1 + 8sin A/2- cos B/2- cosC /2 


OL, =./R® +2Rr, 


Ol, = R,/1+8cos A/2: sin B/2-cosC /2 


and OI, =./R* +2Rr, 


OI, = R/1+8cos A /2: cos B/2: sin C /2 


Similarly, 


Example 25. Show that //, -//, -I/, =16R7r. 
Sol. Since, II, = 4Rsin A/2 


II, = 4Rsin B/2 
and II, = 4RsinC /2 
A B Cc 
II, -I1,-11, = 64R? -sin—-sin —-sin— 
2 2 2 
Since r= 4Rsin A /2:sin B/2-sinC /2 


II, -I1,-I1, =64R°-—— = 16R’r 
4R 


Example 26. Prove that 
Hyefgty — Hl stgt, 


sinA sinB 
Sol. LHS II,-I,1, _ 4Rsin A/2-4Rcos A/2 
sin A sin A 
_ 16R’ sin A/2-cos A/2 = BR 
2sin A /2-cos A/2 
RHS II,-1,I, _ 4Rsin B/2-4Rcos B/2 
sin B sin B 
= 16R’ sin B/2- cos B/2 
2sin B/2-cos B/2 
=8R* 
=> LHS = RHS 


Example 27. If g,h,k denotes the side of a pedal 
triangle, then prove that 
can h k _a +b’ +c° 
ape 2abc 


Sol. We have, 
g =acosA,h=bcosB,k=ccosC [sides of pedal A] 
g hk cosA. cosB_ cosC 
fp fp + + 
a b c a b c 
_B+e-a ate — bh ath -c 
2abc 2abc 2abc 
_a@ +b +e? 
2abc 


h k @t+b4+e? 
el ok 


“a BP eC? 2abc 


Example 28. If x, y,z are perpendicular from the 
circum centre of the sides of the AABC respectively. 


a b c_ abc 
Prove that —+—+—= 
xX Y Z_ Axyz 
~ 
Sol. In AOBM, tanA=2%=% 
x 2x 
ne b 
Similarly, tan B = — 
ay 
and tanC = ica 
2z 
Since, A+B=n-C 
> tan(A + B) = tan(m — C) 
> tan A + tanB+ tanC = tan A-tan B-tanC 
a b c abc 
> +—+—= 
2x 2y 2z 8&xyz 
c abc 
=> +—+-—= 
x yp Zz Axyz 


Example 29. If O,H and G represents circum centre, 


orthocentre and centroid respectively, then show 
HG:GO =2:1. We have, 
Sol. We have, two A’s AGH and GMO are equiangular. 


OM = RcosA 
AH _2RcosA _ 2 


OM RcosA 1 
Hence by similar A’s, 
AH AG_ HG _ : 
OM GM _ GO 
..=> G divides HO in the ratio of 2:1 
or HG:GO=2:1 
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Example 30. Prove that the distance between the 
circumcentre and the orthocentre of a triangle ABC 
is RI —8cos AcosBcosC. 


Sol. Let O and P be the circumcentre and the orthocentre, 
respectively. 


B= 


Cc 


If OF is the perpendicular to AB, we have 
ZOAF = 90° — ZAOF = 90° — C 
Also, ZOAP = A — ZOAF — ZPAL 


= A - 290° —C) 

= A+2C — 180° 
=A+2C-(A+B+C) 
=C-B 


Also, OA = Rand PA =2RcosA 
Now in AAOP, OP? = OA? + PA® — 20A.PA.cos ZOAP 


= R’ + 4R’ cos’ A — 4R’ cos Acos(C — B) 
= R’ + 4R’ cos A{cos A — cos(C — B)} 
= R’ — 4R’ cos A {cos(B + C) + cos(C — B)} 
= R’ — 8R’ cos Acos BcosC 

OP = Ry1 — 8cos Acos BcosC 


Hence, 


Example 31. Find the distance between the 
circumcentre and the incentre of the AABC. 


Sol. Let O be circumcentre and OF be the perpendicular to AB. 
Let I be the incentre and JE be the perpendicular to AC. 


Then, ZOAF = 90° —C 
> ZOAI = ZIAF — ZOAF 


— (90° — C) 


A 

2 

A (A23*°) C-B 
+C = 

2 

I 


2 2 
Also, AI = eee 
sinA/2 sin A/2 
= 4Rsin B/2sin C /2 
Hence, 
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OI’ = OA’ + AI’ — 20A- AI -cos ZOAI _ eB’ f JE (F25) 
=1-8sin—:sin cos 
= R? + 16R’sin® B/2-sin’C /2- 2 2 2 
C-B - «Bo C+, cA 
8R’sin Bi2sin€ /2c09{ =1-8sin 9 ‘sin 9 — 9 


or’ 


R 


2g Be. 
=1+ 1l6ésin® —-sin 


ee scare : : 
=1-—-8sin—:sin cos—:cos sin—:sin 
2 2 2 2 


° = “fi — 8sin B/2-sinC/2-sin A/2 


2 


c 
2 2 

ar 
BY <( B Cc .B. S| or OI =R, {1 - — 
8sin sin cos cOSs + sin “sin R 
2 2 2 2 2 2 


OI = .{R? — 2Rr. 


B 


2 2 


Exercise for Session 4 


oa aR & 


_ 


10. 


If H is the orthocentre of the AABC, then find AH. 


A circle touches two of the smaller sides of a AABC (a <b <c) and has its centre on the greatest side. Then, 
find the radius of the circles. 


If the sides be a,b,c, then show thatacos A+ bcosB+ccosC =4RsinAsinBsinC 
If the altitudes of a triangle be 3, 4, 6, then find its in-radius. 
In a AABC, if a =3, b =4, c =5, then find the distance between its incentre and circumcentre. 


If P,, P>, 3 are respectively the perpendicular from the vertices of a triangle to the opposite sides, then find the 
value of p,p.p. 


Show that the distance between the circumcentre and the incentre of the triangle ABC is ,/R* — 2Rr. 


Show that the distance between the circumcentre and the orthocentre of a triangle ABC is 
R,/1-8cos Acos Bcos C. 


If in a AABC, AD, BE and CF are the altitudes and R is the circumradius, then find the radius of the DEF. 


If/,/,,/, and/, be respectively the centre of the in-circle and the three escribed circles of a AABC, then find /,/,. 


Session 5 


Regular Polygons and Radii of the Inscribed 
and Circumscribing Circle a Regular Polygon 


A regular polygon is a polygon which has all its sides as 
well as all its angle equal. 


If the polygon has ‘n’ sides, Sum of the internal angles is 
(n-2)0 


(n — 2) and each angle is 


Let AB, BC and CD be three consecutive sides of the 
regular polygon and n be the number of its sides. Let O be 
the point of intersection of the bisector of the angles 
ZABC and ZBCD. 


The point O is both the incentre and circumcentre of 
polygon and so BL = LC. Hence we have, 


OB = OC = R, the radius of the circumcircle and OL =r, the 
radius of the incircle. 


It can be seen, 


R= cosec bid and r= cot Z 
2 n 2 n 


where ‘a’ is length of a side of the polygon. 
The area of the polygon =n area of AOBC 


=n(OL)(BL) =n- , : co — 


2 
1 Tt 
=—na’ -cot| — 
4 n 


Also, the area of the polygon. 
= n(OL)(BL) = n(OL)(OL tan ZBOL) 


Tl 
=nr’ tan| — 
n 


Again, the area =n(OL)(BL). 


WO eis: OB sin 
n n 


2 TU . 
=nR*° -cos—- sin— 
n n 


=" R? sin at 
2 n 
Example 32. If A,,A,,A,,4;,A, and A, be the 
consecutive vertices of a regular hexagon inscribed in a 
unit circle. Then, find the product of length of 
A,A,, AA, and A,A,. 
Sol. We know, in hexagon central angle is = = 60° and each 
(2n — 4)n 
2n 
_ (6 = 2) x 180° 


angle = 


= 120° 


As the unit circle, 
x radius OA, =1=r 
In AA,A,A,; 


) A AT a AA} = AyA; 
> cos 120° = 
2A,A,-A,A, 
_14+1-A,A} 
2-1-1 

_ A,A, = v3 (i) 
Similarly in AA,A,A,, we have 

A,A, = v3 ...(ii) 


Thus, the value of, 
(A,A,)-(A,A,)-(AyA,) = 1-V3 v3 
= 3 square units 
Example 33. If the area of circle is A, and area of 
regular pentagon inscribed in the circle is A,, then 
find the ratio of area of two. 
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Sol. In AOAB, OA = OB=r and ZAOB = = =72° 
D 
E Cc 
A —__—_—"B 


Area of AAOB = narsin 7 


1 : 
Area of AAOB = a cos 18° (i) 
Area of pentagon = 5 (area of AAOB) 
=> A, =5 |r cos1e| ...(ii) 
Also we know, Area of circle = tr’ 
= A, = nr? iii) 
2 
Thus, ites a ah sec ( 
A 5 10 


5 
2 =r? cos 18° 
2 


Example 34. If the area of cyclic quadrilateral ABCD 
S [2] The radius of the circle circumscribing it is 1. 


If AB=1, BD= V3, then evaluate BC: CD. 


V 


oe 


> ZBOD = 2C 
2 2 2 
cos2C = coe ae (v3) 
2-1-1 
1 
or cos2C = —— 
2 
S ZC = 60° ..-(i) 
Also, ZA + ZC = 180° 
[since ABCD is cyclic quadrilateral] 
=> ZA = 120° ...(ii) 
“. In AABD, 


i? +-AD? =G37 
2-AD-1 


cos120° = 


1_ AD’ -2 
=> —~i- fC 
2 2AD 
AD’? +AD-2=0 or AD=1 (iii) 
Now, ar (ABCD) = ar(AABD) + ar(ABCD) 
> aNG 28s a aan 5 Sine poner 
4 2 2 
- 33 _ V3, 1.93 50.cp 
4 4 2 2 
=> av3 = ae -CD 
4 4 
or BC-CD=2 
Example 35. A regular pentagon and a regular 
decagon have the same perimeter, prove that their 
areas are as 2: 5. 
Sol. Let AB be one of the n sides of a regular polygon. 
If AB=a, 
TAL 
area of polygon = 5 AB -OD 
_ fe cot (i) 
Fi - sa 
Let the perimeter of the pentagon and decagon be 10x. 
Then, each side of the pentagon is 2x and its area is 
5x° cote ..-(ii) 


[using Eq. (i) where n = 5 and a = 2x] again, each side of the 
decagon is x and its area is 


5 Tt 
=x? cot — ...(iii) 
2 10 


[using Eq. (i) where n = 10 anda = x] 
Area of petagon — 2cot36° _ 2cos36°-sin18° 
cot18° sin36°-cos 18° 
2cos36°-sin 18° _ cos36° 


2sin 18°-cos18°-cos18° cos” 18° 
_ 2cos36° _  2cos36° 


2cos’18° 1+ cos36° 
4/5 +1) 
V5 +1 
4,1+ 


ae+y 2 
5+V5 V5 


Area of decagon 
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Exercise for Session 5 


1. Find the sum of the radii of the circles, which are respectively inscribed and circumscribed about a regular 
polygon of n sides. 


2. Find the radius of the circumscribing circle of a regular polygon ofn sides each of length is a. 
1 1 1 1 


A iA A A 


4. A regular polygon of nine sides, each of length 2, is inscribed in a circle, then find the radius of the circle. 


3. If AA, A,, A, be the area of the in-circle and ex-circles, the show that 


5. Show that the area of the circle and the regular polygon ofn-sides and of equal perimeter are in the ratio of 
tan( = | = 
nj n 
1 1 


1 
6. LetA,A,,A,,...,A, be the vertices of ann-sided regular polygon such that = | . Find the value 
AA, AA, AA, 


of n. Prove or disprove the converse of this result. 


7. Let |, is the area of n-sided regular polygon inscribed in a circle of unit radius and O, be the area of the polygon 


= 
circumscribing the given circle. Then, prove that/, = < ; ¥ 1-(22 } | 
n 


Session 6 
Quadrilaterals and Cyclic Quadrilaterals 


Area of Quadrilateral Simlloviy: 


ABCD is any quadrilateral where AB = a, BC = b, CD =c, aren or AARC ai ap AC sine: ...(ii) 
AD=d and ZDPA=a. 2 
Let s denotes the area of quadrilateral, then “. $s =area of ADAC + area of AABC 


area of ADAC =area of AAPD + area of ADPC =" DP Mie + BP- Reon 


[using Eqs. (i) and (ii)] 


==(DP + BP) - AC sina 


=> ve pps AC aine 
2 


1 


. 1 ; “. Area of quadrilateral = z (product of the diagonals) 
= oe ne ee 2 


i x (sine of included angle). 
= : DP.(AP + PC) sina Again, 


1 We can express the area of Ain terms of sides and the sum 
Area of ADAC = 5, DP. AC- sina ...(i) of two opposite angles : 
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In AABD, 
In ABCD, 
From Eqs. (i) and (ii), 

a’ +d’ —2adcosA=b’ +c’ —2becosC 


BD’ =a’ +d’ —2adcosA (i) 
BD* =b’ +c’ —2becosC (ii) 


a’ +d’ —b’ —c’ =2adcos A-2becosC __ ...(iii) 
Also, s =ABAD + ABCD 
ay re aes ers 
2 2 
> 4s =2ad sin A + 2bcsinC ...(iv) 


On squaring and adding Eqs. (iii) and (iv) both sides, we 
get 
16s° +(a*° +d* —b* —c’)’ 
= 4a*d* + 4b’c* —8abcd cos(A + C) ..(V) 
Let A+C= 2a, then 
cos(A + C) =cos 2a =2cos’ a —-1 
From Eq. (v), we get 
16s° = 4a°d* + 4b*c* —8abcd(2cos* & — 1) — 
(a° +d’ —b* -c’)’ 
= {2(ad + bc)}* —(a° + b* —c* —d’)* —16abcd cos’ & 
={(a+d)* —(b+c)*}{(b +c)? —(a-d)’} —16abcd cos’ & 
=(atd+b-c)(at+d—b+c)\(b+ct+a-—d)(b+c-a+d) 
—16abcd cos’ o 
Let, 2s=at+bt+ct+d 


168? = (2s — 2a)(2s — 2b)(2s — 2c)(2s — 2d) — 16abed cos” 
a)(s — b)(s — ¢)(s— d) 
> s= (s a)(s — b)(s — c)(s — d) — abcd cos’ 


where 20 = A+Cand2s=a+b+c+d 


abcd cos* a 


x Sis 


Thus, area of quadrilateral; 


~BD - AC- sina, where ZDPA =a 


or A= V(s a)(s — b)(s — c)(s — d) — abcd cos’ a, 
where 20 =A+C 


Area of Cyclic Quadrilateral 


A quadrilateral is cyclic quadrilateral if its vertices lie ona 
circle. 


Let ABCD be a cyclic quadrilateral such that AB = a, 
BC =b, CD =c and DA =d. 


Then, 7B + ZD =180° and ZA + ZC = 180°. 
Let 2s =a+b+c+d be the perimeter of the quadrilateral. 


Now, A ~=area of cyclic quadrilateral ABCD 
= area of AABC + area of AACD 
1 aban B 4g edga'D 
2 2 
1 : 1 ‘ 1 : 1 F 
=—absin B+ —cdsin(a — B)=—absinB+—cdsinB 
2 2 2 2 
=> A=" (ab+ed)sin B (i) 


Using cosine formula in a AABC and AACD, we have 
AC’ = AB’ + BC’ —2AB- BC-cosB 

= AC’ =a’ +b* —2abcosB 

and AC’ = AD’ +CD’ —2AD-CD-cos D 

> AC’ =d* +c° —2cd -cos(m — B) 


(ii) 


_..(iii) 
From Eqs. (ii) and (iii), we have 
a’ +b’ —2abcos B=d* +c” -2cdcos B 
> 2(ab + cd)cos B=a* +b? —c’ -d’ ...(iv) 
> 4(ab + cd)* cos? B=(a* +b* —c* —d’)* 
> 4(ab + cd)* «(1—sin’® B) =(a* +b’ —c’ -d’*)’ 
= 4(ab+cd)’ sin’ B=4(ab+cd)’ -(a’ +b’ -c* -d’)’ 
= 4(ab+cd)’-sin*® B={2(ab+cd)+(a* +b’ —c’ -d*)} 
{2(ab + cd) -(a* +b’ —c* —d*)} 
4(ab + cd)* - sin’ B 
= {(a +b)’ -(c-d)’}- {(c +d)’ -(a—b)’} 


= 4(ab+cd)*-sin’ B= 
{(a+b+c-—d)at+tb-—ct+d)(c+d-atb) 


u 


(c+d+a-b) 
= 4(ab+cd)’.sin® B =(2s —2d)(2s — 2c)(2s — 2b)(2s — 2a) 
= 16A’* =16(s—a)(s—b)(s—c)(s—d) [using Eq. (i)] 


=> A=, (s—a)(s—b)(s—c)(s—d) ...(v) 
.. From Eqs. (i), (iv) and (v), 


Area of cyclic quadrilateral; 


A= 7 (ab +ed)-sin B,A=\/(s a)(s — b)(s —c)(s — d) 


a’ +b? —c’ —d’ 
2(ab + cd) 


and cos B= 


Ptolemy's Theorem 
In a cyclic quadrilateral ABCD, 
AC: BD=AB-CD+ BC- AD 
i.e. in a cyclic quadrilateral the product of diagonals is 


equal to the sum of the products of the lengths of the 
opposite sides. 


Proof: Let ABCD be a cyclic quadrilateral, where 


and cos B= 


2(ab + cd) 


= AC? =e? +h? 2b. |e ee 


2(ab + cd) 


> A 
(ab + cd) 
- Ac? = +8") cd table’ +d") 
ab +cd 
oy AC? _ (ac + bd) - (ad + bc) 
ab +cd 
Similarly, 


BD? _ (ab + bd) - (ac + bd) 
ad + be 


> AC’ - BD* =(ac + bd)’ 
> AC: BD =(ac + bd) 


=> AC: BD = AB-CD + BC: AD[ Ptolemy’s theorem] 


Circum-radius of a Cyclic Quadrilateral 


Let ABCD be a cyclic quadrilateral. Then the circum-circle 


of the quadrilateral ABCD is also the circum circle of 
AABC. 


Hence, the circum-radius of the cyclic quadrilateral 


C? _(a° +b*)(ab+cd) —ab(a’* +b’ —c* -d’*) 
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ABCD = R = Circum-radius of AABC = ca 
2sin B 
= Ae) [using A = (ab + cd) sin B] 
4A 2 
But, AC = esta had 1 PO) [using Eq. (i)] 
(ab + cd) 


Hence, R= aa Vac + bd)(ad + bc)(ab + cd) 


Rul {fe + bd)(ad + bc)(ab + cd) 
4\ (s—a)(s—b)(s—c)(s —d) 


Example 36. If the sides of a cyclic quadrilateral are 3, 
3, 4, 4. Show that a circle can be inscribed in it. 
Sol. By geometry, 


AP = AS i) 
BP = BQ ii) 
DR = DS iii) 
CR=CQ iv) 
Adding all four equations, we get 


AB+CD=AD+CB  ...(v) 
Now, the sides of cyclic quadrilateral 
3, 3, 4, 4 inscribe the circle in it, if it 
satisfy (v). 
ie. let AB+ CD =3+4=7,AD+CB=3+4=7 
ie. 3,3, 4, 4ie.3 = AB,3 = BC,4=CD,4=CB 


satisfy condition (v) or a circle can be inscribed. 


Note 


If sum of opposite side of a quadrilateral is equal, then and only 
then a circle can be inscribed in the quadrilateral. 


Example 37. The two adjacent sides of a cyclic 
quadrilateral are 2 and 5 the angle between them is 
60°. If the area of the quadrilateral is 4/3, then find 
the remaining two sides. 

Sol. Let AD = 2, AB =5, ZDAB = 60° 
Since, the quadrilateral is cyclic, 
ZBCD = 120° 
Area of 


v3 


AABD = 72 Ssin oor = —c ..-(i) 


Area of ABCD = Area of 
quadrilateral ABCD — area of AABD 


sg - 43 5 


2 2 


...ii) [using Eq. (i)] 


Let CD = x and BC = y 


Now, area of ABCD = saysin 120° 
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$8 1 w8 veh Heck ” Example 38. If a,b,c,d are the sides of a quadrilateral, 
or os = ed ae ...(iii) [using Eq. (ii)] aha 
then find the minimum value of ———-—— 
> xy =6 (iv) d? 
Applying cosine rule in ABAD, we get Sol. Here, AB =a, BC = b, CD =c and AD = d are the sides of 
, _ AD’ + AB’ — BD’ quadrilateral ABCD. 
cos60° = D 
2AD- AB —_— 
12’ +5°— BD’ 
or = . 
2 2:2°5 b 
=> BD’ =19 
Applying cosine rule in ABCD, we get A a B 
2 2. 
esi = 2 2 And we know, (a — b)’ +(b-—c)’ +(c — a)’ 20 


or 


or 


or 


Now, x’ + y+ 2xy=13+12=25 


2xy 2 2 2 
=> 2a" + b° + c°) = ab + be + ca) 
1 x*+y">-19 


= > 3(a° +b’ +c*)>(a° +b? +c°)+Aab+ be +a) 


2 2xy 
4 at & re rusie 6] [i.e., adding (a’ + b’ + c’) to both sides] 
x+y +xy= using xy = 
er ee > 3(a’? +b’? +c’?)>(at+bt+cy 
x +y'= 


['. sum of any three sides 
of quadrilateral is greater than fourth] 


=> (x+y) =25 => a+b +c?)>(atb+c’>d fratbtce>d] 
> x+y=5 a+b tec? _ 1 
and x+y? —2xy =13-12 — a a 
= ~y=t1 4B +e? 
. oe .. Minimum value of eT Tes. a: 
Solving we get, (x = 3, y = 2) or(x =2, y =3) fk 3 


Exercise for Session 6 


The area of a cyclic quadrilateral ABCD is . The radius of the circle circumscribing cyclic quadrilateral is 1. 


(3V3) 
4 
If AB = 1, BD = V3, then find BC -CD. 


If two adjacent sides of a cyclic quadrilateral are 2 and 5 and the angle between them is 60°. If the third side is 
3, then find the remaining fourth side. 


The ratio of the area of a regular polygon of n sides inscribed in a circle to that of the polygon of same number 
of sides circumscribing the same circle is 3 : 4. Then, the value of n is 


A right angled trapezium is circumscribed about a circle. Find the radius of the circle. If the lengths of the bases 
(i.e. parallel sides) are equal toa and b. 


xtanA 
Scot A 


If A,B, C, D are the angles of quadrilateral, then find 


Session 7 
Solution of Triangles 


In a triangle, there are six variables. viz. three sides a, b,c 
and three angles A, B,C when any three of these six 
variables (except all the three angles) of a triangles are 
given, the triangle is known completely; that is the other 
three variables can be expressed in terms of the given 
variables and can be evaluated. This process is called the 
solution of triangles. 


Solution of a Right Angled Triangle 
CaseI When two sides are given. 


Let the triangle be right angled at C, then we can 
determine the remaining variables as given in the 
following table : 


Given Required 


(@) 4,6 mie" pao Ce 
b sin A 


(li) a,c sin A =~, b=ccosA, B=90° — A 
c 


where ZC = 90° 
Case II When a side and an acute angle is given. In this 


case we can determine the remaining variables as given in 
the following table : 


Given Required 
(i) a4 B=90° — A, b=acotA, c=— 
sin A 
(ii) c, A B=90 -— A,a=csin A, b=ccosA 


Solution of a Triangle in General 


CaseI When three sides a, b and c are given. 


In this case the remaining variables are determined by 
using the following table : 


Given Required 
a, b,c (i) Areaof A= as(s — as — b\(s — c), 
2s=a+b+e 
(ii) sind = a sin B = cae sinC = ies 
be ac ab 
n 4 = A tan a = A 
(iti) 2 s(s-a) 2 s(s—by 
G: A 
n— = 
2 s(s-c) 


Case II When two sides a, b and included ZC are given. 
In this case we use the following table : 


Given 
a, band ZC 


Required 


(i) Area of A =5absinC 


ij tn{ 4 — =) a= > cot 
(ii) 2 at+b 2 


asinC 


eae 
() ind 


Case III When one side a and two angles A and B are 
given. In this case we use the following table : 


Given Required 
aand 7A, ZB (i) ZC =180° —- (44 + ZB) 
asin B __asinC 


ii) D= and c 
(ii) sin A sin A 


(iii) A= aesin B 


CaseIV When two sides a, b and ZA opposite to one side 
is given then, 
sin B a an A ...(i) 
a 


LOA Be 
sin A 


From Eq. (i), the following possibilities will arise : 


(a) When A is an acute angle and a < bsin A In this 


relation sin B=—sin A gives that sin B > 1 which is 
a 


impossible. 
Hence, no triangle is possible. 


(b) When A is an acute angle and a = bsin A In this 
case only one triangle is possible which is right 
angled at B. 
i a=bsinA=> ZB=90° 

(c) When A is an acute angle and a>b sin A In this 


case there are two values of B given by sin B = os 
a 
say B, and B, such that B, + B, = 180° side ‘c’ can be 
obtained by using c = a a 
sin A 


a> bsin A= two triangle are possible. 
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Note 

(i) In any right angled triangle, the orthocentre coincides with 
he vertex containing the right angled. 
(ii) The mid-point of the hypotenuse of a right angled triangle is 
equidistant from the three vertices of the triangle. 
(iii) The mid-point of the hypotenuse of the right angled triangle is 
he circum-centre of the triangle. 


Example 39. In any AABC, the sides are 6 cm, 10 cm 
and 14 cm. Show that the triangle is obtuse-angled 
with the obtuse angle equal to 120°. 

Sol. Let a=14, b=10 and c =6 cm. 


14+10+6 
s = ——___ 


=> =15cm. 


As we know largest angle is opposite to the largest side, 


Pee-@ 
gos Ae 
2bc 
_ 100+36-196 1 
2(10)(6) 2 
> A = 120° 


Example 40. If a,b and A are given in a triangle and 


C,,C, are the possible values of the third side, prove 
that : C? + C3 -—2C,C, cos2A=4a’ cos? A 
P+e-a 

2be 
=> c’ -2becosA + b’ — a’ =0, which is quadratic is ‘c’. 
“ C,+C, =2bcosA 
and me 


Sol. cosA = 


i) 


C? +C,’ —2C,C,cos2A 
=> (C,+C,)? -2C,C, -2C,C,cos2A 
[using Eq. (i)] 
=> (C,+C,)? —2C,C,(1 + cos2A) 
4b’ cos’ A — 2b’ — a’)-2cos’ A 
4a’ cos’ A. 


C? + C3 -2C,C, cos A = 4a’ cos A 


Y 


Y 


Exercise for Session 7 


Example 41. In a AABC, the median to the side BC is 


] 
Ju-6v3 
of 30° and 45°. Find the length of the side BC. 
Sol. ZC = 180° — (75° + B) 


of length and it divides the ZA into angles 


ZC =105°-B 
In AABD, 
A 
‘s| ‘9 
B D Cc 
eee = BD= a ...(i) 
sin30° sin B 2sin B 
In AADC, 
CD _ AD 
sin45° sinC 
= Gp ii) 
V2sin(105° — B) 
Now, BD =CD 
AD AD 
+ = 
2sin B /2sin(105° — B) 
> V2sin B= sin(105° — B) 
> 2sin B = sin 105° - cos B— cos105°-sin B 
> Bape Og aes 
2/2 an/2 
> 4sin B = (V3 + 1)cos B + (V3 — 1)sinB 
=> cot B= 3/3 -—4 
> sin B= ! 
Hii —6/3 
2/11 — 6v3 
Hence, BC = 2BD = ae v3 =2 


sin B 1 —6V3 


1. In AABC, a:b :¢ =(1+ x):1:(1— x), where x e€ (0, 1). If ZA=o+ ZC, then find the value of x. 


AR &W N 


In a AABC, 2s = perimeter and R = circumradius. Then, find 


If in a AABC, ZC = 90°, then find the maximum value of sin A sinB. 


If the area of a triangle is 81 square cm and its perimeter is 27 cm, then find its in-radius in centi-metres. 
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5. Ina AABC, ifr, = 2r, =3r,, then show that © = . 


6. Find in-radius of the triangle formed by the axes and the line 4x + 3y —12 =0. 


7. In aAPQR as shown in figure given that x : y :z ::2:3:6, then find value of ZQPR. 


8. Ina AABC, es <2, then show that the triangle is equilateral. 
r 


9. The angle of a right-angled triangle are in AP. Then, find the ratio of the in-radius and the perimeter. 


10. Ifina triangle ( - at - 4 = 2, then show that the triangle is right angled. 
ip) 1) 


Session 8 
Height and Distance 


Angle of Elevation Note 


iO! be the chsswers eye and OX be the horizontal line (i) Angle of elevation and depression are always acute angle. 
: : ; (ii) Angle of elevation of an object from an observer is same as 
yee > : an P 7 at : cae level than eye, then angle O depression of an observer from the object. 
is calle e angle of elevation. 


Bearing 


If the observer and the object are O and P be on the same 
level respectively, then bearings is defined. To measure 
the bearing the four standard direction East, West, North 
and South are taken as the cardinal directions. Angle 
between the line of observation. i.e., OP and any one 
standard direction is measured. 


Angle of Depression : 


O Horizontal line 


Pp 
If ‘O’ be the observer’s eye and OX is a horizontal line 
object P is at a lower level than O, then the ZPOX is called 6 
the angle of depression. " . 
O Dorzontel line 
Z ° 
7 S 
” 
: Pp Thus, ZPOE is called the bearing of the point P with 


respect to O measured from East to North. 
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In other words the bearing of P as seen from O is the Sol. (a) 
direction in which P is seen from O. 


Note 
North-East means equally inclined to North and East. ENE 
means equally inclined to East and North-East. 


Example 42. Two flagstaffs stand on a horizontal 
plane. A and B are two points on the line joining their 
feet and between them. The angles of elevation of the 


tops of the flagstaffs as seen from A are 30° and 60° Let H be the mid-point of BC since 
and as seen from B are 60° and 45°. If AB is 30 m, the ZTBH = 90°, 
distance between the flagstaffs in metres is (TH) =(BT)* +(BHY’ 
(a) 30 + 15V3 (b) 45+ 15V3 = 5? 4.57 =50 
(c) 60 - 153 (d) 60 + 15V3 Also, ZTHG = 90°, 
Sol. (d) Let x and y be the heights of the flagstaffs at P and Q (TG) =(TH) +(GHY’ 
respectively. =50+25=75 
Then, AP = xcot60° = cay AQ = ycot30° = yv3 Let 0 be the required angle of elevation of G at T. 
v3 _, _ GH 
Then, sin® = —— 
BP = x cot 45° = x, BQ = yeot60? = = 2 
= BP — AP=x-—-= AB 5v3_ v3 
V3 { 1 ) 
=> 6 =sin ‘| — 
S v3 
R Example 44. Each side of an equilateral triangle 
subtends an angle of 60° at the top of a tower hm 
. high located at the centre of the triangle. If ais the 
y length of each side of the triangle, then 
(a) 3a? = 2h’ (b) 2a? =3h? 
60° A45° ec ewwn ua (b) a? =3h? (d) 3a° =h? 
Q B 30m A P (b) 
Sol. 
=> 30/3 = (V3 -1)x 
> x = 15(3 + V3) 
Similarly, 30= if ane >y=H= 153 
V3 
y 
So that, PQ = BP + BQ=x+—— 
Q Q AP 


= 15(3 + V13) + 15= (60 + 15V3)m 


Example 43. Ina cubical hall ABC D,P QRS with 
each side 10 m, G is the centre of the wall BCR Q and 


T is the mid-point of the side AB. The angle of ‘ 
elevation of G at the point T is Let O be the centre of the equilateral triangle ABC and OP 
1 1 the tower of height h. Then, each of the triangles PAB, PBC 
(a) sin” [=] (b) cos” [+] and PCA are equilateral. 
V3 V3 Thus, PA = PB= PC =a. 


(¢) tan” os (d) cot 1 Therefore, from right-angled triangle POA, we have 
PA* = PO" + OA’. 


B B 
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e.te ; Sol. (d) AP = PB = hcot30° = V3h 
= a’ =h* +| —sec30° 
2 1 5 _ 3h? + 3h? — 60° 
—= = cos 120° = ———___— 
=7242.4 2 2-3h 
~ 4 3 —3h° = 3h’ +3h* —3600 
BP es 
fae 9h” = 3600 
3 h =20 
Oe a8 9h? +h+1=3600+20+1 
=> -a =h 
3 = 3681 
=> 2a’ = 3h? Q 


Example 45. A vertical tower PQ subtends the same 
angle 30° at each of two places A and B, 60 m apart 
on the ground, AB subtends an angle 120° at the foot 


of the tower. If his the height of the tower, then Kx 
Qh* + h+1is equal to 120° 
(a) 3121 (b) 2136 z 
60 m B 
(c) 3600 (d) None of these 


Exercise for Session 8 


1. 


If a tower subtends angles 0, 20 and 36 at three points A, B and C respectively, lying on the same side of a 
AB cot@-cot20 


horizontal line through the foot of the tower, show that —- —————__. 
BC cot20 —cot30 


A person stands at a point A due south of a tower of heighth and observes that its elevation is 60°. He then 
walks westwards towards B, where the elevation is 45°. At a point C on AB produced, show that if he find it to 
be 30°. OA, OB, OC are in GP. 


A train travelling on one of two intersecting railway lines, subtends at a certain station on the other line, an 
angle « when the front of the carriage reaches the junction and an angleB when the end of the carriage 
reaches it. Then, the two lines are inclined to each other at an angle 0, show that 2cot 6 =cot « —cotB, 

cot « + cotB 


The angle of elevation of the top of the tower observed from each of the three points A, B, C on the ground, 


forming a triangle is the same angle «. If R is the circum-radius of the triangle ABC, then find the height of the 
tower R tan a. 


The length of the shadow of a pole inclined at 10° to the vertical towards the sun is 2.05 metres, when the 
elevation of the sun is 38°. Then, find the length of the pole. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


Ex. 1. ean ee att =1, then Sol. (4) a= and A =~ ah 
4 4 


V3 
AABC is 12 2 2 
(a) equilateral (b) isosceles 2/3 V3 3 
(c) scalene (d) None of these she abe 
Sol, (a) Leto = 7“ p= 7S y= 7—€ i " ES 6 
2)(1)(3 M 
=> a+B+y=— ~ 3 (4) v2 as a Ss 
2 
=> Xtana-tanB =1 el 
Ytan’*o =1= Ltano tanB avl2 
= ee ae Rp amas Ex. 4. In AABC, if AC =8, BC =7 and D lies between A 
m-A n-B n-C and B such that AD = 2, BD = 4, then the length CD equals 
a aan (a) Jae (by V8 (VST) W75 
A=B=C Sol. (c) l’ =2’ +8° —2-2-8cos A 


=4+4+64-32cosA 


» Ex. 2. In AABC, a® +c’ = 2002b’, C40s7 St 17 


and cosA= 
then ene equals to 2-6:8 16xX6 32 
cot 
1 2 
a) —— b) —— 
(@) 2001 (b) 2001 
3 4 
c) —— d) —— 
©) 2001 (¢) 2001 
Sol. (b) cotA+cotC _ sin(A+C)sinB 
' cot B sin A sinC sin B 
sin’ B _ 4R’D?  =68—32x se 
sinA cosBsinC 4R* ac cosB ae 
— 2h? I= 51 
2accosB a’ +c’ —-b’ 
op? ‘4 » Ex. 5. Ina triangle, if 
~ 50028’ —b*2001 (a+b+c)(a+b-—c)(b+c-—a) 
242: 2 
(c+ta-b)= = Z > then the triangle is 
Ex. 3. A triangle has vertices A, B and C and the respec- a +b" +¢ 
tive opposite sides have lengths a,b and c. This triangle is (a) isosceles (b) right angled 
inscribed in a circle of radius R. If b= c =1and the altitude (c) equilateral (d) obtuse angled 
2 abc? 
i = Sol. (b) We have, s(s —a)(s —b)\(s—c)= : 
from A to side BC has length 2 then R equals (b) (s — a)(s — b)(s—c) Aa +P 40) 
272 2 
(a) 72 (b) + = eer ects a (i) 
1, abc 
(c) 3 (d) Aa As, A= ne = so 


2V2 


So, Eq. (i) becomes 


2 2 2 (a’b’c* 2 
a+b+c= sy = 8R 
2a’ -b°-c 
> 4R*(sin’ A + sin’ B + sin’ C) = 8R? 
> sin’ A + sin’ B+sin’C =2 
or 2+2cosA-cosB-cosC =2 
> cos A-cos B-cosC =0 
..AABC must be right angled. 


Ex. 6. Consider a AABC and let a, b andc denote the 


lengths of the sides opposite to vertices A, B and C, respec- 
tively. Ifa =1, b=3 and C =60°, then sin’ B is equal to 


27 3 
a) — b) — 
( lS ( lS 
81 1 
c)— d)— 
(c) = ( ie 
2 Bo. a2 
Sol. (a) By Cosine law, cos60° = cal Bas 
2°1:-3 
= c=v7 
Now, oe e [By Sine law] 
sinB sinC 
= sin B= petite 
c 
3x8 
= 2 
V7 
33 
2v7 
Hence, sin’ B= ze 
28 
: : 2 
Ex. 7. In AABC, ifcos A + sin A - ——————_ =0, then 
cosB+sinB 
a+b. 
is equal to 
Cc 
1 
(a)V2 —(b)1 ()— — (d)2v2 
2 


Sol. (a) We have, 
=> cos A cosB+sin A sinB + cos A sinB+sin Acos B=2 
> cos(A — B)+sin(A + B) =2 


es cos(A — B)=1 

and sin(A + B)=1 

— A=B,soa=b 

and sin2A =1 

=> A = 45° 

or A = 135° (Not possible) 
Hence, oaY E.G 


cc av2 
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Ex. 8. In AABC, if ZA = 30°, b =10 anda = x, then the 


values of x for which there are 2 possible triangles is given 
by (All symbol used have usual meaning in a triangle) 


(a)5<x<10 ()x<- 


5 5 
(c)— <x <10 (d)—< x <10 
) 2 


Sol. (a) If c is the third side, then the altitude to c has length 
10sin 30° = 5, 
there are two triangles if x is greater than this value and 
less than the length of b. 


Ifx > 10, pointB will come to the left of A and ZA would be 
obtuse in the case. 


3 
Aliter We have, 3 = cos30° 
2 


_ 100+ c* — x’ 
2(10)(c) 
=> c? —10V3c + (100 - x”) =0 
10V3 + [4x — 100 
= 
2 


Now, for 2 distinct positive values of c, we must have 


10V3 > ./4x? — 100 


=> 300 > 4x* — 100 
=> x’? <100 => 5<x<10 


[by using cosine rule] 


Ex. 9. Ina AABC, AB = AC, P and Q are points on AC 


and AB respectively such that CB = BP = PQ =Q4A. If 
ZAQP =, then tan’ 0 is a root of the equation 

(a) y? + 21y* — 35y - 12 =0 

(b) y* — 21y* + 35y — 12 =0 

(c)y*? — 21y? + 35y —7 =0 

(d) 12y’ — 35y* + 35y —-12=0 


Sol. (c) ZQAP = ZOPA =90- - 
ZPOQB = ZPBQ = 180-0 
BCA = 


ABC = BPC = 454° 
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Now, [oe = °) + (20 — 180°) + [as + °) = 180° 


51 
— 6 = — 
a. 
> 70 =50 
=> 40 =5n — 30 
=> tan 46 = — tan30 
ay 2tan20 —s- tan — tan*0 
1— tan’ 20 1—3tan’0 
2t 
2 2 3 
1-t 3t—t 
=> = >= ie where t = tan0 
2t 1-—3t 
1+ a gt 
1-t 
4i-t?) — £?-3 
(1-t’)P—4t?) 1-38" 
> 4(1 — 4t? + 3t*) =(t? —3)(1-6t? +1t*) 
> t® —21t* +35t? -7=0 


. tan’@ is the root of the equation y’ - 21y’ + 35y —7 =0. 


» Ex. 10. The angle of elevation of tower from a point A 
due south of it is 30° and from a point B due west of it is 45°. 
If the height of the tower be 100 m, then AB= 

(a) 150 m (b) 200 m 
(c) 173.2 m (d) 141.4 m 
Sol. (b) OB = 100cot 45° 


OA = 100 cot 30° 


JEE Type Solved Examples : 


AB = (OA? + OB’) 
AB = 200m 


A 


» Ex. 11. An aeroplane flying horizontally 1 km above 
the ground is observed at an elevation of 60° and after 
10 seconds the elevation is observed to be 30°. The uniform 
speed of the aeroplane in km/h is 
(a)240 (b) 2403 
(c) 60/3 (d) None of these 


Sol. (b) d = H cot 30° — H cot60° 


Time taken = 10s 


More than One Correct Option Type Questions 


» Ex. 12 InA ABC, the ratio _ : Sis 

sinA  sinB~ sinC 
always equal to (All symbols used have usual meaning in a 
triangle.) 


(a) 2R, where R is the circumradius 


(b) a where A is the area of the triangle 


1 


(c) oe +b? +02)? 


(d) eo" 
(hhh)? 


Sol. (a,b,d) We know that 


d >| 
H 1km 
60° 
30° 
cot 30° — cot60° 
Speed = x 60x 60 = 240V3 
b 
2 ya OR 
sinA sinB sinC 
abc abc 
and R= => 2R= 
4A 2A 
a,b are true 


Be. 3 ‘ 
Now, aoe ey 


If B true iffa=b=c 
.. ‘c’ is incorrect 
Now, for option ‘d’ 
(abc)? 


We have, ee 
(h,h,h,)” 


We know, Loh, = ” bh, = 1 eh, =A 
2 2 2 


8A’ 

abc 
(abc) 2 (abc) _ (abe)**(abey” 
(hh,h,)" (s#")" 2A 


abc 


hhh, = 


abe og 
2A 


Hence option, a, b and d are correct. 


Ex. 13. Let ABCD be a cyclic quadrilateral such that 


AB = 2, BC =3, ZB =120° and area of quadrilateral = 4V3. 


Which of the following is/are correct? 
(a) The value of (AC) is equal to 19 


(b) The sum of all possible values of product AC - BD is 
equal to 35 


(c) The sum of all possible values of (AD) is equal to 29 
(d) The value of (CD) can be 4 


Sol. (a,c,d) Area of quadrilateral 
1 F 1 ‘ 
= 4V¥3 =—xX2 x 3sin120° + —xy sin60° 
2 2 


i= [a+ 2] 


16=6+ xy => xy=10 
AC? = 2? + 3? — 2-2-3. x cos120° 
=4+9+6=19 
=x’ + y’ — 2xy cos60° 
x+y — xy =19 


or x+y? =29 
> x=5y=2 
or x=2y=5 


Ex. 14. Ina AABC, which of the following quantities 
denote the area of the triangle? 


a a—b [se 4 


2 sin(A — B) 
(b) 5 iP) rr, 
V=nt, 
at+bh+c? 


Cc 
cotA + cotB + cotC 


A B Cc. 
(d) r? Cae . er -cot— 


2 ‘9 —e 2 
Soha Gg ee he tag 
2 sin(A — B) 4R’ 2 


7 asin = abe =A 
2 4R 
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A’.s ee 
s(s — a)(s — b)(s -c) 


V2n 1", = + (tan 4 tan? =s f Sin ee = | 
2 2 2 2 


(b) 2% = 


AMY, 


=A 
un, 1, 
2 ee 
(c) Denominator = ee See +...45 E 
2bca abc 


[Pte -atet+a—-b +a +b’ -c’) 
_(a@ +b’ +c")R 
. abc 

N_ (2a’) abc _ abe 


=4A 

D’ (3a’*)R_R 
> C is not correct. 

A’ s(s—a) s(s—b) s(s—c 

g & 6-2) s= 0) os~6) 
s A A A 

_ s(s—a)(s—b)(s—c)_A_, 
A A 


Hence, (a), (b) and (d) are correct. 


Ex. 15. Consider the system of equations 
sin x cos 2y =(a’ —1)* +1 andcos x sin2y =a +1. Which of 
the following ordered pairs (x, y) of real numbers can satisfy 


the given system of equations for permissible real values of 
a? 


-T -T T 37 
(a) (=.=) (b) (é. 2) 

3m -T —-T 37 
©) (=.=) (d) (=) 


Sol. (a,c,d) For permissible values of ‘a’, we must have 
(a’ -1)’ +1<1and|a+1)<1 
=> (a’-1) <0 and -1<a+1<1 


> -2<a<0 >a -1=0 
=> a=1lor-1 
.. Permissible value of a= —-1 


Hence, the system of equations becomes sin x cos2y = 1 and 
cos x sin2y = 0. 


Now, verify (a), (c), (d) alternatives. 


Ex. 16. Ina AABC, let 2a’ + 4b* +c’ = 2a(2b +c), then 


which of the following holds good? 


[Note All symbols used have usual meaning in a triangle.] 


(a) cosB = (b) sin(A — C) =0 


(=== 


; (d) sinA: sinB: sinC =1:2:1 
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Sol. (b,c) We have, 2a’ + 4b’ +c’ — 4ab — 2ac =0 


> (a— 2b)’ +(a-—c) =0 
> a=2b,a=c 
> jot pay 
2 
Pee-@ 
eos A =e 
2be 
a. e 9 
oF a—-a 1 


Similarly, cos B= ; and cosC = = 


Hence, option (a) is not correct. 

As a=c>A=C 

> A-C#=0 => sin(A —-C)=0 
Hence, option (b) is correct. 


A 
E (s — a)tan— soa) 
As - 25 
Mt s tan — 5 
a4 O24 wo 4.1 
s 5a 5 5 
4 


Hence, option (c) is correct. 


Also, a2 620 a7 2@=221:2=sin A ssin B cin 
2 


Hence, option (d) is not correct. 


Ex. 17. In AABC, angles A, B and C are in the ratio 
1:2:3, then which of the following is(are) correct? 


(All symbol used have usual meaning in a triangle). 
(a) Circum-radius of AABC =c 


(b)a:b:c =1:V3:2 
(c) Perimeter of AABC = 3 +as 


V3 2 


(d) Area of AABC = ae 
Sol. (b, d) Given, A+ 2A +3A = 180°, 
B= 60° and C = 90° 
Now, R= Zz 
2 


a _b_e Zan 
sinA sinB sinC 2 


B 
60° 
Cc 
a 
90° } 
30 A 
(a; b 
c V3¢ 
a=— b =—— 
2 2 
3 1 3 
So, a:biea oie ee Diets 
2 2 2 2 


Perimeter = (3 + V3)k, (k € R) 


Area of AABC = wab 
-3(5) V3 _ 33 02 
2\2 2 8 


Ex. 18. If the length of tangents from A, B, C to the 


incircle of AABC are 4, 6, 8, then which of the following 
is(are) correct? (All symbols used have usual meaning in a 
triangle.) 


(a) Area of AABC is 12V6 (b) r, 1, 1% are in HP 


46 
(c) a, b,c are in AP Ogee 

Sol. (b,c, d)s -a=4,s-—b=6,s-—c=8 

A 
s-a 
s-a 
s-C 
s-b 
B s-b S-—C Cc 


s=18 
A= J18x 4x6x8 = 24v6 
a=14,b=12andc =10 
s—a,s—b,s—carein AP. 


*. a,b,c are in AP. 
A A 


F F 
s-a s—bs-c 


A _ 4v6 


Ss 3 


are in HP. 


“1,7, ,7, are in HP r = 


Ex. 19. In AABC, let b =10, c = 10/2 and R= se then 
which of the following statement (s) is (are) correct? 
(a) Area of triangle ABC is 50. 
(b) Distance between orthocentre and circumcentre is 52. 
(c) Sum of circum-radius and in-radius of AABC is equal 
to 10. 
(d) Length of internal angle bisector of ZACB of AABC 


a 
a2: 


Sol. (a,b,c) We know, 
s 


is 


D235 


=> A ee 
10v2 V2 
=> B= 45° 


Also, ——=2R 
sinC 
10V2 
> sinC = 1ov2 =1 
10V2 
A=45° > C=90 


.. AABC is isosceles right angled at C. 
a=10,b=10,c = 10V2 


Area of ABC =) 10x 10 = 50 


Distance between orthocentre and circumcentre 
BD = DC =5y2 
R+r =5V2 +10-5V/2 = 10 [er = 10-52] 
Ex. 20. Let ‘t’ is the length of medians from the vertex A 
to the side BC of aAABC, then 
(a) 40 =2b* + 2c? -a@ 
(b) 40? = b? +c? +2bc cosA 
(c) 40? =a’ + 4bc cosA 


(d) 40? =(2s — a) — 4bc sin’ S 
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Sol. (a, b, c, d) D is the mid-point of line BC. 
AB? + AC? = 2(AD® + BD’) 


2 
c+ 5° =r (2) | 
2 


2 


> +p sar +S 
2 
A 
B D Cc 


4I° = 2b’ + 2c* - a’ 
=b’ +c’ +(b’ +c’ -a’) 
=b’ +c’ +2be cosA 
=(b’ +c’ —a’)+a’ +2be cosA 
=2be cosA + a’ + 2bc cosA 
=4be cosA +a’ 


Ex. 21. If a right angled AABC of maximum area is 
inscribed within a circle of radius R, then (A represents area 
of AABC andr,r,,r,,r, represent in-radius and ex-radii, and 
s is the semi-perimeter of AABC, then 

Lat, Lesa 
Re GO UF R 
(c)r=(V2-1R (d)s =(1+/2)R 
Sol. (a, b, c, d) For a right angled triangle inscribed in a circle 
of radius R the length of the hypotenuse is 2R. 
Then, area is maximum when its is isosceles triangle 


With each side = V2 R 
S= seve +2)R=(V2+1)R 


A= 7VaR-W2R=R 


(a) A = R? 


AL R 
S (42+1)R 
=> r=(V2-1)R 
1 1 1 1 1 
=> +—+—=-= 
r r, rs r (/2 -1)R 
_y2+1 


R 
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JEE Type Solved Examples : 


Statement | and II Answer Type Questions 


This section contains 3 questions. Each question contains 

Statement I (Assertion) and Statement II (Reason). 

Each question has 4 choices (a), (b), (c) and (d) out of 

which only one is correct. The choices are 

(a) Statement I is True, Statement IT is True; Statement 
II is a correct explanation for Statement I. 


(b) Statement I is True, Statement IT is True; Statement 
Il is NOT a correct explanation for Statement I. 


(c) Statement I is True, Statement II is False. 
(d) Statement I is False, Statement II is True. 


® Ex. 22. Statement I In aAABC, ifa<b<c andr is 


inradius and r,,r,,r, are the exradii opposite to angle A, B, C 
respectively, thenr <r, <r, <1ry. 


rrr 
Statement II For, AABC r,r, + r,r, +r,r, == 
. 
Sol. (b) Statement Ia<b<c 
s-a>s-b>s-c 
s>s-—a>s—b>s-c 
A A A A 
< < < 
s §-a s-b s-c 
r<7r<n<r 
A A A 
Statement II 7, = Jr, = Ve pS 
s-a s—b s-c s 


JEE Type Solved Examples : 
Passage Based Questions 


Passage I 
(Ex. Nos. 25 to 27) 
In a AABC, let tan A = 1, tan B = 2, tanC =3andc =3. 


25. Area of the AABC is equal to 


(a) = (b)3 
(c) 2V3 (d) 3V2 


26. The radius of the circle circumscribing the triangle 
ABC, is equal to 


(a) =a (b) v5 (c) V10 (d) = 


>» Ex. 23. Statement I /f the sides of a triangle are 13, 14, 
15 then the radius of in circle = 4 


Statement II /n aAABC, A= | s(s —a)(s — b)(s —c) where 


at+b+c A 
Ss =———_ andr = — 
s 
Sol. (a) s = 21 
A = ¥21-8-7-6 = ¥3:7-2'-7-3 =3-7-4 = 84 
A 84 
| eee 
Ss 21 
saa 
» Ex. 24. Statement I In a AABC, = 2 has the value 
a 
5? 
equal to —. 
abc 


Statement II /n a AABC, cos A _ (s—b)(s =) 
2 be 
Bae CEOS" 45° = (s —a)(s — b) 
. ac 2 ab 
A 


Soh Pw) 
a abc 

a 2 

a abe 


27. Let A denote the area of the AABC and Ap be the 
area of its pedal triangle. If A=k Ap, then k is equal 


to 
(a) 10 (b) 2¥5 
(c)5 (d) 2V10 


Sol. (Ex. Nos. 25 to 27) We have, 


tanA=1> sinA= ; 


SI > 


tanB=2 => sinB= 


tanC =3=> sinC = 


2 . 

5’ 
3 

10 


Using Sine law, 


_ bv5 _ cvV10 
ayy =H - 


3 
w= 59 = Jin [Asc =3] 
Now, a=45:b=2V2:c =3 


25. (b) A=) vb-2y2 sinc = 10 =3 
abc _ ¥5-2/2-3 10 


4A 4:3 2 
27. (c) We know that, A, =2A cos A cos B cosC 


Eig Sige ma ik 
V2 V5 10 


26. (a) R= 


=2*x 


me 
5 
2 A=5A, 
> k=5 
Passage II 


(Ex. Nos. 28 to 30) 
Let ABC be any triangle and P be a point inside it such that 


ZPAB = - Z PBA = > ZPCA = ? ZPAC = Let ZPCB = x 


28. x is equal to 


Tt 21 
ae by 
(a) A (b) F 
(c) * (d) None of these 
29. AABC is 


(a) Equilateral (b) Isosceless 


(d) Right angled 
30. Which of the following is true 
(a) BC > AC (b) AC = AB 
(c) AC > AB (d) BC = AC 
Sol. (Ex. Nos 28 to 30) 
PA _ PB 
sin20__ sin 10 
PA _ sin20° 
PB sin10° 
Similarly, In APBC and 
npg 2 = SE 
PC _ sin(80° — x) 
PC _ sin 40° 
PA ~ sin30° 
PA PB PC 
— xX — x — = 1 
PB PC PA 


(c) Scalene 


28. (a) In APAB, 


pe XAG 
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sin 20° sin x . sin 40° _ 
sin10° sin (80° — x)  sin30° 
sin(80° — x) = 4cos10° sin 40° sin x = 2sin50° sin x + sinx 
> sin(80° — x) sin x = 2sin50° sinx 
> sin(80° — x) cos 40° = 2sin50° sin x 
> sin(40° — x) =sinx 
=> x = 20° 


29. (b) ZA = ZC =50° 
30. (c) ZABC = 80° 
*, AC is longest side. 


Passage III 
(Ex. Nos. 31 to 33) 


Let AABC be any triangle and D, E, F feet of perpendicular from 
vertices A, B,C on opposite side BC, CA, AB, respectively. Then, 
the ADEF is know as pedal A of ABC. H is orthocentre of the 
AABC. We note that ZHDC = ZHEC = 90°, so the points 

H, D, C and E are concyclic. 


In question AABC is assumed an acute angled triangle. In case 
AABC be obtuse angled with A as obtuse angle. The angle of 
pedal A will be 2A — 180°, 2B, 2C and side will be represented by 
—acosA, bcos B,c cosC. 


31. If l, m,n denote the side of a pedal triangle, then 
[ mon, 

ae a equal to 

a c 


2 2 2 2 2 2 
Qe ae ee +bo+c 
a+b +c 2abc 

3 3 5 
a+b +c tates 
abc(at+b +c) abc 


32. If R be circum-radius of a A, then circum-radius of a 


pedal A is 
2R 
(a)R ins 
R R 
(c) 3 (d) 2 


33. The in-radius of pedal A of a AABC 


(a) = (b) R sinA sinB sinC 


A B.C 
(c)2R cosA cosB cosC_ (d)4R es one 


Sol. (Ex. Nos 31 to 33) 
31. (b) 1=-—acos A, m= bcos B,n=c cosC 


l m n_cosA_cosB_ cosC 
+ = + 
a b c¢ a b C 
a tb? tc? 


2abc 
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EF 
2sin( ZFDE) 
= Rsin2A _R 
2sin(180°-2A) 2 


32. (d) Circum-radius = 


33. (c) Area of pedal A = 5(DE) DF sin(ZEDF) = A(R sin 2B) 


(R sin2C) sin(180° — 2A) 


JEE Type Solved Examples : 
Matching Type Questions 


© Ex. 34. Match the statement of Column | with value of 
Column II. 


Column | 


(A) Inatriangle ABC ifa'-2(b + ¢)a +b’ p. 30° 
+ be +c =0, then ZA 

(B) Inatriangle ABC, Ifa’ + b' +c’ q. 60° 
=ah + 2b + 2c a’, then ZC is 

(C) Inatriangle ABC, Ifa' + b'+ +20 1. 90° 
=2a°b’ + 2b’c’, then ZB is 


Sol. (A) > (q, s); (B) > (p, t); C > (r) 
(A) a’ —2(b? +c’)a? +b* +b’c? +c* =0 


> (+c -a)y-(b +c?) +b +b’c? +c* =0 
= (+c? -a@y =b'c? 

P+e?-@ 1 
=> ee 
2be 4 
1 
> cos’ A =— 
4 


JEE Type Solved Examples : 


Single Integer Answer Type Questions 


© Ex. 35. Ina AABC, ifr, +r, +r =r,, then find the value 
of (sec*A +cos* B—cot* C). 
[Note All symbols used have usual meaning in a triangle.] 


Sol. (1) We have, r, +r, +r =r, 


A A A A 
=> + = 
2. “] Sy *) 


Column II 


1 
=—R’sin2A sin2B sin2C 
2 


Semi-perimeter of pedal A, 


1 
s= ee + sin2B + sin2C) 


In-radius = - =2RcosA cosB cosC. 
1 
cosA =+-— 
2 
A =60° or 120°(q, s) 
24 pie 
(B) *. cosC = as. 
2ab 
or a’ +b’ —c’ + 2abcosC 


Squaring both sides, then 


or 


(C). 


vuud 


l 


Yo uud 


a’ +b* +c* +2a’b’ — 2a’c* — 2b’c’ 
= 4a’ b’ cos’C 
3a’b* = 4a°b’ cos’ C 
(ai + bt t+c* =a’? + 2b’c? + 2c7a’ 


; 3 
cos’C = — 
4 
3 
cosC _4%3 
2 


C = 30° or 150° (p, t) 


tai +b +c'+2a’c? =2a°b* + 2b’c’ 


b* — 2a’ +c*)b’ +(a’ +c’) =0 
{b? —(a’ +c*)P =0 


at+e=b 
cosB=0 
B=90°(r) 
2s-(at+c) _ Db 


(s—a)(s—c) s(s—b) 

(s — a)(s —c) =s(s — b) 
s’ -(at+c)st+ac=s’ —bs 
(a+c-—b)s-—ac=0 


(ate py G*O* 9 - ae 


> (at+c) —b’ =2ac 

=> a’ +c’ +2ac — b’ =2ac 

> at+ce=bh 

So, ZB= and ZA + ZC =90° 
2 

Now, 


sec’ A + cos” B— cot’ C = sec’(90°-C) + cos’ 90°— cot? C 
= cosec’C +0- cot’ C 
=1 

Hence, (sec’A + cos’ B- cot*C) =1 

Alternatively We have, 


(r, +1r,)-—(r, —r) =0 ..-(i) 
As 7r,+7r,=4R iis cos 2 cos = + iia se aa 
2 2 2 2 2 
= cos Psin( AC) ~ an wees ...(ii) 
2 2 2 
A. B At: <B 
Also, r, — r = 4Rcos— sin—cos 4 Rsin —sin — sin 
2 2 2 2 
B A+C 2B 
= 4Rsin . cos{ : )- 4R sin® ; ... (iii) 


.. Using Eqs. (ii) and (iii) in Eq. (i), we get 
ak{ cos! a sin’ =0 
2 2 
=> 4R cosB=0 
= 2B= "and ZA + ZC = 9° 
Hence, (sec’A + cos’ B- cot”C)=1 


Ex. 36. In AABC, let b =6,c =10 andr, =r, +r, +r then 
find area of AABC. 


[Note All symbols used have usual meaning in a triangle.] 


Sol. (30) We have, ee ie ee oe [given] 
=> (4, -r)=(r%, +15) 
= s—(s—a)_ 2s—(b+c) 
s(s — a) (s — b)(s —c) 
= (s—b)(s—e)_, 
s(s — a) 
,A A 5 
=> tan°— =1 > —=45 
2 2 
Hence, A = 90° 


Now, area of AABC = woe sin A 


7 0) (10) sin 90° 


= 30 sq units. 
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Ex. 37. Consider an obtuse angled triangles with side 
8 cm, 15 cm and x cm (largest side being 15 cm). If x is an 
integer, then find the number of possible triangles. 
Sol. (5) Since, 15 be the largest side 
ee = 1 

16x 
for obtuse angled — 1 < cos@ <0 
— 16x < x’ - 161<0 


cos0 = 


15 
x 
(/ 
8 

=> x’ <161 
> x <13 ..-(i) 
and x’ + 16x -161>0 
> (x + 23)(x-—7)>0 
or x>7 (ii) 
: 7<x<13 
=> x € {8,9, 10, 11, 12} 


Hence, number of possible values of x is 5. 


Ex. 38. Let ABC be a right angled triangle at C. If the 
inscribed circle touches the side AB to D and(AD) (BD) =11, 
then find the area of AABC. 
Sol. (11) We have, 


(AD) (BD) = 11 A 

> (s—a)(s-—b)=11 

= (2s —2a) (2s — 2b) = 44 es 

=(b+c-a)(at+c-—b)=44 : 

> c’ —(b-a) = 44 

=> 2ab = 44 C B 
[As c? = a’ + b’] 

=> ab = 22 


Now, area (AABC) = sa = 322) =11 


Ex. 39. Consider a AABC and let a,b andc denote the 


lengths of the sides opposite to vertices A, B and C, 
respecively. Suppose a = 2,b =3,c =4 andH be the 
orthocentre. Find 15(HA)’. 

Sol. (196) We know that, HA = 2R cos A, where 
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Now, : =2R 
sin A 
2x8 16 
= 2k = —— = 
Vis 15 
HAHoR wed ex! 
Js 8 
14 
V15 


Hence, 15(AH)’= 196. 


Ex. 40. Ina AABC, the internal angle bisector of ZABC 


Jz 


meets AC at K. If BC =2, CK =1 and BK =~, then find 


the length of side AB. 
Sol. (3) Using cosine law in ABKC, 
18 
Parasites | 
cos— = 4 
2 3V2 
ee, 
2 
B 
JN 
a=2 
c=2m 
A K C 
34+ e 
7T5 15 5 
6V2 12V2 42 
News fe 2ac cosh = @ 2-2m) 5 
at+c 2 2m + 2 a2 


Subjective Type Examples 


Ex. 42. Two sides of a triangle are given by the roots of 
the equation x* — 23x +2=0. The angle between the sides 


is. Find the perimeter of A. 
3 


Sol. We have, two sides of a triangle are given by roots of the 
equation x? - wW3x +2=0. 


=> at+b= 23 
and ab =2with ZC = ...(i) 
using cosine law, we have 
cosC = es ee 
2ab 
24 p22 
> cost = ae [using Eq. (i)] 


= 3/2 4m 5 
2 m+1 4/2 
5m 
=> 3= 
mt+1 
=> 3m+3=5m 
3 
m=-—-— 
2 
AB=2m 
c=3 


Ex. 41. In AABC has AC =13, AB=15 and BC =14. LetO 


be the circumcentre of the AABC. If the length of perpendic- 
ular from the point ‘O’ on BC can be expressed as a rational 


” in the lowest form, then find(m +n). 


n 
Sol. (41)A = ,/s(s — a)(s — b)(s —c) 
- /21-8-6-7 = Vee 
pn abe, _ (14) (13) (15) _ 2-13-15 _ 65 
4A 4-84 4-12 8 
p= VR -7 
65) _, 
=i) 
_ (65)’ — (56)’ 
7 8 
_ V121-9 
8 
_ 33m 
8 on 
> m+n=33+8= 41 


= 2 2ab 
> a’ +b’ -c’ =ab 
> (a+b) —2ab-c* =ab [using Eq. (i)] 
=> 12-4-c¢7 =2 
c Shic= 6 
.. The perimeter of A 


=atb+c=2V3 +6 


Ex. 43. If in AABC, ZA = 90° and c, sin B, cos B are 
rational numbers, then showa and b are rational. 
Sol. Let AD be perpendicular from A to BC. 


Then, 


Similarly, 
=> 


Now, 


Ry | cae 
c 


BD =ccosB 
BD is rational. 
AD = csin B 


AD is rational. 
A 


B Cc 


sinC = cos B= 


=|8 o 


=> bis rational. 


Since, 


DC 
cosC =sinB= > 


> DC is rational. 
Hence, a = BD + DC is rational. 


Thus, a is rational and b is rational. 


Ex. 44. If the sides of a triangle ABC are in AP and a’ is 
the smallest side, then express cos A in terms of b and c. 


Sol. Since sides of the triangle are in AP. 


ie. a, b,c are in AP and leta<b<c. 


Now, 


2b=a+c ...(i) 
2 Do: ..8 
Py 
2be 
2 Qs _4y 
ef es) [using Eq. (i)] 
2bc 
_ be +c? — 4b’ —c? + 4bc 
2be 
_ 4be - 3b" 
2be 
oe 4c — 3b 
2c 


Ex. 45. If A,B andC are angles of a triangle such that 
ZA is obtuse, then show tan BtanC <1. 
Sol. Since, A is obtuse angle, 


then 
=> 
=> 
=> 
=> 
=> 


or 


90° < A < 180° 

90° < 180 —-(B+C) < 180° 
—90° <-(B+C)<0 

90° > B+C>0 

B+C <90° 

B<90°-C 

tan B < tan(90° — C) 
tan B < cotC 

tan B-tanC <1 


If A is obtuse, then tan A tanC < 1. 
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Ex. 46. If A is the area and 2s the sum of the sides of a 
2 


s 
triangle, then show A < —~. 
3V3 


Sol. We have, 2s=at+bte, 
A’ =s(s — a)(s — b)(s —c) 
Now, AM = GM 
s+(s—a)+(s—b)+(s-—c) 
4 
2 {(s — a)(s — b)(s — c)}"" 
= 4s — 2s >(A?y4 => Ss aie 
4 2 
Ss? 
> A<— wd 
A (i) 
Kise: ne 


2 {(s — a)(s — b)(s — ¢)}” 


“ 1/3 
3s — 2 A’ 
or 2 = (4) 


1/3 
s A’ A’ os 
or $2(4) or —<— 


=> As 


vr ii) 


Thus, from Eqs. (i) and (ii); 


2 


~ 33 


Ex. 47. Ina triangle, ifr, >r, >r,, then showa>b>c. 


Sol. We have, >t, >T, 


=> > > 


=> < < 
A A A 
=> s-a<s—b<s-c 
=> -a<-b<-c or a>b>c 


Ex. 48. ABC is a triangle and D is the middle point of 
BC. If AD is perpendicular to AC, then prove that 


Aer —@2 
Sexes 
3ac 
Sol. D is the mid-point of BC 
=> BD = DC = 7 


Draw BE perpendicular to CA (produced). 
ZDAC = ZBEC = 90° 

In A’s ADC and EBC, 
ZBEC = ZDAC = 90° 

and ZC is common. 
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Hence, ZCDA = ZCBE = 90° —C 
In A’s ADC and EBC are similar 
= DC _DA_CA _, py_y, 
BC BE 
and if DA = y, then BE = 2y 
Now, cosC = —— = cai 
a/2 a 


and cos(% — A) = 2 
c 
cos A = —— 
c 
2b° 
cos A-cosC = — — 
ac 
a 
In AADC, y’? +b’ = ms 
=> 4y° + 4b? =a’ 
In ABAE, 4y° +b =c Sc’ +3b? =a’ 
> b= ae 
3 
Ac* — a’) 


From Eqs. (i) and (ii), cos A-cosC = 
3ac 
Ex. 49. Ina AABC, prove that 
a’ cos(B—C)+b* cos(C — A) +c’ cos(A — B) = 3abc 
Sol. First term of LHS = a’ cos(B — C) 
= a’[acos(B— C)],where a = 2Rsin A 
=a’ -2Rsin A - cos(B-C) 


i) 


(ii) 


= a’2Rsin(B + C)cos(B— C) [asA+B+C=T 
“. sin A =sin(m —(B+C))=sin(B+C)] 


*. R[2sin(B + C)-cos(B—- C)] 
*. R[sin2B + sin2C] 

*. R[2sin Bcos B + 2sinC cosC | 
*[bcosB + ccosC] 


a 
a 
a 
a 


i) 


[as, 2R sin B = b and 2RsinC = c] 


Similarly, 
b’ cos(C — A) = b’[acos A + ccosC] ...{ii) 
and c*cos(A — B)=c’[acosA + bcos B] ... (iii) 


*. From Eggs. (i), (ii) and (iii), we get, 
a’ cos(B — C) + b’ cos(C — A) + c* cos(A — B) 
=a’ bcosB+a’ccosC + b’acosA + 
b’ccosC + c’acos A + c’bcos B 


= ab(acos B+ bcos A) + ac(acosC + ccos A) + 
bc(bcosC + ccos B) 
=ab-c+ac-b+bce-a [using projection formula] 
= 3abc 
a’ cos(B— C) + b°(C — A) + c’cos(A — B) = 3abc 


Ex. 50. In a triangle of base ‘a’, the ratio of the other 
sides is r (<1). Show that the altitude of the triangle is less 


than or equal to 


1-r? 
Sol. Let D be the foot of the altitude from A, 
A 
os 
oS 
c | 
B D Cc 
and BC = a, AB=c, AC =cr, AD=1=CsinB 
2 
b 
Now, ge >= aie 7 >= bi 5 [using Sine law] 
1-r c-re c —-b 
asin BsinC 


~ sin?C — sin? B 

2 asin BsinC 
sin(C — B).sin(C + B) 

_ asin B.sinC 

~ sin Asin(C — B) 


— csinB | l 

sin(C — B) — sin(C — B) 
> ja 

1-r’ 


Ex. 51. Three circles touch one-another externally. The 
tangents at their points of contact meet at a point whose 
distance from a point of contact is 4. Find the ratio of the 
product of the radii to the sum of the radii of circles. 


Sol. Let r,,r, and r, be the radii of the three circles with 
centres at C,,C, and C,. Let the circles touch at P, Q 


and R. 

Also, CC, =n +5 
CC. = hy 
C26, Fh 


Let O be the point whose distance from the points of 
contact is 4. 


Then, O is the in-centre of AC,C,C, with OP = OQ = OR= 4 
being the radius of the in-circle. 


Hence, 4= AGEs oe 


(i) 
1 
BICcs OC Ce) = 
where,s =r, +1, +1,, 
S* = s(s — C,C,)(s — C,C,\(s — C,C,) 
= Shits 


..Eq. (i) gives, 16= ABE 


hori ry, 


Hence, the ratio of the product of the radii to the sum of the 
radii = 16:1. 


Ex. 52. The internal bisectors of the angles of a NAABC 
meet the sides BC, CA, AB in D, E and F, respectively. Show 
that the area of the ADEF is equal to, 


2Aabc 
(b+c)(c+a)atb) 
Sol. AD is the internal bisector of ZA. 


BD BA c 
=> eS SS SS 
DC AC »b 
BD DC BD+DC a 
mn 2 De . . 
Cc b ct+b bt+e 
= pps epee 
b+e b+e 
poses \E 
B Cc 
Similarly, BF=—*“ 
at+b 


=> Area of ABFD = » (BF-BD) -sin B 


Area of ABFD _ (BF-BD)-sinB 
Area of AABC 


acsin B 
- ac 
(a+ b\(b +c) 
Now, area of ADEF = AABC — (ABFD + ADEC + AAFE) 
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Area of ADEF _ 
Area of AABC 


(2 + ADEC + e) 
AABC 


aii | ac n cb % ab | 
(a+ b)(b+c) (ct+a)(b+a) (a+c)(b+c) 
" 2abc A 
(a+ b)(b+c)(c +a) 


2abc A 
(a+ b)(b+c)(c +a) 


=> Area of ADEF = 


Ex. 53. Let D be a point on the side BC of aAABC such 
that BD: DC =m:nand ZADC =0, ZBAD =a and 
ZDAC =B. Prove that 

(i)(m+n) cot® =mcota —ncotB 
(ii)(m +n) cot® =ncot B—- mcot C 


Sol. (i) Given, ea and ZADC =0 
DC n 
A 
x] 8 
B m D n Cc 
Since, ZADB = (180° - 6), ZBAD = ot 
and ZDAC =6 
ZABD = 180° — (a1 + 180° - 0) =0 -@ 
and ZACD = 180° — (8 +B) 
From AABD, 
BD AD : 
- = —__ ..-(i) 
sina sin(0@ — a) 
From AADC, 
DC _ AB 
sinB sin {180° -(8 + B)} 
DC AD 
or = 


sinB 7 sin(8 + B) a, 


On dividing Eq. (i) by Eq. (ii), we get 
BDsinB _ sin(6 +B) 


DCsina — sin(0 — a) 
m sinB _ sin@cosB + cosOsinB 
iat n sina sinOcosa — cos@sina 
or msinB(sin® cosa — cosO sina) 


= nsina(sinO cosB + cos@sinB) 
or (m+n)cot0 = mcota —ncotB 
(ii) Substitute o =0 — Band B = 180° —(8 + C) in the 
above result, 


Simplify and obtain (m + n)cot® = ncot B— mcotC. 


Note This is known as m—n theorem. 
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Ex. 54. a base of a triangle is divided into three equal 
parts. Ift,,t,,t, be the tangents of the angles subtended by 
these parts at the opposite vertex, prove that : 


ee ee =4/i+— 
t te te ts ty 


Sol. Let the points P and Q divide the side BC in three equal 
parts 


Such that BP = PQ=QC =x 


Also let, ZBAP = a, ZPAQ =8, ZQAC = y 
and ZAQC =80 
From question, tana = t,, tanB =f,, tany = t,. 
Applying, m:nrule in triangle ABC, we get 
(2x + x)cot® = 2xcot(a +B) — xcoty (i) 
From AAPC, we get 
(x+ oe = xcotB — xcoty ...(ii) 
BN 
8 
B P Q Cc 


On dividing Eq. (i) and Eq. (ii), we get 
3 2cot(a +B) — coty 
2 cotB — coty 
A(cota -cotB — 1) 
cotB + cota 


or 3cotB — coty = 


or 3cot’B — cotBcoty + 3cota-cotB — cota - coty 
= 4cota-cotB - 4 
or 4+ 4cot’B =cot’B + cota -cotB + 
cotB -coty + coty -cota 
or 4(1+ cot’B) =(cotBh + cota)(cotB + coty) 


1 a 1 1 t 
or 4,1+ si + + 
i t, t,\\t, t, 


Hence, the result. 


Ex. 55. In a AABC, ifcot A+cot B+cot C = V3. Prove 
that the triangle is equilateral. 
Sol. cot A + cot B+ cotC = V3 


On squaring both sides, we get 
cot’ A + cot’ B + cot’C + 2cot A-cot B + 2cot B-cotC + 
2cotC-cot A =3 ...(i) 
Also, cot A cot B + cot BcotC + cotC cot A =1 ...(ii) 
From Eqs. (i) and Eqs. (ii), we have 
cot? A + cot’ B + cot’C — cot Acot B — cotC cot B— 
cotC cotA =0 


1 i 
or Seek — cot B)’ + (cot B — cotC)’ 


+(cotC — cot A)’}=0 
=> cot A = cot B= cotC 
[Since RHS is zero, thus each square must be zero] 
=> A= BH 'G 


ie. the triangle is equilateral. 


Ex. 56. In the AABC, if(a’ +b’) sin(A — B) =(a’ —b’) 
sin(A + B). Prove that the triangle is either isosceles or right 
angled. 


Sol. Let 2 2 K (say). 
sinA sinB sinC 
=> a= KsinA, b= KsinB 
and c= KsinC. 


Now, the given relation is, 
(a’ + b’)sin(A — B) =(a’ — b’)sin(A — B) 
> K*(sin’ A + sin’ B)sin(A — B) 
= K’(sin’ A — sin’ B)sin(A + B) 
> (sin’ A + sin’ B)sin(A — B) =sin*(A + B)-sin(A — B) 
or sin(A — B)[sin’ A + sin’ B— sin’C]=0 
Hence, either the first factor = 0; 
or the second factor = 0 
Ifsin(A — B)=0 A-B=05A=B 
> triangle is isosceles. 
If sin’ A + sin’ B—sin*C =0 
a bb ¢ 
~ ee ie 
=> the triangle is right angled. 


=0 or a+b =c’ 


Hence, the result. 


Ex. 57. The sides of a NABC are in AP. If the ZA and 
ZC are the greatest and smallest angles respectively, prove 
that 4(1—cos A)(1—cosC) =cos A +cosC 


Sol. Since A is the greatest and C is the smallest angle, ‘a’ is 
the greatest and ‘c’ is the smallest side. 


=> a, b,c are in AP. 
=> 2b=atec. 
or 4Rsin B = 2R{[sin A + sin ee 
_ B B_.. (3 + =| cos on 
or 2: 2sin —:cos— = 2sin 
2 2 
_B (4 <| A+C B 
or 2sin — = cos *! = 90° - 
2 2 2 2 


A+C A-C : 
or  2cos = cos ..-(i) 
2 
Now, LHS = 4(1 — cos A)(1 — cosC) 

= 4-2sin’ A/2-2sin’C/2 
= 4(2sin A /2-sinC /2)° 


al. 24=e A¥cy 
4 a 5 cos 5 | [ [using Eq. (i)] 


A=€ A+c] SARC 
=| 2cos 5 cos = 4cos 5 


Z 
RHS = cos A + cosC = 2008 =" cos —* 
A+C A+C ,At+C 
= 2cos *COS = 4cos 


2 


[using Eq. (i)] 
Hence Proved. 


Ex. 58. Perpendiculars are drawn from the angles A, B,C 
of an acute angled A on the opposite sides and produced to 
meet the circumscribing circle. If these produced parts be 


a, B, Y respectively, then show that 


Oa? i? olen Adin otane) 


a B ¥ 
Sol. Let AD be perpendicular from A on BC when AD is 
produced, it meets the circumscribing circle at E. 
From question, DE =a. 
Since, angles in the same segment are equal, 
AEB = ZACB= ZC 


and ZAEC = ZABC = ZB 
From the right angled triangle BDE, 
tanC = a ...(i) 
DE 
From the right angled triangle CDE, 
tan B= sca (ii) 
DE 
A 
B Cc 


On adding Eqs. (i) and (ii), we get 


tan B+ tanC = i 
DE 
208 (iii) 
DE @ 

Similarly, tanC + tanA = 3 ...(iv) 
and tan A + tanB=~— ..(v) 
Y 

On adding Eqs. (iii), (iv) and (v), we get 
baa u +2 Atan A + tan B+ tanC) 
a Bp y 
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Ex. 59. In any AABC, if 


,cosd= , cosy = 
+¢ a+c a+b 


cos§ = 


where 9, @ and wy lie between 0 and 1, prove that 


tan* —+ tan’ ane bs = 
2 2 
Sol. Given, cos@ = a 
b+e 
1— tan*— 
=> = 
1+tan?® b+e 
2 
= ae aa (i) 
2 atbtce 
: +c-—b 
Similarly, tan’ 9 = ane’ (ii) 
2 atbte 
and tan? = eres ... (iii) 
2 atbt+e 


On adding Eqs. (i), (ii) and (iii), we get 


+b+ 
ene” iar eet = : 
2 2 2 atbt+ec 
=> iat” jit? eee =1 
2 2 


Ex. 60. The product of the sines of the angles of a 
triangle is p and the product of their cosines is q. Show that 
the tangents of the angles are the roots of the equation; 


gx”? — px? +(1+ qg)x- p=0 


Sol. From the question, sin A -sin B-cosC = p 


and cos A-cosB-cosC = p 
> tan A -tanB-tanc = 2 (i) 
q 
Also, tan A + tan B+ tanC = tan A-tan B-tanC 
= tanA+tanB+tanc =2 ..-(ii) 
q 


Now, tanAtanB+ tan BtanC + tanCtanA 


_ sin A-sin B-cosC + sin B-sinC-cos A + sinC-sin A-cos B 


cos A-cos B-cosC 


= F (aii Adin BensC +sin C(sin B-cos A + cos B-sin AsinC)] 
q 


= [aden Bene +sinCsin(A + B)] 
q 


i , 
=—[sin A-sin B-cosC +sin’C] 
q 
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[1 — cos’C +sin Asin BcosC] 


[1 + cosC{— cosC + sin Asin B}] 


[1 + cosC(cos(A + B) + sin Asin B)] 


ie eood cos Bets en ... (iii) 
q 


The equation whose roots are tan A, tan B, tanC will be 
given by 


=> a< — 2ksin A/2 is rejected 
Hence, a = 2k sin A/2 
ie. for the triangle to exist, 

a= 2ksin A/2 


Ex. 62. Ina AABC, having sides a, b,c if C =60°, prove 
that 
1 1 3 
+ = 
b+c atb+t+c 


atc 


a+b-c’ 


‘ 5 Sol. cos C= but C = 60° 
x° —(tanA + tanB+ tanC)x* +(tan A tan B+ 2ab 
tan BtanC + tanC tan A)x 1 a+b -c’ 
—tan A-tan B-tanC =0 2- 2ab 
F a3 2 Dae 
ee pt cs gi? a. uel P_o a ab=a’+b’-c 
q qd q On adding 2ab both sides, 
[using Eqs. (i), (ii) and (iii)} 3ab =a’ + b’ + 2ab—c° 
i 2 2 
or qx’ — px’ +(1+q)x-p=0 Hence Proved. => 3ab =(a+ by’ —c 
> 3ab =(a+b+c)(a+b-c) 
Ex. 61. Given the base a’ of a triangle, the opposite ie at+b+2c 
angle A, and the product k* of the other two sides, show that atc bt+e ab+c(a+b+c) 


ieee : 4 A iplvi f 
it is not possible for ‘a’ to be less than 2k sin —. On multiplying numerator and denominator by 3, 


Since D’ is real, 
(a’ + 2k’ cos A)’ — 4k* >0 


> (a’ + 2k’ cos A + 2k’) 
(a’ + 2k’ cos. A — 2k*)>0 
> (a’ + 2k? -2cos’ A/2) 


(a’ — 2k’ -2sin’ A /2)>0 
= (a + 4k’ - cos’ A/2) 
(a’ — 4k’sin*® A/2)>0 

= a — 4k’sin® A/2>0 

[as, a’ + 4k* cos” A/2 is always positive] 
=> (a+ 2ksin A /2)(a — 2ksin A /2) 20 
> as<-—2ksin A /2 
a2 2ksin A /2 
But ‘a’ must be positive. 


or [since, 2k sin(A/2) is real] 


3(a + b + 2c) 
Sol. Given, b-c =k’ 3ab + 3c(a+b+c) 
Now cos A = betcha _ 3(a + b + 2c) 
2be (a+b+c)\(a+b-—c)+3c(at+b+t+c) 
2 
ee ot ee ae ae ke _@ [using Eq. (i) for 3ab] 
b 3(a + b + 2c) 
A (a+b+c)(a+b+2c) 
_ 3 
(a+b+c) 
y . 1 1 3 
+ as 
atc bt+c (at+b+c) 
B 5 Cc 


Ex. 63. Let1<m<3. In aAABC, if 2b=(m+1)a and 


1 -1 +3 
cosA = pi oe ) piove that there are two values to 
2 m 


the third side, one of which is m times the other. 


Sol. From the formula for cos A, 
we can write 2bccosA = b’ +c? — a 


b-(™ 2 
2 


but 


2 
(m + 1)accos A = feu - fe +c? 
{meaty 58 


-| ri + ...(i) 


But from the given values of cos A, 
we can write 
(m—1)(m +3) _ 
ag ie 


2 
mcos* A, 


.. Eq. (i) gives as 
(m+ 1)ac cos A = ma’ cos’ A +c” 

or maccos A — c’ = ma’ cos’ A — accos A 

(macos A — c) = acos A(macos A — c) 

(c — acos A)(c — macos A) =0 
This implies ‘c’ has two values; 
acos A and macos A, and the latter is m times the former. 
Hence proved 


Ex. 64. In any AABC, if D be any points of the base BC, 


bh that =" and ZBAD =, ZDAC =B, ZCDA =0 
n 


and AD = x then prove that 


(m+n)* +x? =(m+n)(mb* + nc’) — mna’ 


Sol. In AADC, 
AD’ + DC’ —2AD+DC-cos@ = AC’ 
2 
ie. x? + = ) 2 a }-coso =b° (i) 
m+n m+n 
A 
malm +n nailm+n 
B D Cc 
In AABD, AD’ + BD’ —2AD-BD-cos(m — 0) = AB’ 
2 
ie. x + () 
m+n 
2a = J-cos0 =¢’ ...(ii) 
m+n 


On adding m times Eq. (i) and n times Eq. (ii), we get 


2 
mn a 
(m+n)x? + = mb’ + nc’* 
m+n 
> (m+n).x°’ =(m+n) 


(mb? + nc’) — mna’? 


Ex. 65. ABCD is a trapezium such that AB, DC are paral- 
lel and BC is perpendicular to them. If ZADB =9, BC = p 
and CD = q, show that 

2 2 : 
AB = (p’ +q°)sin® 
pcos®8 + qsinO 
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Sol. Let ZBDC =a, then ZDAB = 180° — (8 +a) 
applying sine formula to AABD, we get 
Cc 


AB BD 
sin@_sin(0 +a) 


AB _ Vp +q° 


sin8 = sinO cosa + cosOsina 
[ but in ABCD, | 
sing = P and cosa = 4 


vp +a p+g 
2 2\ 08 
AB= ea Hence proved. 
qsin® + pcos® 
Ex. 66. Prove that in AABC, 


A B Cc 
cot — +cot— +cot 


(a+b+c)’ = 2 
a+b? +c? cot A +cotB+cotC 


Sol. LHS (denominator) = a’ + b? +c’ 
=[(b +c? -a@)+(c? +a —b’)+ (a +b’ -c’)] 
= [2bccos A + 2cacos B + 2abcosC] 


cosA  cosB~ cosC 
= 2abc + + 
a b c 


but, ee 


sinA sinB~ sinC 


.. Denominator (on LHS) 


= [cot A + cot B+ cotC] (i) 


LHS (numerator) = (a + b +c)’ 
= K’[sin A + sinB + sinC]}’ 


= 16K’ cos' “cos cos? using xsin A = attcos 


On multiplying and dividing by 2K’ sin Asin BsinC, we get 


: A B ‘ 
16K’ cos’ —-cos* —- cos” — 
2 2 


= (2K’ sin Asin BsinC) 


2K’ sin A -sin B-sinC 


= (2abc) 
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Since A, B, C are angles of a triangle, 


A B B C a 
cot —-cot—-cot— = cot— + cot— + cot ... (iii) 
2 2 2 2 
From Eqs. (ii) and (iii) 
2abe . 
Numerator (on LHS) = - [Xcot A /2] ...(iv) 


On dividing Eq. (iv) by Eq. (i), we get 
cot A/2 + cot B/2 + cotC/2 
cot A + cot B + cotC 


(a+bt+cy 
(a’ +b’ +c’) 


Ex. 67. If the sides of a triangle are in AP, and its great- 
est angle exceeds the least angle by x, show that the sides 
; ‘ 1—cosa 
are in the ratiol+ x:1:1— x, where x = cee 
7 —cosa 


Sol. Let AABC be the given A in which A is the greatest and 
C is the least angle. 
Then, according to the hypothesis 


A-C=a ...(i) 
But A+C=n-B ...(ii) 
..From Eq. (i) and Eq. (ii), we get 
Anny 7B 
2 2 
and eat iii) 
2 2 
Again by hypothesis, 
at+c=2b 


sin A + sinC = 2sinB 


(22°) ao 
=> 2sin cos 
2 2 


me: B 
= 4sin 5 “COS 


B A-C . B B 
=> 2cos— cos = 4sin—-cos 
2 2 2 


2 
07 é . 
> cos = 2sin — [using Eq. (i)] 
2 
oO 
cos — 
sin— = —2 
2 
: cos o/2 
B/2 
; 1+ a . 04 
[iron are = 4 ( a )- = 
2 2 


a-B 
cos 
a_sinA _ 2 


c sinC (° + ?) 
cos . 


_ cosa /2+ cos B/2 + sina /2-sin B/2 
cosa /2- cos B/2 — sina /2-sin B/2 


[using Eq. (iii)] 


On dividing numerator and denominator by cosa /2.cos B/2 
_ 1+ tano/2. tan B/2 
1— tana /2. tan B/2 


Write tana /2- tan B/2 from figure; 


2sin’ a /2 1-— cosa 
1+. |———_ 1+) |———_ 
_ 7—cosh _ 7—cosa 1+x 
1- Me 


2sin’ oa /2 1-— cosa 1-x 
7 — cosa 7 — cosa 
; 1— cosa 
given x = _{/————_ 
7— cosa 
a c atc 
= b 
Lex =x 2 
a b c 


1x 1 1=x 


Thus, the sides are in the ratio1 + x:1:1-— x. 


Ex. 68. Ina AABC, iftan A/2, tan B/2, tanC/2 are in 
AP. Show thatcos A,cos B, cos C are in AP. 
Sol. Given tan A/2, tan B/2, tanC/2 are in AP. 

“. tan A/2 — tan B/2 = tan B/2 — tanC/2 

sinA/2  sinB/2 _ sinB/2_— sinC/2 

cosA/2 cosB/2 cosB/2 cosC/2 
sin A/2-cos B/2 — sin B/2:cos A/2 

cos A/2-cos B/2 
_ sin B/2-cosC/2 — sinC/2-cos B/2 

cos B/2-cosC/2 


: (“5 in( 2" 
sin sin 
a 2 


2 () 
cos — cos — 
2 

B+cC 

but cos — = sin 
2 

A+B 

and cos— = sl 3 ..-(ii) 


2 
A=?) sin( 42?) 
“sin 
2 2 


sin B ; <) [from Eqs. (i) and (ii)] 


(2 
= sin 


— cos B— cos A = cosC — cosB 


Hence, cos A, cos B, cosC are in AP. 
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2. 
Ex. 69. Ifa, b,c are in HP, then prove that sin’ z sin’ as = 1 3° = 5 = als 2 | 
2 2 a a 
Pn oF . [| atbt+e 
sin® — are also in HP. = 2R\ > 6 
2 L a 
Sol Gweniiat = 242 aon sig 2 al 
b aoe P 
ie. 2ac = b(a+c) ..(i) 7 
b+e 
we want to prove =2R 343 )-s 
221,21 L “ 
ent ain? din? -on (242440, 240) | 
2 2 2 Loa b c 
. 2ac be ab Th ec Ga B 
Le., = + =2R)—-+—+—4+—+4+-—+4+ 3 
(s-aj(s—c) (s—b)(s—c) (s-a)(s—d) la ab bc ce 
———— waa (2 8) «(a2)s(E48]-s 
esingsin 4 = eS) ia Srie=o L\b a c ob aoc | 
2 bc 2 ac 


Hence proved. 


asin€ = [= Oe-9 | 
ata ae | Ex. 71. Ifr and R are radii of the incircle and 


circum-circle of AABC, then prove that : 


Consider LHS ; ‘ i 
oe Hato) 8rR{cos* A/2 +cos* B/2 +cos* C/2} 
= [using Eq. (i)] 2 2 2 
(s—a)(s—c) (s—a)(s—c) =2bc+2ca+2ab-—a° —b° -c’. 
b -b b -b 
a Maries Bs Foner)” sarin 62.1 @ \iicost Ayal 
(s—a)(s—b)(s—c) (s—a)(s—b)(s—c) s 4A 
b —2 
= See [using Eq. (i)] 7 bE Ssca5" A/2)= ae + cos A) 
(s — a)(s — b)(s — c) s s 
= = 2 2 2 
_ b(sa— ac + sc — ac) _ abe sb +c -a 
(s — a)(s — b)(s —c) s 2be 
_ bias —c)+e(s—a)] abe .{ 2be +b’ +c’ -a’) abe \(b+c)l -a 
= > = x 
(s — a)(s — b)(s —c) s 2be s 2be 
= ab + be =RHS _ (abe) (at b+ c)(b +e ~a) 
(s—a)(s—b) (s—b)(s—c) s 2be 
_ (abc) b+c-a _ 
Ex. 70. Ifr,,r,,r, are the ex-radii of AABC, then prove ; as the) vie nee 
that = La(b +c — a)=X(ab + be — a’) 
be ca. ab ab bc c a = 2be + 2ca + 2ab -— a’ — b? —c’. 
+—+—=2R +—]+]/—+—]+}—+ 3 ; fl : 
ig oF b oa cb ac “. 8rR{cos* A/2 + cos* B/2 + cos* C/2} 
A A A = 2be + 2ab + 2ca— a’ —b’ —c* 
Sol. We know r= = f= 
: : — ee” 7 
: . ; ‘ al Ex. 72. Prove that 
LHS === eae fo er? br? +? =16R? <a"? —B? =<". 
r 
1 1 where r = in-radius, R = circumradius, r,,r,,r, are ex-radii. 
= £ Ebo(s ~ a) = 4 [bes ~ 3be)a Sol, LHS =r? tr! + 12 +14 
_ 29 2 dei? a) 
1 [ y abe : sale 1 Lae | =16R‘sin® A/2-sin* B/2sin ae 
Al Py | Al . | 16R’ sin” A/2-cos” B/2-cos’ C/2 


+ 16R’ cos’ A/ 2sin’ B/2.cos’ C/2 + 16R’ cos’ A/2 
= | 2S -3| [but = 4] ‘cos’ Bi2-sin'C/2 
A 
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= 16R’sin’ A/2 [sin’ B/2-sin’ C/2 + cos’ B/2-cos’ C/2] 
+ 16R’ cos’ A/2 [sin’ B/2:cos* C/2 + cos” B/2-sin’ C/2] 
= 4R’sin’ A/2 [(2sin’ B/2)(2sin® C/2) + 
(2cos* B/2)(2cos* C/2)] 
+ 4R’ cos’ A/2 [(2sin’ B/2)(2cos’ C /2) + 
(2cos’ B/2)(2cos* C/2)] 
= 4R’sin’ A/2[(1 — cos B)(1— cosC) + (1 + cos B) 
(1+ cosC)]+ 4R’ cos’ A/2 [(1 — cos B)(1 + cosC) 
+ (1+ cos B)(1 — cosC)] 
= 4R’ sin’ A/2 [2+ 2cos BcosC]+ 4R’ cos’ A/2 
[2 — 2cos BcosC] 
= 8R* + 8R’ cos Bcos C(sin’ A/2 — cos’ A/2) 
= 8R° — 8R’ cos A.cos BcosC 
= 8R’ + 4R’ [cos(A + B) + cos(A — B)]-cos(A + B) 
= 8R’ + 4R’ [cos’*C + cos’ A — sin’ B] 
= 8R’ + 4R’ [1-sin’?C +1-sin’ A — sin’ B] 
= 16R’ — 4R’sin’ A — 4R’sin’ B- 4R’sin’C 
= 16R’ - a’ — b’ —c* = RHS 


Ex. 73. Tangents are parallel to the three sides are drawn 
to the in-circle. If x,y, z are the lengths of the parts of the 
tangents with in the triangle, then prove that ~ + : +7221 

a c 
Sol. Let PQ = x, PQ parallel to BC. 
SR = y, SR parallel to AC. 
TU =z, TU parallel to AB. 
Let I be the in-centre of the AABC. 


Consider AAPQ, 
A AP 
By sine rule, aU 2 
sinA sinB sinC 
sin B b 
A — x — 
Q sin A a 
AP = sinC _¢ “ 
sin A a 


Also ‘7’ will be ex-radius of AAPOQ. 
= (= +PA+AQ 


Jian a2 
2 


rus 


P| 
_(a+b+tc) 


xtanA/2= * tan A/2. 
2a a 


Similarly in ABRS, 


c a sy 
BR=-—y; BS= andr = —tan B/2 
eo b 


[BR + BS y= Ey + Ey ty = 


and in ACTU, CT = nd Cu = Ls and r == tan 
c c c 


We also know that, 


r =(s — a)tan A/2 =(s — b)tan B/2 


=(s —c)tanC/2 


* tan A/2 =(s —a)tanA/2 => Masa 
a a 


“tan B/2=(s— b)tan B/2 => ra es 


* tanC /2=(s—c)tanC /2 = as ce 
c c 


On adding {= + 
a c 


+E)-a-(atbte)=s 


Ex. 74. Ina AABC, ifcos A + 2cosB+cosC = 2. Prove 


that the sides of the triangle are in AP. 
Sol. cos A + 2cos B + cosC =2 


or cos A + cosC = 21 — cos B) 
=> 2o0{ A=©) coo A= C) = sin’ 2 
2 2 
(4 —) B 
=> cos 5 = 2sin— 


3] 


_ A, C 
— 2sin — -sin — 
2 2 


C 
=> cot —:-cot— =3 
2 2 


= | s(s — a) | s(s — c) oa 
(s—b)(s—c) \(s—a)(s— 6) 
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= a ee ee = 180° — (90° — C) — (90° — B) 
(s — b) =B+C=n-A 


= a+c=2b So, ar(A HBC) = | BH -CH-sin ZBHC 

. a,b,c are in AP. 2 
= t gsninle -A)= yan A 
Ex. 75. Ina cyclic quadrilateral ABCD, prove that 2 2 
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B_(s-a)(s—b A 
tan? —= at ) a, b,c andd being the lengths of 
2 (s-c)(s-d) 
sides AB, BC, CD and DA respectively and s is semi-perime- 
ter of quadrilateral. fy 
Sol. From AABC, we get y Zz 
AC’ =a’ +b’ + 2abcos B ...(i) B Cc 
and from AADC, Similarly, 
2_ 2 a 
We have, AC‘ = a + a + 2cd cos D ar (ACHA) = Lian (ii) 
=c° +d° + 2cdcos(180° — B) 2 
G2 2. a 
> . AC* = + d° — 2cdcos B ...(ii) an (aan 1 yan a 
From Eq. (i) and Eq. (ii) 2 
2 Oo) ote WD 
cosB= a +b-c'-d & (SABC) = yen dk ay ears 
2(ab + cd) 2 2 2 
[from Eqs. (i), (ii) and (iii)] 
c 1 {= sin B snc} 
=—xyz + + 
x y Zz 
a bee : 
=—xyz +—+ ...(iv) 
D 2 2R|x y z 
B 
as we know, R= ane A= ane 
4A 4R 
a .. Eq. (iv) reduces to; 
_ abc xyz{a boc 
Now since, Gt? 22 8 R= =| Pt ) 
2 1+ cosB 4 4AR\x y 2 
tan? B = ab + ed) -(a’ + b* ~ c* -d’) 2s GP © abe 
x y Zz xyz 


2 %ab+cd)+(a’ +b’ -c’ -d’) 
_(c +d)’ —(a-— by’ 
(a+b) -(c-d/y 


_(c+d+a—b\c+d—artb) 1 
(a+ b—c+d)(a+b+c—d) then prove ROE: 
_ (2s — 2b)(2s ~ 2a) _ (s — a)(s ~ b) Sol. A ABC and AA’ B’C’ are similar, 
(2s — 2ce)(2s—2d) (s—d)(s—e) where ZB’ A'C’ = ZBAC =A 
[sinceat+b+c+t+d=2s] ZA'B'C’ =Z ABC = B 
tan? 2 = (8 Ws — 6) ZB’C’ A’ = ABCA =C 
Be ee) In AAC’ B’, ZAB’C’ =9 +C 


Ex. 76. If x,y, z are the distances of the vertices of the 


AABC respectively from the orthocentre, then show that 
ab c_ abe 
fo $255 
xX Y Z_ xyz 
Sol. Let H be the orthocentre. Then, 
ZBHC = 180° — ZHBC — ZHCB 


Ex. 77. In the AABC, a similar AA’ B’ C’ is inscribed so 
that B’C’ = ABC. If B’ C’ is inclined at an angle ® with BC, 
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So, using sine law on AAC’ B’, 


AC’ __BYC’ 
sin(Q@+C) sinA 
AC’ RBC Mtg 
sinf0+C) sinA_ sinA 
In ABA’C’, ZBA’C’ = 2 A’C’B’- ZA'0C’ =C -8 
BC’ AC’ 
So, = 
sin(C-—0) sinB 
BC’ _AAC_ Ab _ 
sin(C-0) sinB sinB 
BC LAC _) from similar A 
BC AC 


Thus we get, AC’ = 2A Rsin(0 + C) 
BC’ = 2ARsin(C — 9) 

C = AB= AC’+ BC’ =2AR {sin(C + 0) +sin(C -6)} 
= 2AR-2sinC -cos0 

Cw et 
4\RsinC 4AR sinC 4AR 2Xr 

Acos8 = - 

2 


and 


cos8 = 


Ex. 78. The circle inscribed in the triangle ABC touches 
the side BC, CA and AB in the point A,, B, andC, respec- 
tively. Similarly the circle inscribed in the AA,B,C, touches 
the sides in A,,B,,C, respectively and so on. If A,B,C,, be 
the nth A so formed, prove that its angle are 


Tl ™ \ Tl Tl 

—-—(2)"| A-— |,—-(2) "| B-—— ] and—-(2)” 

5 -@)*(4- 2) 2 ay" B- 2) and (2 

[ec = =) Hence prove that the triangle so formed is ulti- 


mately equilateral. 


Sol. Let I be incentre of the in-circle, 


ZB,A,C, = (0 ~ A) 


ae nm 1 T 
Similarly, A, = sa a 4 


So on, 


wl : 
FO (e-3) 


When n —-> ce then ) becomes zeros or 


1 
2 


A =B 


n n 


=C, ==. 
3 


Hence, the triangle will be equilateral. 


Ex. 79. Ina AABC, prove that : 
acotA+ bcotB+ ccotC 


ars <R 
3 
Sol. r= 4Rsin dee ti 
2 2 
[ ( =) [A+4) Cc 
= 2R| cos cos sin 
l 2 2 | 2 
= R| 2cos ( = * cos [4 = *) 2sin’ c 
2 2 2 
= R[cos A + cosB+ cosC — 1] 
> 2r +2R=2R[cosA + cosB+cosC] 
=> acotA + bcotB+ccotC =2r+2R2>2r + 4r 


acotA + bcot B+ ccotC 
3 


= ar< 


2R 
= Pe + cos B + cosC) 


22 n8 
3 
s acotA + bcotB+ cotC <R 


=> ars < 
3 


i) 


Ex. 80. If A, B andC are angles of a triangle, then prove 


cos; | ——— 0OS'| > cos | ———— 
that E= 4 + 2 + 26 
B+C C+A A+B 
cos cos cos 
2 2 2 
Sol. Here, A+ B+C=mT7 
(75) (4) (A>) 
cOSs cos cos 
E= z + : + 
B+C 
COS 
ee 


=> 


A (P55) B (<=) 
2cos — cos 2COS— Cos 
_ 2 2 2 2 


+ 
sin A sin B 
2 i€ (47) 
2sin — cos 
2 2 
+ 
sinC 
in (F*C) (75) in( 42) (<4) 
2sin cos 2sin cos 
2 2 2 2 
= + 
sin A sin B 
in [A*) (47) 
2sin cos 
2 2 
+ 
sinC 


_(sinB+sinC " sinC +sinA é sin A + sin B 
sin A sin B sinC 
sinB sinA sinC sinB sinA  sinC 
= + + + + + 
sinA sinB sinB sinC sinC sinA 


as A, B, C are angles of triangle 


=> 0<A,B,C<T 

ad sin A, sin B, sinC > 0 
1 : 

> E>2+2+2 jasx+ Le ait>o| 
x 

=> E26 


Ex. 81. If A is the area of a A with side lengths a, b,c then 
show that A< : (a+b +c) abc. Also, show that equality 
4 


occurs in the above inequality if and only ifa =b=c. 
Sol. We know, A = {s(s —a)(s — b)(s —c) 


= [fore -ayera-ylato~e) 


Since, sum of two sides is always greater than third side. 
b+c-acta-b, 
at+b-c>0. 
> (s — a)(s — b)(s —c) >0 
let(s —a)=x,(s—b)=y,(s—c)=z 
Now, x+y=2s-a-b=c,y+z=a 
and zt+tx=b 
Since, AM = GM, then 2\/xy < x+y=c; 


2Jyz Sytz=a2ewex<ztx=b 
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8xyz < abe 


—— fenaie= die e) $ (abe) 


= eono-one 0) $ {s(abe) < (a + b+ e)(abe) 


> As _vabe(a + b+ c) and equality holds if 
x=y=z>a=b=c 


Aliter RHS = ~vabela +b+c) 


3 eA A Mate 
4 4 r 
=A Bes A ...{i) 


: _ A, iG 
Consider, sin —-sin — - sin — 
2 2 


ee 


: ~ B.. 
8sin —.sin —.sin — 
2 2 2 


Thus, from Eqs. (i) and (ii); A < (Ne +b+c)abe 


and equality holds, x = sos 4 — *) 


2 
and cos“ = 3) =1 


2 
> A= Band co 42) — 2 
2 2 
Cc ol 
=> sin—=- => C =60° 
2 2 
A = B=60° 


Thus, the equality holds of triangle is equilateral. 


= 


NS 


> 


Properties and Solutions of Triangles Exercise 1: 
Single Option Correct Type Questions 


. In the adjoining figure, the circle meets the sides of an 


equilateral triangle at six points. 


If AG = 2, GF = 13, FC=1and HJ =7, then DE equals to 


(a) 2/22 (b) 7V3 
(c) 9 (d) 10 
Ina AABC, if a= 13,b=14 andc = 15, then ZA is equal 


to (All symbols used have their usual meaning in a 
triangle.) 


14 43 aa 3 12 
(a) sin = (b) sin i (c) sin 4 : 


(d) sin z 


. naAABC, if b= (3 —1)aand ZC = 30°, then the value 


of (A— B) is equal to (All symbols used have usual 
meaning in the triangle.) 
(a) 30° 
(c) 60° 


(b) 45° 
(d) 75° 


. Ina AABC, if ZC = 105°, ZB = 45° and length of side 


AC = 2 units, then the length of the side AB is equal to 


(a) V2 (b) V3 
(c) V2 +1 (d) v3 +1 
If Pis a point on the altitude AD of the AABC such that 


ZCBP = 2 then AP is equal to 
3 


C A 

a) 2asin— b) 2b sin— 

(a) ae (b) a 

B Cc 

2c sin— d) 2c sin — 

(c) ar (d) 2c si - 
In AABC, if 2b=a+c and A-—C = 90°, then sin B equals 


[Note All symbols used have usual meaning in AABC.] 


v7 V5 v7 V5 
(a) ea (b) 3 (c) A (d) ca 


Let ABC be a right triangle with length of side AB =3 


and hyotenuse AC = 5. If Dis a point on BC such that 


ep = then AD is equal to 


DC AC 
v3 35 4/5 
a re rs 


53 


( (d) a 


10. 


11; 


12. 


13. 


14. 


. Two medians drawn from the acute angles of a right 


angled triangle intersect at an angle - If the length of 


the hypotenuse of the triangle is 3 units, then the area of 
the triangle (in sq units) is K, then K is 


(a) 3 woe © 


ro (d) None of these 


. Ifin aright angle AABC, 4sin A cos B—1=0Oand tan A 


is finite, then 
(a) angles are in AP 
(c) angles are in HP 


a bec 
Let A=|p q rjand B=A? 
fA) 7 


(b) angles are in GP 
(d) None of these 


If(a— b)? +(p—q)* =25,(b—c)* +(q-r)* =36and 
(c—a)* +(r— p)* = 49, then det Bis 


(a) 192 (b) 864 
(c) 3456 (d) 25 x 36 x 47 
If ina AABC, the incircle passing through the point of 


intersection of perpendicular bisector of sides BC, AB, 


«Ades, Bio. CO 
then 4 sin — sin — sin — equals to 
2 2 2 


(a) V2 (b) /2 -1 
() V2 +1 OF 
If two sides of a triangle are roots of the equation 


x —7x+8=Oand the angle between these sides is 60°, 


then the product of in-radius and circum-radius of the 
triangle is 


8 5 
(a) 7 (b) 3 
(c) - (d) 8 


If median AD of a triangle ABC makes angle * with side 
6 


BC, then the value of (cot B— cot C)” is equal to 


(a) 6 (b) 9 
(c) 12 (d) 15 
If the perimeter of the triangle formed by foot of 


altitudes of the AABC is equal to four times the 
circumradius of AABC, then AABC is 
(a) isosceles triangle 


(c) right angled triangle 


(b) equilateral triangle 
(d) None of these 


15. 


16. 


17. 


18. 


19. 


20. 


ray 


In a triangle with one angle - the lengths of the sides 


form an A.P. If the length of the greatest side is 7 cm, the 
radius of the circumcircle of the triangle is 


(a) 73 cm (b) 53 cm (c) 23 on (d) V3 cm 
3 3 3 
Sides of a triangle ABC are in AP. If a< min {b,c}, then 

cos A may be equal to 
3c — 4b 3c — 4b 
b 
(a) 7 (b) = 
4c — 3b Qo” 
2b 2c 


(c) 


The product of the sines of the angles of a triangle is p 
and the product of their cosines is g. Then, the tangents 
of the angles are the roots of the equation 

(a) qx? — px’ + (1+ q)x— p=0 

(b) gx? — px’ -(1—q)x- p=0 

(c) qx* — px’ + (1+ q)x + p=0 

(d) None of the above 


Let C be incircle of AABC. If the tangents of lengths 
t,,t, andt, are drawn inside the given triangle parallel 
t t 
to sides a, b and c, respectively, then eed i. +— is 
a c 
equal to 
(a) 0 


(b) 1 (c) 2 


If the sine of the angles of AABC satisfy the equation 
c3x? —c7(at+b+c)x? +1x+m=0 

(where a, b, c are the sides of AABC), then AABC is 
(a) always right angled for any 1, m 


(d) 3 


(b) right angled only when 
1 =c(ab + be + ca)=c Lab, m = — abc 
(c) right angled only when 


cZab abc 
= ~m=-—— 
4 8 
(d) never right angled 


In a triangle ABC, medians AD and CE are drawn. If 
AD =5, ZDAC = 2 and ZACE = a the area of the 
8 4 


triangle is 


Ina triangle ABC, a= b= c. If 
a+b tc? 


= 8, then the maximum value of a 

sin? A+sin® B+sin? C 

is 

(a) = (b) 2 
2 


(c) 8 (d) 64 
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22. 


23. 


24. 


25. 


26. 


Zi. 


28. 
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A triangle ABC exists such that 
(a)(b+c+a)(b+c-—a)=5be 
(b) the sides are of lengths 19, 38, V116 


oes pee be 
a’ b? ce 7 
(d) co * aa 


If a AABC, a, b, A are given and b,, b, are two values of 
the third sides b such that b, = 2b,. Then, sin A is equal to 


— c) =(sin B + sinC) co 


9a° —c? 9a° — c? 
(a) ba (b) a 
2d 
(c) “— 7 (d) None of these 


1 
In a triangle ABC, if cot A = (x? + x7 + x), 

1 -1 
cot B=(x+x' +1)? andcotC =(x > +x? +x7")2, 
then the triangle is 
(a) equilateral 
(c) right angled 


(b) isosceles 

(d) obtuse angled 

Ina AABC, a, b, A are given and c,,c, are two values of 
the third side c. The sum of the areas two triangles with 
sides a, b,c, anda, b,c, is 


(a) 5 b?sin2A 
Li ge, 
4 sin2A 


(c) b’sin2A 

(d) None of these 

In AABC, if a= 10 and bcot B+ c cot C =Ar + R), then 
the maximum area of AABC will be 

(a) 50 (b) V50 

(c) 25 (d) 5 

Three circles touch one-another externally. The tangents 
at their point of contact meet at a point whose distance 
from a point contact is 4. Then, the ratio of the product 
of the radii to the sum of the radii of circles is 

(a) 16:1 (b) 1:16 

(c) 8:1 (d) None of these 

Let a, b, c be the sides of a triangle. No two of them are 


equal and A € R If the roots of the equation 
x? +Xa+b+c)x +3A(ab + be + ca) = Oare real distinct, 
then 
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29. 


30. 


31. 


32. 


33, 


34, 


35. 
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In triangle ABC, if P, Q, R divides sides BC, AC and AB, 


respectively, in the ratio k : 1 (in order). If the ratio 


as APQR \, 1 


is —, then k is equal to 
3 


area AABC 
1 
= b) 2 
coe (b) 
(c) 3 (d) None of these 


Let f(x + y)= f(x): f(y) for all x and y and f(1) = 2. Ifin 
a triangle ABC, a= f(3), b= f(1) + f(3),c = f(2) + f(3), 
(a)C (b) 2C 

(c) 3C (d) 4C 

Let a, b,c be given positive numbers, then values of x, y 


and z€ R* which satisfies equations x + y+z=at+btc 


and 4xyz=—(a’x + b*y+c’z)=abc are respectively. 
b+c atecatbhb abe 

a) —, ; bh) ee 

@) 2 2 2 a 2 2 
at+tbatec bte 


(c) (d) None of these 


2° 2 2 
If ‘t,’, ‘t.’ and ‘t,’ are the lengths of the tangents drawn 
from centre of x-circle to the circumcircle of the AABC, 


1 1 Aes 
then oy as equal to 


ty 2 3 
abc atb+c 
a) ———_ b) ———— 
a fae (b) abc 
atb+c 2abc 
c) ————_ d) ————_ 
©) 2abc ee 


In triangle ABC, ZA > EAA, and AA, are the median 
2 


and altitude, espectively. If ZBAA, = ZA,AA, 
= ZA,AC, then sin? cas “COs a is equal to 
3 3 


3a3 3a3 
a) —— b 
( Eee ( rr 
3a" 3° 
c) — d 
©) 4b’c i”) 12b7c 


In an ambiguous case of solving a triangle when a = 5, 
b=2,ZA= ® and the two possible values of third side 
6 


arec, andc,, then 
(a) |e, — cp] =2V6 
(c) |e, —¢,| = 4 


(b) |e, — ¢,| = 4v6 
(d) |e, — ¢,| =6 


If R, is the circumradius of the pedal triangle of a given 


triangle and R, is the circumradius of the pedal triangle 
of the pedal triangle formed, and so on R,, R,..., then 


the value of > R;, where R (circumradius) of AABC is 5 
i=l 

is 

(a) 8 (b) 10 


(c) 12 (d) 15 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


If in a triangle [ - at = | = 2, then the triangle is 
rs 

(a) right angled 

(c) equilateral 


(b) isosceles 
(d) None of these 


If the median AD of a triangle ABC makes an angle 0 
with side AB, then sin(A — 9) is equal to 
i) ind (b) “sin® 
c b 
(c) 0080 (d) None of these 
In a AABC, angles A, B, C are in AP, then 
. 3-4sin AsinC , 
lim —————____—— is 
A>C |A-C| 
(a) 1 (b) 2 
(c) 3 (d) 4 
In a triangle ABC, (a+ b+c)(b+c-—a)=Abc if 
(a)A <0 (b) A >6 
(c)O<A<4 (d)A>4 
In the triangle ABC, if(a* + b”)sin(A — B) 


=(a’ — b*)sin(A + B), then the triangle is 
(a) either isosceles or right angled 

(b) only right angled 

(c) only isosceles triangle 

(d) None of the above 


In a AABC, sides a, b,c are in AP and 
a 
+ 2 ta , then the maximum value of 
119! 3!7! 515! (2b)! 
tan A tan Bis equal to 
(a) = (b) 2 (o)= (d) = 
2 3 4 5 


If a, b,c be the sides of a triangle ABC and if roots of the 


equation a(b— c)x* + Wc —a)x + c(a— b)=Oare equal, 


pend (4) ; ‘() ; (5) ; 
en sin , SIN , SIN are 1n 
2 2 2 


(a) AP (b) GP 
(c) HP (d) AGP 
The ratio of the area of a regular polygon of n sides 


inscribed in a circle to that of the polygon of same 
number of sides circumscribing the same circle is 3 : 4. 
Then, the value of n is 


(a) 6 (b) 4 
(c) 8 (d) 12 
- 2 7 
In any AABC, fe sok ea | is always greater 
sin A 
than 
(a) 9 (b) 3 
(c) 27 (d) None of these 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


If the incircle of the triangle ABC, passes through it’s 
circumcentre, then the cos A + cos B+ cos C is 

(a) -2 (b) V2 

(c) —V2 (d) None of these 


The perimeter of a triangle is 6 times the arithmetic 

mean of the sines of its angles. If the side ais 1, then A is 
equal to 
(a) 30° (b) 60° 


(c) 90° (d) 120° 


If there are only two linear functions f and g which map 
[1, 2] on [4, 6] and ina AABC, c = f(1) + g(1) and ais the 
maximum value of r’, where r is the distance of a 
variable point on the curve x” + y* — xy =10from the 
origin, then sin A: sin C is 

(a)1:2 (b) 2:1 

(c)1:1 (d) None of these 


A circle is inscribed in an equilateral triangle of side a. 
The area of any square inscribed in this circle is 


2 2 

2 Hye ha ay S 

(a)a (b) ; (c) 4 (d) ; 
In any triangle ABC, if sin A, sin B, sin C are in AP, then 


, B, 
the maximum value of tan — is 


(a) - (b) 


me 
B 


(d) None of these 


‘sl 


1 

(c) 3 
sin B 

sin C 

equation x? —9x+8=0, then AABC is 


(a) equilateral 


2 
In a AABC, 2cos A = and 2" 8 is a solution of 


(b) isosceles 


(d) right angled 


(c) scalene 


A triangle is inscribed in a circle. The vertices of the 
triangle divide the circle into three arcs of length 3, 4 
and 5 unit, then the area of the triangle is equal to 


(a) aw) sq unit (b) evs = 4) sq unit 
T Tl 

(c) o3(1 + V3) 7 v3) sq unit (d) ee) a) sq unit 
2 2m 


If a, band c are the sides of a triangle such that b-c = ee 


then the relation in a, A and A is 


(a)c= zasin( &) (b) b= 2asin| *) 


(c)a= zasin{ “) (d) None of these 


In AABC, AD is an altitude from A on side BC. If b>, 
abc 
b? —¢? 


(c) 120° 


Zc = 23° and AD = then ZBis 


(a) 110° (b) 113° (d) 130° 
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54, If in a triangle ABC, a=5, b= 4 and cos(A — B)= = 
then the third side c is equal to 
(a) 3 (b) 6 
(c)7 (d) 9 


55. In AABC, if AB= x, BC=x+1,ZC = a then the least 
3 


integer value of x is 
(a) 6 
(c) 8 

56. Three circular coins each of radii 1 cm are kept in an 
equilateral triangle so that all the three coins touch each 
other and also the sides of the triangle. Area of the 
triangle is 


(a) (4 + 2V3) cm? 


(b)7 
(d) None of these 


(b) “(a2 + 703) cm? 


(c) “(48 + 7V3) cm? (d) (6 + 4V3) cm? 

57. The sides of a triangle are in AP. If the angles A and C 
are the greatest and smallest angle respectively, then 
4(1— cos A)(1— cos C) is equal to 
(a) cos A — cosC (b) cos AcosC 
(c) cosA + cosC (d) cosC — cosA 


58. If in AABC, c(a + b) cos 7B = (a +c) cos 5c the triangle 


is 

(a) isosceles 

(b) equilateral 

(c) right angled but not isosceles 
(d) right angled and isosceles 


59. In a triangle, the line joining the circumcentre to the 
incentre is parallel to BC, then cos B + cos C is equal to 


3 
(a) 7 (b) 1 
(c) — 


60. In the given figure, AB is the diameter of the circle, 
centered at O. If ZCOA = 60°, AB = 2r, AC =d and 


CD = I, then I is equal to 
B 
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61. 


62. 


63. 


65. 


68. 


69. 


70. 


71. 
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In a triangle ABC; AD, BE and CF are the altitudes and R 
is the circum radius, then the radius of the circle DEF is 
(a) 2R (b) R 


(c) : (d) None of these 


In a right angled triangle ABC, the bisector of the right 
angle C divides AB into segment x and y and 


tan( 4 — 3) = t, then x: y is equal to 
(a)(1 + t)=(1 ft) (b) (1 —t):(1 + ft) 
(c)1:(1 +2) (d)(1-t):1 


A variable triangle ABC is circumscribed about a fixed 
circle of unit radius. Side BC always touches the circle at 
D and has fixed direction. If Band C vary in such a way 
that (BD)-(CD) = 2, then locus of vertex A will be a 
straight line 

(a) parallel to side BC 

(b) right angle to side BC 


(c) making and angle ~ with BC 
(d) making an angle sin(2] with BC 
A tower of height b subtends an angle at a point O on 


the level of the foot of the tower and at a distance a from 
the foot of the tower. If a pole mounted on the tower 


66. 


67. 


also subtends an equal angle at O, the height of the pole 


is 
a® —b* a’ +b° 
b b) b 
@) (4) ©) ate 
a’ —b? a+b? 

a| ——; dja 
©) (s—4) @) Gea 
A balloon is observed simultaneously from three points 
A, Band C on a straight road directly under it. The 
angular elevation at B is twice and at C is thrice that of 
A. If the distance between A and B is 200 m and the 
distance between B and Cis 100 m, then the height of 
balloon is given by 
(a)50 m 
(c) 50V2 m 


(b) 50/3 m 
(d) None of these 


A vertical pole (more than 100 m high ) consists of two 
portions, the lower being one third of the whole. If the 


; -1( 1 senate 
upper portion subtends an angle tan ) at a point in 
a horizontal plane through the foot of the pole and 
distance 40 ft from it, then the height of the pole is 
(a) 100 ft (b) 120 ft 
(c) 150 ft (d) None of these 


Properties and Solutions of Triangles Exercise 2 : 


More than One Correct Type Questions 


If area of AABC, A and ZC, are given and if the side c 
opposite to given angles is minimum, then 


2A 2A 
aja= b) b= 
ae sinC e sinC 
4A 4A 
a= d)b= 
) sinC (¢) sin?C 


If A represents area of acute angled AABC, then 
a2? — 4A? + {b?c? — 4A? + Jc2a — 4A? equals to 
(ala? +b? +c? 
2 2 2 
(b) a — te 


(c) ab cosC + be cosA + ca cosB 
(d) ab sinC + be sinA + ca sinB 


In AABC, the value of c cos(A — 8) + acos(C + 9) cannot 


exceed (8 € (0, 27t)) [Letters have usual meanings] 
(a) a (b) b 
(c) ¢ (d) s 


In AABC, if ac = 3, bc = 4 and cos(A — B) = ? then 


72. 


(a) measure of ZA is * 
(b) measure of ZB is - 


(c) cot = V7 


2 


(d) circumradius of AABC is Ty 
7 


In AABC, let a=5, b= 4 and cos(A — B) = a then which 
32 


of the following statement(s) is (are) correct? 


[Note All symbols used have usual meaning in a 
triangle] 


(a) The perimeter of AABC equals > 


(b) The radius of circle inscribed in AABC equals u 


ag 
(c) The measure of ZC equals cos 2 


(d) The value of R(b” sin2C + c* sin2B) equals 120 


73. 


74, 


75. 


76. 


77. 


In which of the following situations, it is possible to 
have a AABC? 


(All symbols used have usual meaning in a triangle) 
(a) (a+ ¢c-—b)(a—c +b) = 4be 
(b) b?sin2C + cos’sin2B = ab 


2 
()a=3,b=5,c=7and C= 


7 [*) 

= cos 

2 2 

In a AABC, let BC = 1, AC = 2 and measure of ZC is 30°. 


Which of the following statement(s) is(are) correct? 
(a) 2sin A =sinB 

(b) Length of side AB equals 5 — 2V3 

(c) measure of ZA is less than 30° 

(d) Circumradius of ZABC is equal to length of side AB 


(d) cos{ 


Let one angle of a triangle be 60°, the area of triangle is 
10V3 and perimeter is 20 cm. If a>b>c where a, bandc 
denote lengths of sides opposi9te to vertices A, Band C 
respectively, then which of the following is(are) correct? 
(a) Inradius of triangle is V3 

(b) Length of longest side of triangle is 7 


(c) Circum-radius of triangles is =e 


3 


(d) Radius of largest escribed circle is = 


In a AABC, ifa= 4,b=8and ZC =60°, then which of the 
following relations is(are) correct? 

[Note All symbols used have usual meaning in triangles 
ABC.] 

(a) The area of AABC is 83 

(b) The value of Zsin® A =2 


(c) Inradius of triangle ABC is v3 
3+ 3 
(d) The length of internal angle bisector of ZC is 7 


Given an isosceles triangle with equal sides of length b, 


base angle a < us and R, r the radii and O, I the centres of 
4 


the circumcircle and incircle, respectively. Then 


(a)R= x cosec a 


(b) A = 2b’ sin20 


bsin2a 
(c) r= 
2(1 + cosa) 
bcos *) 
2sin &cos| — 
2 
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78. 


79. 


80. 


81. 


82. 


83. 


84. 
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There exist a triangle ABC satisfying 
(a) tan A + tanB + tanC =0 
sinA _ sinB _ sinC 


b 

@ 2 3 7 

(c) (a +b)? =c? + ab and V2(sin A + cos A) = V3 

(d) sin A + sinB = (“ = cos A cos B = - = sin Asin B 


Let a, b, c be the sides of triangle whose perimeter is P 
and area is A, then 

(a) P? <2%(b+c-a)(c+a 
(b) P? <3(a” + b* +c’) 
()a@ tbe +c2 243A 
(d) P* <25<A 


If in AABC, A = 90° and c, sin Band cos Bare rational 
number, then 

(a) ais rational 

(b) a is irrational 

(c) b is rational 

(d) b is irrational 

In AABC, which of the following statements are true 


(a) maximum value of sin2A + sin2B + sin2C is same as the 
maximum value of sin A + sinB + sinC 


(b) R = 2r, where R is circumradius and r is inradius 


Gps 
(a+b+c) 


(d) AABC is right angled ifr + 2R =s, where s is 
semiperimeter 


If 1 is the length of median from the the vertex A to the 
side BC of a AABC, then 

(a) 41? = 2b" + 2c? — a? 

(b) 41° = b? +c? + 2becosA 

(c) 41° =a* + 4becosA 


(a) 4 = (2s a)? - sbesin'( 4) 


If A, A,, A, A, are the areas of the inscribed and 


escribed of a AABC, then 
(a) VA + Ay + VA; =Vn(r, ++) 


(b) Dt egos 
JA, JA, JA; VA 

is ee: ae ae s? 
VA VA VAs V1 far 


(d) fA, + [A, + As = V0(4R + 1) 


If a, b, A be given in a triangle and c, and c, two possible 
values of third side such that c? +c,c, +c; =a’, then 


A is equal to 
(a) 30° 
(c) 90° 


(b) 60° 
(d) 120° 
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85. 


86. 


87. 


88. 
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D, Eand F are the middle points of the sides of the 


triangle ABC, then 

(a) centroid of the triangle DEF is the same as that of ABC 

(b) orthocentre of the triangle DEF is the circumcentre of ABC 
(c) orthocentre of the triangle DEF is the incentre of ABC 

(d) centroid of the triangle DEF is not the same as that of ABC 


The sides of AABC satisfy the equation 2a” + 4b? +c? 


= 4ab + 2ac. Then 
(a) the triangle is isosceles 
b) the triangle is obtuse 


() B= cos(2) (d) A= cos"(2) 


If A represents the area of acute angled triangle ABC, 
then a?b? —4A7 + b?c? —4A7 + \c2a — 4A? is 


equal to 


at+hte? 
2 


(aya? +b? +0? 


(b) 


(c) abcosC + becosA + cacosB 
(d) absinC + besin A + casin B 


In triangle, ABC, if2a7b? +2b?c? =a* +b* +c’, then 
angle Bis equal to 
(a) 45° 

(c) 120° 


(b) 135° 
(d) 60° 


89. 


90. 


91. 


If H is the orthocentre of triangle ABC, R= circumradius 
and P= AH + BH + CH, then 

(a) P=2(R +1) 

(b) max. of Pis3R 

(c) min. of Pis3R 

(d) P =2(R -r) 

If inside a big circle exactly n(n = 3) small circles, each 

of radius r, can be drawn in such a way that each 

small circle touches the big circle and also touches 


both its adjacent small circles, then the radius of big 
circle is 


T 
1+ tan— 
T 
(a) i + cosec *) (b) |} ————2 
n Tl 
cos— 
n 
E a + Ras ] 
r| sin— + cos— 
27U 
(c) 1 + cosec 72 (d) ah 
af sin— 
n 


If in triangle ABC, a, b,c and angle A are given and 
csin A <a<c, then (b, and b, are values of b) 

(a) b, + b, =2ccosA (b) b, + b, =ccosA 

(c) bb, =¢? — a” (d) b,b, =c? + a” 


Properties and Solutions of Triangles Exercise 3: 
Statement | and Il Answer Type Questions 


This section contains 15 questions. Each question 


contains Statement I (Assertion) and Statement II 
(Reason). Each question has 4 choices (a), (b) and (d) 
out of which only one is correct. Choices are 


(a) 
(b) 


(c) 
(d) 
92. 


93. 


Both Statement I and Statement II are correct and 
Statement II is the correct explanation of Statement I 


Both Statement I and Statement II are correct and 
Statement II is not the correct explanation of 
Statement I 


Statement I is correct but Statement II is incorrect 
Statement II is correct but Statement I is incorrect 
In a AABC, 
a+b +c%=c*(atbt+c) 
(All symbol used have usual meaning in a triangle.) 


Statement I The value of ZC =60°. 
Statement II AABC must be equilateral. 


In a AABC, let a= 6, b=3 and cos(A — B) = = 
5 


[Note All symbols used have usual meaning in a triangle.] 


94. 


95. 


96. 


Statement I 4ZB= : 


Statement an AS 


V5 
Statement I If ina triangle ABC sin” A + sin” 
B+sin” C =2, then one of the angles must be 90°. 
Statement II In any triangles ABC 
cos 2A + cos2B+ cos2C =—1-4cos Acos bcosC 
Statement I If A, B,C, D are angles of a cyclic 
quadrilateral then Xsin A =0. 


Statement II If A, B,C, D are angles of cyclic 
quadrilateral then, Xcos A =0. 


Statement I In any triangle ABC, the square of the 


2 
length of the bisector AD is bc} 1— 4 E 
(b+c)? 


Statement II In any triangle ABC length of bisector AD 


. be (4) 
is ——— cos] — |. 
(b+c) 2 


97. Statement I If J is incentre of AABC and I, excentre 


opposite to A and Pis intersection of IJ, and BC, then 


IP-I,P = BP-PC 
Statement II Ina AABC, IJ is incentre and I, is 


excentre opposite to A, then JBI, I,, C must be square. 


98. All the notations used in statement I and statement II are 


usual. 


cosA cosB- cosC 


Statement I In triangle ABC, if 


a b c 
+r, + 
then value of 1~ "2 *"3 jg equal to 9. 
r 
Stiteneit me PAMe en 22 Yo 2 8 ogy 
sinA sinB sinC 


where Ris circumradius. 


99. Statement I In a triangle ABC if tan A: tan B: tanC =1 


: 2:3, then A = 45° 
Statement II If p:q:r=1:2:3, then p=1 
100. Statement I In any right angled triangle ; 
R 
always equal to 8. 


Statement II a2 =b? +c? 


101. Statement I perimeter of a regular pentagon inscribed 


in a circle with centre O and radius acm equals 
10asin 36° cm. 


Statement II Perimeter of a regular polygon inscribed 


in a circle with centre O and radius acm equals 
O 


. { 360 
(3n — 5) sin 
2n 


) cm, then it is n sided, where n = 3. 


a+b? te’. 
—______— is 


Chap 03 Properties and Solutions of Triangles 


102. 


103. 


104. 


105. 


106. 
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Statement I In any triangle ABC 
acosA+bcosB+ccosC Ss. 


Statement II In any triangle ABC 


(4) , (3) (5) 1 
sin sin sin < 
2 2 2 8 


Statement I In a AABC, if cos’ = + cos 
2 


B 2C 
2 — + cos? — 
2 2 


1 9 
= i(2 + =} then the maximum value of y is —. 
x 8 


Statement II In a AABC, sin es -sin 2 ‘sin — < 
2 


Statement I In any triangle 
acosA+bcosB+ccosC <s 


Statement II In any triangle sin a ) sin 2) sin S| < 1 
2 2 2 


8 


a’ +b? +c? 
Statement I In triangle ABC, 2 43 


Statement II Ifa; > 0,i=1,2,3,...,n which are not 
identical, then 


m m m m 
a, +a, +...t@a a, +a, +...+a . 
: 2 e >( a ) ,ifm<0or 


n n 


m>t1. 

Statement I AA,, BB,, CC, are the medians of triangle 
ABC whose centroid is G. If the points A,C,, Gand Bare 
concyclic, then c 2 a’, b’ are in AP. 

Statement II BG-CC, = BC,-BA 


Properties and Solutions of Triangles Exercise 4: 


Passage Based Questions 


Passage I 
(Q. Nos. 107 to 109) 


Ris circumradii of AABC, H is orthocentre. R; ,R,,R3 are 


circumradii of AAHB, AAHC, ABHC. If AH produced meet 


the circumradii of ABC at M and intersect BC at L. 
ZAHB = 180° —C 


= POAG.  GAK = = 2R, 
sin(180° — C) 
< = 2R, 
sin C 


R,=R 


107. 


108. 


109. 


R,R, + R,R, + R, R, is equal to 


(a) 2R* (b) 3R? 
(c) 5R? (d) R? 
Area of AAHB 


(a) 2R cosA cosB cosC 

(b) R® cosA cosB cosC 

(c)2R” cosA cosB sinC 

(d) None of the above 

Ratio of area of AAHB to ABML, is 

(a) cosB:2cosA (b) 2:1 

(c) cosA: cosB cosC (d) None of these 
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Passage II 
(Q. Nos. 110 to 112) 


Let ABC be an acute triangle with BC = a, CA = band AB =<, 
where a # b # c. From any point ‘p’ inside AABC let D, E, F 
denote foot of perpendiculars from ‘P’ onto the sides BC, CA 
and AB, respectively. Now, answer the following questions. 


110. All positions of point ‘P’ for which ADEF is isosceles lie 
on 
(a) the incircle of AABC 
(b) line of internal angle bisectors from A, B and C 
(c) arcs of 3 circles 
(d) None of the above 


111. Let A(7, 0), B(4, 4) and C(0, 0) and ADEF is isosceles with 
DE = DF. Then, the curve on which ‘P’ may lie 
(a)x=4orx+y =7or 4x =3y 
(b) x =40r x’ + y? =4x + 4y 
(c) 3(x? + y?) + 196 = 49(x + y) 

(d) None of the above 


112. If ADEF is equilateral, then ‘P’ 
(a) coincides with incentre of AABC 
(b) coincides with orthocentre of AABC 
(c) lies on pedal A of ABC 
(d) None of the above 


Passage III 
(Q. Nos. 113 to 115) 


In an acute angled AABC, let AD, BE and CF be the 
perpendicular from A, B and C upon the opposite sides of the 
triangle. (All symbols used have usual meaning in a triangle.) 


113. The ratio of the product of the side lengths of the ADEF 
and AABC, is equal to 
1 


3(abc)? 
4a+b+c) 
by 
(b) 7 
(c) cosA cos B cosC 


_{A).(B). (Cc 
(d) sin( 4) sin{ 2) sin( S) 


114. The orthocentre of the AABC, is the 
(a) centroid of the ADEF 
(b) circum-centre of the ADEF 
(c) incentre of the ADEF 
(d) orthocentre of the ADEF 


115. The circum-radius of the ADEF can be equal to 


(a) 


abc 

a) — b 

(@) 8A (b) 4sinA 

(c) es (d) 7 eee cosec Z cosec . 
2 8 2 2 2 


Passage IV 
(Q.Nos. 116 to 118) 


Let a, b, care the sides opposite to angles A, B,C respectively 
A-B_a-b 1c qo @ b _ e¢ 


in a AABC tan cot — and — - —. 
a+b 2 sn A sinB sinc 
If a= 6, b=3andcos(A -B)== 
116. Angle C is equal to 
T T 3m 2m 
ue b) — ae d) 
(a) Fi (b) 5 (c) Fi (d) 5 
117. Area of the triangle is equal to 
(a) 8 (b) 9 
(c) 10 (d) 11 
118. Value of sin A is equal to 
1 2 
mam b) 
(a) 5 (b) os 
1 1 
mie d)— 
(c) a (d) B 
Passage V 


(Q. Nos. 119 to 123) 


When any two sides and one of the opposite acute angle are 
given, under certain additional conditions two triangles are 
possible. The case when two triangles are possible is called the 
ambiguous case. 

In fact when any two sides and the angle opposite to one of 
them are given either no triangle is possible or only one 
triangle is possible or two triangles are possible. 

In the ambiguous case, let a, b and ZA are given and c, , cy are 
two values of the third side c. 

On the basis of above information, answer the following 
questions 


119. Two different triangles are possible when 
(a) bsinA <a (b) bsinA <aandb>a 
(c) bsinA <aandb<a (d) bsinA <aanda=b 


120. The difference between two values of c is 


(a) 2y(a’ — b*) (b) y(a° — b*) 
(c) 2,/(a? — b’sin? A) 
121. The value of c? —2c,c, cos2A +c; is 


(a) 4acosA (b) 4a” cos. A 
(c) 4acos” A (d) 4a” cos’ A 


(a® — b’ sin’ A) 


122. If ZA = 45° and in ambiguous case (a, b, A are given) 


C,,C, are two values of c and if be the angle between 
the two positions of the ambiguous side c then cos 0 is 


(a) CiCo 2C,Co 
Bee 2 4+ 2 
C 2 C 2 


» Veta qo 


(cq, + ¢2) (c, + ¢y) 


123. If 2b =(m+ 1)aand cos A = ; [c aus >) where 
m 
1<m<3, then “1 is 
Co 
incor Conte — 
m (m - 1) 
1 1 
EO a UE TOE 59 


Passage VI 


(Q.Nos. 124 to 126) 
Consider a triangle ABC, where x, y, z are the length of 
perpendicular drawn from the vertices of the triangle to the 
opposite sides a, b, c respectively. Let the letters R,r,S,A 
denote the circumradius, inradius semi-perimeter and area of 
the triangle respectively. 
az _ a+b +c? 


124, 16% 4 D4 


, then the value of k is 


c a b k 
(a) R (b) $ () 2R (a) OR 
125. If cot A+ cot B+ cotC = 7 + a + : } then the 
x yo gz 


value of k is 
(a) R? 
(c) A 


(b) rR 
(dja? +b? +c? 
csin B+ bsinC 5 asinC +csinA 


a y 


126. The value of 


bsin A + asin B 
+ ———_———_ is equal to 


Zz 


(a) - (b) (c)2 (a) 6 
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Passage VII 
(Q.Nos. 127 to 131) 


AL, BM and CN are perpendicular from angular points of a 
triangle ABC on the opposite sides BC, CA and AB 
respectively. A is the area of triangle ABC, (r)and R are the 
inradius and circumradius. 


127. If perimeters of ALMN and AABC and ) and u, then the 


value of D is 


r R 
(a) R (b) - 

rR A 
(c) a (d) OR 


128. If areas of A’s AMN, BNL and CLM are A,,A, andA, 


respectively, then the value of A, + A, + A, is 
(a) A(2 + 2cos A cos BcosC) 

(b) A(2 + 2sin Asin BsinC) 

(c) A —2cosAcos BcosC) 

(d) A — 2sin Asin BsinC) 


129. If area of ALMN is A’, then the value of is 


(a) 2sin Asin BsinC (b) 2cos Acos BcosC 
(c) sin Asin BsinC (d) cos A cos BcosC 
130. Radius of the circum circle of ALMN is 
(a) 2R (b) R 
R R 
c) — d) — 
(c) 5 (d) 


131. If radius of the incircle of ALMN is r’, then the value of 
r’ sec Asec Bsec C is 
(a) 4R 
(c)2R 


(b) 3R 
(d) R 


Properties and Solutions of Triangles Exercise 5: 


Matching Type Questions 


132. Match the statement of Column I with values of 
Column II. 


Column I Column II 


(A) Ina ABC, let ZC = 5, r= inradius, R = (P) atbt+e 


circumradius then 2(r + R) 


(B) If/,m, nare perpendicular drawn from 
the vertices of triangle having sides a, b 
and c then 


2a = + sald + a4 2ab + 2be + 2ca 
c a b 


(q) a-b 


(C) Ina AABC, R(b’ sin2C + c sin2B) (rt) a+b 
equals 
(D) In a right angle triangle ABC, ZC = > (s) abe 


then 42 sin a sin) 
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133. 


134. 


136. 


137. 


138. 


139. 
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Match the statement of Column I with the values of 
Column II. 


Column | Column II 
(A) Inatriangle ABC (c— a)? =b’ —acand (p) 4 =30° 
cosB + sinC = 2 
2 
(B) A,B,C arein A.P. andC =3A4 (q) B= 60° 
(C) The length of the bisector of angle (r) C =90° 
= v3ca anda=b 
(c+ a) 
Oy -b22-5 2 9 () A=B=C 
a+b b+cec at+bt+e = 60° 


Match the statement of Column I with values of 
Column II. 


Column I Column II 


(A) InaAABC, (a+ b+ c)\(b+ c-a)=Abe, (p) 3 
where A € /, then greatest value of A is 


Ina AABC, tan A + tanB + tanC =9.If (q) 9(3)'3 
tan? A + tan? B + tan’C = k, then least 


value of k satisfying is 


(B) 


135. 


(C) Inatriangle ABC, then line joining the (r) 1 
circumcentre to the incentre is parallel to 
BC , then value of cos B + cosC is 

(D) IfinaAABC,a=5,b=4 and (s) 6 


cos(A — B) = > then the third side cis 


equal to 


Match the statement of Column I with values of Column 
II 


Column | Column II 
(A) InaAABC, if (p) AABC is equilateral 
2a +b? + C =2ac + 2ab, triangle 
then 
(B) Ina AABC, if (q) AABC is right 
a+b +c = J2b(c+ a), angled triangle 
then 
(C) InaAABC, if (tr) AABC is scalane 
+b +e =be+ cav3, triangle 
then 
(s) AABC is scalane 
right angled triangle 
(t) Angles B,C, A are 
in AP 


Properties and Solutions of Triangles Exercise 6 : 


Single Integer Answer Type Questions 


If in ABC, ZC =", a= V2 and b= 2+ 2, then find 


the sum of digits in the measure of angle A (in degree). 


In the figure as shown, find the number of digits in the 


length of AB. J 


195 425 
Aa 3 op 
2 2 2 
2m 4m +b° + 
(A= B= ones hen 
7 7 7 R 


equals to 


If A, B, C the angles of an acute angled AABC and 


(tan B+tanC)? tan? A tan? A 
D= tan” B (tan A + tanC)? tan? A |, 
tan’ C tan’ C (tan + tan B)? 


then the least integral values of 


140. 


141. 


142. 


143. 


144, 


In a AABC, P and Q are the mid-point or AB and AC, 
respectively. If O is the circum-centre of the AABC, then 


the value of a eae 


————— _ | cot B cot C equals to 
Area of AOPQ 


With usual notation in AABC, the numerical value of 
at+b+c a b c |. 
+ + 1S 
rtryetr,)\r 1, Ws 
Mc* — a’) 


3ca 
median through A and AD 1 AC, then the value of A is 


In a AABC, cos A-cosC + , where AD is the 


In a triangle ABC, medians AD and CE are drawn. If 
AD =5, ZDAC = bls and ZACE = » then the area of the 
8 4 


triangle ABC is equal to ~ then a + bis equal to ......... ; 


In AABC, ae E then the value of 16 [= tn( 4) must 
2 2 


rn 


be. 


145. 


146. 


147. 


148. 


Yacos” (4) 
yes 


at+b+c 


In a AABC, the maximum value of 120) 


must be 


The sides of triangle are three consecutive natural 
numbers and its largest angle is twice the smaller one. 
The largest side of the triangle must be 
In AABC, ZC = 22A, and AC = 2BC, then the value of 
ae ee: 
+b° + 
clea a (where Ris circumradius of triangle) is 


If a, band A are given in a triangle and c,,c, are the 
possible values of the third side, and 
c? +5 —2c,c, cos A= Aa’ cos” A, then the value of A 


1S aetxieex's : 
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149. 


150. 


151. 


152. 
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In triangle ABC, a=5, b= 4, c =3. Gis the centroid of 
triangle. If R, be the circumradius of triangle GAB then 


the value of & R? must be 
65 


A triangle ABC is inscribed in a circle of radius 1 and 
centre at O. The lines AO, BO, CO meet the opposite 


sides at D, E, F. Then os + ae + ae is equal to 0.0.0... . 
AD BE CF 
at+b4+c? 


In AABC, a= b> c and if =8, 
sin? A+sin? B+sin? C 


than the maximum value of @is ............ : 


In a cyclic quadrilateral PORS, PQ = 2 units, QR = 5 units, 
RS =3 units and POR = 60°, then SP is ......... F 


Properties and Solutions of Triangles Exercise 7 : 
Subjective Type Questions 


153. 


154. 


155. 


156. 


157. 


158. 


159. 
160. 


In a AABC, the angles A and Bare two values of 8 
satisfying 3 cos® + sin® = K; where | K| <2, then show 


triangles is obtuse angled. 
If in an obtuse angled triangle the obtuse angle is = and 


the other two angles are equal to two values of 8 


satisfying atan® + bsec@ = c, where |b| <a’ +c’, 


then find the value of a” - c’. 


In a AABC, a,c, A are given and D,, b, are two values of 
third side b such that b, = 2b,. Then, the value of sin A. 
If P is a point on the altitude AD of the AABC, such that 
ZCBP = - then find the value of AP. 


2 2 


2aR 


If R denotes circum-radius of AABC, evaluate 


In AABC, A may b-c = 3/3 cm and ar (AABC) 
3 


9v3 


=7‘” cm? . Solve for side a 
2 


Find the value of tan A, if area of AABC is a” —(b—c)’. 


In a AABC, B= 90°, AC = hand the length of 


perpendicular from B to AC is p such that h = 4p. If 
AB < BC, then measure 7C. 


161. 


162. 


163. 


164. 


165. 


166. 


If in a AABC, sin? A+sin? B+sin? C 


= 3sin A-sin B-sinC, then find the value of determinant 


abe 
bc al 
c ab 


In a AABC, the side a, b and c are such that they are the 


roots of x? —11x” +38x — 40 =0. Then, the value of 


cosA cosB-~ cosC 
~ - 


a b c 
In a AABC the sides a, b and c are in AP. Evaluate 


A <| B 
tan — + tan :cot—. 
2 2 2 


: ‘ : a3 
The sides of a A are in AP. and its area is — Xx (area of an 
3] 


equilateral triangle of the same perimeter). Find the ratio 
of its sides. 
If AD, BE and CF are the medians of a AABC, then 
evaluate (AD? + BE” + CF”):(BC” +CA® + AB’). 
AD is a median of the AABC. If AE and AF are medians 
of the AABD and AADC respectively, and AD = m,, 

2 


AE =m,, AF = mz, then find the value of 
8 
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167. 


168. 


169. 


170. 


171. 


172. 


173. 


174. 


175. 


176. 


Textbook of Trigonometry 


ie ee -tan -tan 


> 


A 
EA ieee 
2 2 
C= 


Z = tan -tan 


> then find the value of 


X+Y+Z+ XYZ. 


Let AABC be equilateral on side BA produced, we choose 
a point P such that A lies between P and B. We now 
denote ‘a’ as the length of a side of AABC; r, as the 
radius of incircle of APAC; and r, as the radius of the 
excircle of APBC with respect to side BC. Determine the 
sum (r, +r, )as a function of ‘a’ alone. 


A hexagon is inscribed in a circle of radius r. Two of its 
sides have length 1, two have length 2 and the last two 
have length 3. Prove that r is a root of the equation 

2r* -7r-3=0. 


The base of a triangle is divided into three equal parts. If 
0,,0,,0, be the angles subtended by these parts at the 
vertex, then prove that 


(cot®, + cot@,)(cot®, + cot@;) = 4 cosec?6, 


If the circum-radius of a A is , and its sides are in 


1463 
GP with ratio 2 then find the sides of the triangle. 
2 


Prove that a? +b? +c? +2abe <2, where a,b, c are the 
sides of triangle ABC such thata+b+c=2. 


Let points 7 Poy Py seP pad divides the side BC of a 


AABC into n parts. Let r,,1,,13,-..,7,, be the radii of 
inscribed circles and let p,, p,,..., p, be the radii of 
excribed circles corresponding to vertex A for triangle 
ABP,, AP,P,,..., AP, _,C and let r and P be the 


mwa 
corresponding radii for the triangle ABC. Show that 


Fg Tai 


P P, ee 


n 


P 


A polygon of n sides, inscribed in a circle, is such that its 
sides subtend angles 20, 4a, ..., 2na at the centre of the 
circles. Prove that its area A,, is to the area A, of the 
regular polygon of n sides inscribed in the same circle, as 
sin n& :nsin da. 


A,,A,A3,-5A 
circumscribed about a circle of centre O and radius ‘a’. P 


is any point distant ‘c’ from O. Show that the sum of the 
squares of the perpendiculars from P on the sides of the 


2 
polygon is fo + “| 


, is aregular polygon of n sides 


2 


Show that in any AABC, a> cos3B + 3a*bcos(2B — A) 
+3ab’ cos(B—2A)+b* cos3A =c? 


171. 


178. 


179. 


180. 


181. 


182. 


183. 


184. 


185. 


186. 


187. 


188. 


Let ABC be a A with altitudes h,, h,, h, and inradius r. 
Apter Agtr byte 
h,-r h,-r 
acosA+bcosB+ccosC _at+b+c 
9R 


Prove that > 6. 


h,-r 


If in a AABC, , then 


asin B+ bsinC + csinA 
prove that A is equilateral. 
In AABC, ‘h’ is the length of altitude drawn from vertex 
A on the side BC. Prove that : 
Ab? +c*)>4h* +a’. Also, discuss the case when 


equality holds true. 


Consider a AABC. A directly similar AA, B,C, is inscribed 


in the AABC such that A,,B, and C, are the interior 
points of the sides AC, AB and BC, respectively. Prove 
Area(AA,B,C,) 1 


Area(AABC) — cosec? A +cosec? B+ cosec” C 


Find the angle at the vertex of an isosceles triangle 
having the maximum area for the given length ‘T of the 
median to one of its equal sides. 


Consider a AABC and points A, and B, on side BC such 


that ZBAA, = ZB,AC. If incircle of ABAA, and B, AC 
touch the sides BA, and B,C at M and N respectively, 
1 1 i 
= + : 
MA, B,N NC 


prove that 


An equilateral triangle PQR is circumscribed about a 
given AABC. Prove that the maximum area of APQR is 
ee 
a +b’ +c 

2n/3 


and A is its area. 


2A + . Where a, b,c are the sides of AABC 


Ina AABC, r4,1g, 1c are the radii of the circles which 


touch the incircle and the sides emanting from the 
vertices A, B, C respectively. Prove that, 


a tats + Jrsrc talrcra =f 


Find the points inside a A from which the sum of the 
squares of distance to the three sides is minimum. Also, 
find the minimum values of the sum of squares of 
distances. 


In a scalene acute AABC, it is known that line joining 
circumcentre and orthocentre is parallel to BC. Prove 


that the angle A € (z. =) 
3.2 


Consider an acute angled AABC. Let AD, BE and CF be 


the altitudes drawn from the vertices to the opposite 
EF FD | DE _Rtr 


a b c R 


sides. Prove that : 


Two circle, the sum of whose radii is ‘a’ are placed in the 
same plane with their distance ‘2a apart. An endless 


string is fully stretched so as partly to surround the 
circle and to cross between them. Prove that length of 


. _. ( 40 
string is + 2a 
3 
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190. 
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Let P be the point inside the AABC. Such that 
ZAPB = ZBPC = ZCPA. Prove that 


2 2 2 
+b° + 
pas pat PC= | *H +e son, where a, b,c, A 
2 


189. If A, is the area of A formed by joining the points of ae Fhe sides and Mieareaor AARC: 
contact of incircle with the sides of the given triangle o , 
whose area is A. Similarly A,, A, and A, are the 191. In an acute angled AABC, the points A’, B’ and C’ are 
corresponding area of the A formed by joining the points located such that A’ is the point where altitude from A 
of contact of excircles with the sides. Prove that on BC meets the outward facing semi-circle drawn on 
A, & A, ‘ A; Ao _ 4 BC as diameter, points B’, C’ are located similarly. Prove 
A A A A ° that 
{ar(BCA’)}" + {ar(CAB’ )}* + {ar(ABC’)}’ = {ar(ABC)*} 
Properties and Solutions of Triangles Exercise 8 : 
. : : : 
Questions Asked in Previous 10 Years’ Exam 
(i) JEE Advanced & IIT-JEE RP at N, L and M respectively, such that the lengths of 
192. Ina AXYZ, let x, y, z be the lengths of sides opposite to PN, CL and RM are POnSe Cue evel sd hale Then, 
ee ee ee eee possible length(s) of the side(s) of the triangle is (are) 
eae s ia y ae -— P y y : [More than one correct option 2012] 
; = ; = ; and area of incircle of the AXYZ is (a) 16 (b) 18 (c) 20 (d) 22 
81 then 196. If APOR isa triangle of area A with a= 2, b= f andc = 2 
3 [More than one correct option 2016 Adv.] 2 2 
(a) area of the AXYZ is v6 where a, b and c are the lengths of the sides of the 
35 triangle opposite to the angles at P,Q and R, 
(b) the radius of circum-circle of the AXYZ is —~ V6 ; : 
6 : 2sin P— sin 2P 
Xx Y Z 4 respectively. Then, ————————._ equals 
(c) sin —sin—sin— = — 2sin P+sin 2P 
: x ae : i a2 [More than one correct option 2012] 
(d) sin’ )-2 (a) 2. (b) a 
4A 4A 
193. In a triangle, the sum of two sides is x and the product 3 \° 45) 
of the same two sides is y. If x* —c” = y, where c is the (c) 4A td) 4A 
third side of the triangle, then the ratio of the in-radius 
to the circum-radius of the triangle is 197. If the angles A, Band C of a triangle are in an arithmetic 
[Single correct option 2014 Adv.] progression and if a, b and c denote the lengths of the 
3y 7 3y sides opposite to A, Band C respectively, then the value 
a 
2x(x +c) 2e(x +c) of the expression * sin2C +“ sin2A is 
(c) 3y d) 3y c a_ [Single correct option 2010] 
1 3 
4x(x +c) 4c(x+c) a) ; (b) = () 1 (a) V3 
194. Consider a AABC and let a, b and c denote the lengths of 
the sides opposite to vertices A, Band C, respectively. 198. Let ABC be a triangle such that ZACB = ae a, bandc 
a= 6, b=10and the area of the triangle is 15 3. If ZACB ‘ ve ee ee ; 6 ; 
is obtuse and if r denotes the radius of the incircle of the es : eee ne ee Oppose 0 A, Hane 
srianiies there? is-equalto BeSDECHVELY: Then, me value(s) of x for which 
, lintger Anewer'Type20is Ade a=x°+x+1,b=x* —landc = 2x +1is (are) 
‘ [Single correct option 2010] 
195. In a APOR, P is the largest angle and cos P = —. Further (a) -(2+ 3) (b) 1+ V3 
: (0) 2443 (d) 43 


in circle of the triangle touches the sides PQ, QR and RP 
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199. 


200. 


201. 
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In a AABC with fixed base BC, the vertex A moves such 
that cos B+ cos C = 4sin” ae If a, band c denote the 
2 


lengths of the sides of the triangle opposite to the angles 
A, Band C respectively, then 

[More than one correct option 2009] 
a) b+c=4a 
b) b+c=2a 
c) locus of point A is an ellipse 
d) locus of point A is a pair of straight line 


iS a oS 


Let ABC and ABC’ be two non-congruent triangles with 
sides AB= 4, AC = AC’ =2)2 and ZB =30°. The 
absolute value of the difference between the areas of 
these triangles is [Integer Answer Type 2009] 
A straight line through the vertex P of a APQR intersects 


the side QR at the point S and the circum-circle of the 
APQR at the point T. If S is not the centre of the 


circumcircle, then [More than one correct option 2008] 
1 1 2 
(a) — + < 
PS ST QS x SR 
@_a ts 2 
PS ST QS x SR 
(c) & + _ < A 
PS ST OR 
(d) De tie 
PS ST” OR 
Passage 


(Q.Nos. 202 to 204) 


Consider the circle x* + y? = Yand the parabola y? = 8x. They 


intersect at P and Q in the first and the fourth quadrants, 
respectively. Tangents to the circle at P and OQ intersect the 
X-axis at R and tangents to the parabola at P and Q intersect 
the X-axis at S. 


202. 


203. 


204. 


205. 


[One correct option 2007] 
The radius of the in-circle of APQR is 


(a) 4 (b) 3 
8 
= d) 2 
(c) - (d) 
The radius of the circum-circle of the APRS is 
(a) 5 (b) 33 
(c) 3v2 (d) 2v3 
The ratio of the areas of APQS and APQR is 
(a) 1:2 (b) 1:2 
(c)1:4 (d)1:8 


Internal bisector of ZA of AABC meets side BC at D. A 

line drawn through D perpendicular to AD intersects the 
side AC at Eand side AB at F. If a, b, c represent sides of 
A ABC, then [More than one correct option 2006] 


Gani Gane ae" 

b+e 2 

(c) EF = ane sin cas (d) AAEFF is isosceles 
bt+c 2 


206. In-radius of a circle which is inscribed in a isosceles 
triangle one of whose angle is 27 /3 is /3, then area of 
triangle (in sq units) is [Single correct option 2006] 
(a) 4/3 
(b) 12 - 73 
(c) 12 + 7V3 
(d) None of the above 

207. Ina A ABC, among the following which one is true? 

[Single correct option 2005] 


(2) 0 + 0) cos 4 = asin( 25) 


(b)(b +) cos 2#£) -asin 4 


2 
(c) (b —c) cos(? ; c| =a cos (=) 


A _ {(B-C 
()(6 = 08 4 = asin( ; 


(ii) JEE Main & AIEEE 


208. Let a vertical tower AB have its end A on the level 
ground. Let C be the mid-point of AB and P be a point on 
the ground such that AP = 2AB. If ZBPC =, then tanB 
is equal to [2017 JEE Main] 


(a) = (b) 


lon 


(c) (d) 


wolmen 
Ole BIR 


209. ABCD is a trapezium such that AB and CD are parallel 
and BC | CD, if Z ADB =8, BC = p and CD = q, then AB 


is equal to [2013 JEE Main] 
3 (p’ +q°)sin® (b) p’+q’cos 0 
pcos 0+ qsinO pcos 0+ qsin 0 
Bi 28 2 py a 
() Pte (a) a 
p cos 0+ q°sin® (pcos 0+ qsin8) 


210. For a regular polygon, let rand R be the radii of the 
inscribed and the circumscribed circles. A false 


statement among the following is [2010 AIEEE] 
(a) there is a regular polygon with : = ; 
r 1 
(b) there is a regular polygon with — = — 
) gular polyg ae 
(c) there is a regular polygon with > = ; 
(d) there is a regular polygon with x = 7 


211. Ina AABC, let ZC = me ifr is the in-radius and Ris the 
2 


circum-radius of the AABC, then 2(r + R) is equal to 
[2005 AIEEE] 


(a) ct+a (bl) a+b+c 
(c) a+b (d) b+c 
Exercise for Session 1 
1. (a) 2. (a) 3. (c) 4. (c) 5. (c) 6. (a) 
7.(d)  8.(c) 9. (b) 10.(c) I.(c)  12.(d) 
13.(c) 14. (a) 15. (a) 16. (c) 17.(b) 18. (a) 
19.(c) 20. (a) 
Exercise for Session 2 
1.(a) 2. (a) 3. (b) 4. (d) 5. (a) 6. (c) 
7.(d) — 8.(c) 9. (a) 10.(b) 11.(d) 12.(c) 
13.(b) 14. (b) 15. (d) 16.(c) 17.(a) 18. (c) 
19.(c) 20. (a) 
Exercise for Session 3 
1. 1018.81 sq. cm 2.2.5 3.2cm 7. 7:2 9.5 
26.(1) 27.0 28. a°b? 
Exercise for Session 4 
1l.acotA 2. a 4. 4/3 5. v5 6. 2a7b*c? 
a+b 2 
9. ; 10. acosec(A/2) 
Exercise for Session 5 
1; kes cot 2. 4 cosee™ 4. cosec ie 
2 n 2 n 9 
6.7, 3 
Exercise for Session 6 
1.2 2.2 3.6 4. tA 
a+b 
Exercise for Session 7 
le 2. sin A + sinB + sinC 3.5 4.6 6.r=1 
i 9. (2— V3):2V3 
Exercise for Session 8 
4. Rtana 5. 2.05 sin 38° 
sin 42° 
Chapter Exercises 
1. (a) 2. (a) 3. (c) 4. (c) 5. (c) 6. (c) 
7.(b) 8 (c 9. (a) 10.(b) 11. (b)_— 12. (b) 
13.(c) 14. (d) 15. (a) 16.(d)  17.(a) ‘18. (b) 
19.(b) 20. (c) 21. (b) 22.(d)  23.(b) ~—-24. (c) 
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212 If in AABC, the altitudes from the vertices A, Band C on 
opposite sides are in HP, then sin A sin Band sin C are in 


Answers 


[2005 AIEEE] 
(a) HP (b) AGP 
(c) AP (d) GP 
25.(a) 26. (c) 27. (a) 28. (a) 29.(b) 30. (a) 
31.(a) 32.(b) 33.(d) 34. (c)~— 35. (b) 36. (a) 
37.(b) 38. (a) 39. (c) 40. (a) 41.(b) 42. (c) 
43.(a) 44. (c) 45. (b) 46. (a) 47.(c) 48. (d) 
49.(b) 50. (a) 51. (a) 52. (c) 53.(b) 54. (b) 
55.(b) 56. (d) 57. (c) 58. (a) 59.(b) 60. (a) 
61.(c) 62. (b) 63. (a) 64. (a) 65.(b) 66. (d) 
67.(b) 68. (a) 69. (c) 
70. (b,d) 71. (b,c,d) 72. (b,c,d) 
73. (b,c) 74. (a,c,d) 75. (a,c) 
76. (a,b) 77. (a,c,d) 78. (c,d) 
79. (b,c) 80. (a,c) 81. (a,b,c,d) 
82. (a,b,c,d) 83. (a,b,c,d) 84. (b,c) 
85. (a,b) 86. (a,c,d) 87. (b,c) 
88. (a,b) 89. (a,b) 90. (a,d) 
91. (a,c) 
92.(c) 93. (d) 94. (a) 95. (d) 96.(a) 97. (c) 
98. (a) 99. (c) 100. (a) 101.(c) 102.(a) 103. (a) 
104. (a) 105.(a)  106.(b) 107.(b) 108.(c) 109. (c) 
110.(c) 111. (c) 112.(d) 113. (c) =—-:114. (c) 115. (a,b,c,d) 
116.(b) 117.(b) 118. (b) 119. (b)_— 120. (b) 121. (d) 
122.(b) 123. (a) 124.(c) 125.(c) 126.(d) 127. (b) 
128.(c) 129.(d)  130.(b) ‘131. (a) 
132. (A) > (1), (B) > (p), C >(s) , (D) > (q) 
133. (A) >(p, q. 1), (B) > (p, 4,1), C 9(@, 8), (D) 94 
134. (A) > (p), (B) >(q), C >), (D) >(s) 
135. (A) > (p, t), (B) > (q, s), C > (q, fr, t) 
136.(9) 137. (3) 138.(7)  139.(2) 140.(4) 141. (4) 
142.(2) 143. (8) 144.(8)  145.(9) 146.(6) 147. (8) 
148. (4) 149. (5) 150.(2) 151.(2) 152.(2) 154. 2ac 
2 
ea pl 156. 2csin (=) 157. (sin (B — C)) 
8c 3 
158. (/63 —2V3) 159. =| 160. (15°) 
161. (0) 162. 2) 163. (=) 
16 13 
164. (3: 5:7) 165. (3 : 4) 166. m; + m3 — 2m? 
167. (0) 168 | 171. (1 a >| 
2 2 4 
rst. (2) A. = MOE wos 
5, a at+h+e 
192.(a,c,d) 193.(b)  194.(3) 195. (a, b) 
196. (b,c,d) 197.(d)  198.(b) 199. (b, c) 
200. 4 sq units 201.(d)  202.(d) 203.(b) 204. (c) 
205. (a,b,c,d) 206.(c)  207.(d) 208.(c) 209. (a) 
210. (a,b,d) 211.(c) 212. (c) 


1. 
Zz 
eer 
x+k+y=16 
Also, (t+7)xXt=2 x(2+ 13) 
=> t=3 
Now, x(x + k)=6x(64+7) 
and yy +k) =1x 14 


Solving, we get x =10 — V22, y =6 — V22 andk = 222. 
at+bt+c_ 


2. We have, s = 21 
2A 
No2, sin A = — 
be 
"pres 
14-15 
14 
> A=sin '— 
5 


Alternatively By using cosine rule in AABC, we get 
b? +c? -a? 
2be 
(14)? + (15)? — (13)? 
2(14) (15) 
_ 196 + 225 — 169 
7 420 


- 2 -(0<a<2] 
420 5 2 


cosA = 


14 
Hence, A=sin 


3. Using Napier’s Analogy 
B 


* sin105° sin 45° 


=> 2 o( =] : 
sin— =c = 
a) al 
F 1 
> sin— = ——= 
2vV2 
tA 
=> cos— =,/1-—=— = 
8 22 
B B 
Hence, sin B = 2 sin— cos— = ay 
2 2 4 
BD _ AB 
“pc AC 
= ADis the angle bisector 
2bc A 
= cos— 
b+ec 2 


_2xX5xX3 j1+cosA 
8 2 


15 2 _ 3x5 xV5 


ee 
2) 5 
~4\ 2 
=F 
_ 3V5 
— o 


2x5 


A 
4 x 
105° y 
ch 45 AB 
2cos15° — 2/2(V3 + 1) 
= = 
sin 45° 2/2 
=/34+1 
AP c 
2B B 
sin— _ sin| 90° + — 
3 3 
A 
C| 
Pp 
D> B/3 
B D C 
B 
=> AP = 2c sin— 
3 
. Given,2b=a+c 
> 2sinB =sin A + sinC 
. B B _(AtC A-C 
= 2] 2sin—cos = 2sin cos 
2 2 2 2 
B 
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8. Slope of GC = a slope of AG = bas 12. Let aand b the roots of x? —7x + 8 = 0. Then, a + b =7, ab =8 
3b - Also, C =60° 
oq N 1 a tb? =c° 
tan30° = a anda’? + b* =9 ow aaa a 
ge = ab =(a + b)* —2ab -c? 
C(O, b) . c? =(a + b) —3ab =49 — 24 =25 
=> c=5 
Thus, rR= abe = 8x5 _3 
(. 2) Aatbt+c) A7+5) 3 
2 


13. Applying m—n theorem 


CONN (BD + DC) cot = DC cosB — BD cotC 
A 


. (5. 0) (a, 0) > (cot B — cotC)* = 12 


1 3ab 14. A’C =b cosC, B’C =a cosC 


2 33 
9 
> Visa S45 
33 
> k=3 
9. 4sin A cos B =1, so A and B cannot be - A’B’=c cosC 
2 Similarly, A’C’ = b cos B and B’C’ =a cosA 
[as if B = ue then cos B = 0 and if A = ue tan A is not defined) Now, 4R =a cosA + b cosB + ¢ cosC 
: => sin A sinB sinC =1 
C==,B="-A 1 
a "9? 9 => This is only possible when 7A = ZB = ZC = ri so triangle 
=> 4sinA cos(# = A] =1 is not possible. 
7 15. Let the sides of the triangle be 7,7 — d,7 — 2d. 
‘ 1 ‘ 1 
= sin’ A = 4 = sinA= 2 Since, the given angle is the greatest (being obtuse) angle of 
the triangle, it is opposite to the greatest side of the triangle 
T T 
=> A=— => B=— and we have, 
6 3 


2_ 2 2 20 
So angles are in AP. 7° =(7-d)* + (7 - 2d)*-2(77 — d)(7 — 2d) cos ; 


10. det A is twice the area of the triangle with vertices 2 ‘ 2 nn? »{ -1 
Gas p) (ba) (0, r)-with aides 5, 6:7, => 7 =2x7 — 42d + 57-17" —214 + 2d (=) 
A’ = s(s — a)(s — b) (s —c) => d?-9d +14=0 
> 16’ =18-8-6-4 => (d -7)(d —2)=0 
det B =(det A)’ = 4A” = 18-8 -6 = 864 => d=2 (d =7 is not possible) 


11. Given that the circle passes through the circumcentre of Therefore, the sides of the triangle are 7 cm, 5 cm, 3 cm. 


AABC. Therefore, the distance between circumcenter, incentre 


1 27 
Area of the triangle A = — x5 x3 X sin— 
=R? —2rR =r 2 3 


15v3 
> r? + 2rR — R? =0 = cm! and the radius of the circumcircle 
2 
=> (=) +2" -1=0 pu X5X3 
R R (25 
> = 2—-1and 4 
7X5x3 3 
r Ag BG 3 See a 2s 
cosA + cosB + cosC =1+ —=1+ 4sin—sin—sin— 15/3 3 
R 2 2 2 
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*: Sides are in AP and a < min{b, c} 
CaselI If min(b, c) =b 

Then, a, b, c are in AP. 
ie,2b=a+c 


et te te 
2be 
_ b? +c? —(2b —c)’ 
~ 2be 
_ 4be — 3b? _ 4c — 3b 
~  2be se 


Case II If min{b, c} =c 
Then a, c, b are in AP. 
ie,2c=a+b 


b+ 2 —@ 
eigpAe lc 
2bc 
= b? +c? —(2c — b)? _ 4be — 30? 
2bc 2bc 
_ 4b —3c 
2b 
Given, sin Asin BsinC = p 
and cos AcosBcosC =q 
> tan Atan BtanC a2 
q 
Also, tanA + tanb + tanC = tanAtanBtanC 
> tan A + tanB + tanC = P 
q 


Now, tanAtanB + tanBtanC + tanCtanA 
sin Asin BcosC + sinBsinC cosA 


+ sinCsin AcosB 


cos Acos BcosC 


1 
= —[sin Asin BcosC + sinC(sin BcosA 


q 
+ cos Bsin A)] 
7 ‘eadgae cosC + sinCsin(A + B)] 
q 
= ea Aine cosC + sin®C] 
q 
= 1h —cos’C + sin Asin BcosC] 
q 
= ty + cosC(—cosC + sin Asin B)] 
q 
= tn + cosC(cos(A + B) + sin Asin B)] 
q 
1 il 
=—[1+ cosAcosBcosC]=—[1 + q] 
q q 


The equation whose roots are tan A, tan B, tanC will be give by 
x? —(tanA + tanB + tanC)x? 


+ (tanAtanB + tanBtanC + tanC tan A)x 
—tanAtanBtanC =0 


19. 


20. 


ee ar Peak: Oe 2 
q q q 
or gx’ t+ px’? +(1+q)x-p=0 


or x =0 


Hence, (a) is the correct answer. 


t, 2A 
=> 1oy- (where A = ar(AABC)) 
a sh 
1 
; 2—ah P 4 
=> 1oy-2% 3 12] 
a sh a s 
Mee ; ts c 
Similarly, =1 and = =1 
s c s 
fa eg Ty (a+b+c) 
a boc Ss 
=3-2=1 


sin A, sin B, sinC are the roots of the equation 


ext —c(at+bt+c)x* +lx+m=0 
2 
+b+ 
ssinA + sinB + sinc =2@*"* 9) 
c 
_atbte 
c 
a b c atb+e 
or +—+—= 
2R 2R = 2R c 
Then, c=2R,a+b+c#0 


ie, 2RsinC =2R. 


Let O be the point of intersection of the medians of triangle 
ABC (Fig. 12.10). Then, the area of AABC is three times that of 
AAOC, O being the centroid of AABC, divides the median 
through B in the ratio 2: 1. 

B 


1/8 
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And the height of AAOC is one-third that of AABC. Now, in C-B<C+B 
AAOC, AO = (?) AD = a Therefore, applying the sine rule to or sunt — B) <1 
3 3 sin(C + B) 
AAOC, we get sin(B — C) 
T or el 
sinl *) sin(B + C) 
oc AO 23 ne": a oe 
T . ( 1 . Hence, + #0 
sn{ = sin{ = sin( = a b? ce 
8 4 
; (a): 
Area of AAOC = —- AO-OC-sin ZAOC B-C B+C 
2 cos| 5 =(sin B + sinC)cos| 5 


‘ T 
si B-C B+C B- B+C 
= 1 F 10 ‘ 10 G «sin + a coo = 2sin| Jeos{ “| co 
233, 2 8 2 2 2 2 
sin 


cos| #0 
2 


si 2 cos i 
in} — = ; 
_ 50 8 8), 50 25 2s sin(B + C) =1 
2 gin ns “ B4ce 
4 2 
25 25 = 
ee ee Then, a 
2Wein3 3 “3 b? +c? —a 
(2R)*(sin” A + sin” B + sin” C) 23. We have, cos A = 


21. We have, 


=8 2be 
= b? —2becosA + (c” — a”) =0 


sin? A + sin? + sin?C 


= R=1, the radius of the circumcircle is 1. 


Greatest length of a side of a triangle inscribed in a circle can It is given that b, and b, are roots of this equation. 


be equal to the diameter of the circle and hence the maximum Therefore, b, + b, = 2ccos A and b,b, = c” — a* 
value of the greatest side a is equal to 2. 


22. (a):(b+c+a)\(b+c—a)=5be 


=> 3b, = 2ccos A and 2b; = c” — a” 


(since b, = 2b, given) 


=> (b +c)’ —a® =5be 2 2 
P 2 2 => 2} —cosA| =c?-a? 
> b* + c* + 2be — a“ =5be 3 
> 2bcecos A =3be => 8c7(1 — sin? A) = 9c? — 9a” 
cosA = 2 impossible. . 9a? — 2 
2 => sinA = 5 
8 
(b) : Let a = J19, b = ¥38, c = V116 
Hence, (b) is the correct answer. 
osA ae SL cot Acot B—-1 
c _——— - 
24. We have, cot(A + B) =——————_ 
al — ( ) cot B + cotA 
= = — <-—1 impossible. Z meee bs 
2V722 722 x(x? + x $1)? x2 (x? + x41)? -1 
(c) b?—c? sin? B-sin?C ~ al : Es . ; 
ce 7 2 2 2 2 
a sin? A x2(x° t+ x41)? + x2(x° 4+ x41) 
_ sin(B + C)sin(B — C) 7 x +x4+1-1 
= Te > 1 1 1 
sin’ A > = = = 
2 2 2 
sntB=c) (x° + x+1)2 + (x2 + x 2) 
= iss 1 
sinA a 3 st 
x(x + 1)x? 2 > 
in(B —C = =x2(x° + x+1)2 
ese! 25 (: B#C) : 1 ( ) 
sin(B + C) (x° + x + 1)2(x + 1) 
sf B>C 4 a é z 
Then, Bice d=c ae ee) eee 
sin(B + C) ‘ => A+B=CandA+B+C=n 
—_—— > 
sin(B — C) se C= us 
2 


and if B<C 
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25. 


26. 


27. 
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co +b? -a? 
2be 
2 e 3 
=> c -—2bcecosA + b° —a° =0 


We have, cos A = 


It is given that c, and c, are roots of this equation. 


Therefore, c, + c) =2bcosA and cc, = b” — a” 


=> k(sinC, + sinC,) =2ksin BcosA 
=> sinC, + sinC, =2sin BcosA 


Now, sum of the area of two triangles 


1 1 
= —absinC, + —absinC, 
2 2 
1 ; : 
= Fd cue + sinC,) 
1 ; 
= saree cos A) 


ll 
=b-bsinAcosA = 50 sinza 


Hence, (a) is correct answer 


bcot B + ccotC =2r + R) 


B CG 
=> 2RsinB- “8” + aRsinc.S~ = ar + R) 
sinB sin 
> cosB + cos =1+— 
A,B,C 
> cosB + cosC =1+ 4sin—sin—sin — 
2 2 2 
> cosB + cosC = cosA + cosB + cosC 
cosA =0 
Tt 
— A=— 
2 
> a=b* +c? 
=> b? +c” =100 
Using A.M 2G.M., we get 
tec? 


: >Vb'c? = be <50 


1 
Hence, area of AABC = Ps <25 


Let 7, r, and r, be the radii of the three circles with centres at 
C,, C, and C3. Let the circles touch at P, Q and R. 


Also, C\C, =% + %,C,C3 =h% +, CC, = + 7 


28. 


29. 


Let O be the point whose distance from the points of contact 
is 4. 

Then, O is the incentre of the AC,C,C, with OP = OQ = OR = 4, 
being the radius of the incircle 


Hence, 4 = AC,C,C; _A 
gue $CC,4+6,0] * 
Where s =7, + % + 1 
A? = s(s — C,C,)(s — CyCy)(s — CC.) = 5(% )(72)(7) 
(i) gives 16 = = - stra) 2 Riis 
: . R+nt+r, 


Hence, the ratio of the product of the radii to the sum of the 
radii = 16:1. 

Hence, (a) is the correct answer. 

* Roots are real and distinct. 

a A>0 

=> 4a+b+c)* —12A(ab + be + ca) >0 

=> (a° +b? +c? + ab + be + ca))—3A(ab + be + ca) > 0 


2 
> bal > (3A — 2) 
Zab 


Now, in a triangle 
Difference of two sides < third side 


ie, ja —b| <c,|b—c| <aand|c—a|\<b 
> (a—b)’ +(b-c)? +(c-a)? <a’ +b? +0? 
> a’ +b? +c? <2(ab + be + ca) 
2 
or 20" 25 _..(ii) 
Lab 


From Eggs. (i) and (ii), we get 
2 


Pure 25 > 3\-2<2> Rae 
Lab 3 


Area of triangle 


Area of AARQ, 
b ke lige kA 
= x x —sinA = 
(k+1) k+1 (k+1)° 
roe kA 
Similarly, area of ABPR = Area of APCQ = 5 
(k + 1) 
Now, Bee ae 
AABC 3 
_ 3k 
2 
a eed et 
A 3 
or 2k? -5k +2=0 
or k= ~ 2 
2 


30. -. f(x + y) = f(x): f(y) 


for x=y=l1 
f (@)=2 

for x=1y=2 
£@) = fa)fR) =2 

f(n) =2" 

a=f(@)=2=8 , 


b= f(1) + f() =2+8=10 
andc = f(2) + f(3) =27 +2? =12 


3 1 
cos A =—and cosC = — 
4 8 

cos2A =2cos’A -1 


9 
=2x—-1 
16 


1 
—=cosC 
8 
2A:=C 
31. Given,x+y+z=a+b+c (i) 


and a’x + b’y + c*z + abc = 4xyz divide by 4xyz, we get 


2 


(=) +(e) 6) 


Ast |stats) 


For using the trigonometric identify 
cos” A + cos” B + cos’C + 2cosAcosbcosC 


=1A+B+C=T7 


ic 
af 


a 
Let —— = cosA, = cosC 


b 
2/yz al xz 


Where A, B, C are acute angle’s 


= cos B, 


From Eq. (i) 
x+yt+z=atbte 
=>xt+ytz=2,/yzcosA + 2Vxz cosB + 2,/xy cosC 


=>xtytz-2 yz cosA —2V xz 
cos B — 2,/xy cos(m —(A + B))=0 
=>xtytz-2 yz cos.A — 2V xz 
cosB + 2,/xy cos(A + B) =0 
=>xtytz-2 yz cos.A — 2V xz 
cosB + 2,/xy(cos A cos B — sin Asin B) = 0 
= x(sin’ B + cos” B) + y(sin? A + cos’ A) 
+z-—2,/yz cosA — 2/xz cosB 
> 2/xy(cosA cos B — sin Asin B) = 0 
> (J x sin B - vy sin A)’ + (Vx cos B + /y cosA — vz) =0 
= JxsinB = JysinA and Vx cosB + ycosA = Vz 
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b a 
=> ee eg 


b a at+b 
~ eee ee ee =f 
az az 2 

ha bt+e ate a+b 
.. By symmetricity x = ; y= 5 ,Z= 5 


32. Let S and I, be respectively the centres of the circumcircle and 
the excircle touching BC. 
It can be shown that 


SI, =R? + 2Rr, 
In ASIP, SI? = R? + t? 
1 
tp = 2Rr, 


1 1 1 1 
Similarly, = = i> 
t; 2Rr, t; 2Rr; 


Ag te A th oe 
fo 6 ORLA Oh On 


1 | s=a.. S=b . sc 
= + + 
2RL A A A 
—1s_s _at+bte 
2RA 2RA abe 
33. ZBAA, = ZA,AA, = ZA,AC 
Clearly, triangle AA,C is isosceles 


R? =2Rr, = R’ + tf, 


=> AA, =AC=b 
AA, = A,C =" 
4 
A 
Cc b 
2 A, 4a As C 
Al 
Now, sin cos ; = Saas -2sin 


1,.,A, 
=—sin“ —-sin 
2 S) 


2A_1(A,C)\’ BA, 
= 3 ) 
_1 a 3a 1 3a? 

2 16b2 4 c 128b%c 


ba —@ 
34. -cosA = 2 
2bc 
2 2. 2 
or c’ —2bccosA + b* —a° =0 
3 
eT ee eee ee 
2 
and qc, =b? -a® =4-5=-1 


|e, —¢,| = Vc a ee) — 4¢,c, 
=fi2+4= V14=4 
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35. Circumradius of triangle ABC, R =5 


36. 


37. 


5 
.. Circumradius of pedal triangle, R, = —, and so on. 
MIR =R + Ry + Rt... 
i=l 
5 5 
=5+ +5 +...0 
2 2 
5 
=5- =10 
1 
1-— 
2 
‘eee 1-4 =2 
% 5 
A A 
= jos ans 4 bee 
A A | 
s—b s—b 
s—b s—c 
=> 1- t= =2 
s—-a sa 
=> (b — a)(c — a) = Xs — a)’ 
= (be — ab — ac + a”) =(2s — 2a)” 
> 2be — 2ab — 2ac + 2a” =(b +c —a)’ 
=> 2be — 2ab — 2ac + 2a” 
=b? +c? +a’ + 2be —2ac — 2ab 
> P+ce=a’ 
> 2becosA = 0 
ZA = 90° 
Prove that sin(A — 0) = sind 
In AABD, 
BD _ AD 
sin® sinB 
= AD = Bp 248) 
sin® 


> 


From Eqs. (i) and (ii), we get 


CD _ AD 
sin(A— 08) sinC 
Dec" — 
sin(A — 0) 
(BD) sin B _ sinC (CD) 
sin®  sin(A — 8) 


...(ii) 


sin B sin 
=> RE Ee ee 
sinC  sin(A — 8) 
b _ sin (8) 
c sin(A- 8) 
=> sin(A — 0) = sind 
38. A,B,C are in AP. > B=60° 
2 2 2 
> pecs =" ps 
2ca 
> a’ +c? =b' +ac 
> (a—c)’ =b’ —ac 
> |a —c| =./b? —ac 
> |sin.A —sinC| = ,/sin? B — sin AsinC 
A+C A-C 
> 2cos sin -|-\2 sin AsinC 
> alin? <|- 3 — 4sin AsinC 
2sin| — 
. 3 — 4sin AsinC . ey 2 | 
So, that lim = lim =1 
ASC |A-C| Asc |A-C| 


39. 


40. 


We are given that (a + b + c)(b + c—a) = Abe, or 
(b +c)’ — a? = Abe. That is, b? + c” + 2be — a” = Abe, or 
b? +c? —a? =(A—-2)be. 

b 
Therefore, cos A = = 

2be 2 

As A is the angle of a triangle, -1 < cosA <1. 
Therefore, 


ey 
2 
=> 0<A<4 
a b 
Let — = =k (sa 
sinA sinB sinC “y) 


=> a=ksinA, b = ksin B, c = ksinC 

Now, the given relation is 

(a’ + b”)sin(A — B) = (a? — b?)sin(A + B) 

or k’[sin” A + sin” B]sin(A — B) 
= k*[sin’ A — sin’ B]sin(A + B) 

> [sin?.A + sin” B]sin(A — B) 
=sin’(A + B)sin(A — B) 

or sin(A — B)[sin* A + sin’? B —sin?C] = 


Hence, either the first factor = 0, or the second factor = 0 


If sin(A — B) =0 

=> A-B=0 

=> A=B 

=> Triangle is isosceles. 

If sin’ A + sin’ B —sin?C =0 


41. - 


7 Re 
or a+b -c’?= 
or a+b? =c? 


=> The triangle is right angled. 
2 2 1 8* 


. + + = 
1!9! 317! 515! (2b)! 
1 1 1 1 1 3" 
=> = 
119! 317! 5!5! 3I7! Ol! (2b)! 
1 (= 10! 10! ~—-10! >| 
=> + + + 
1O!\1!9! 317!) 5 I5! 713! Ot! 
8@ 
~ (2b)! 
1 3" 
aan os 4 6a + el 4 ales + C,) = 
10! (2b)! 
2? 33 on 
=> —= = 
10! (2b)! (2b)! 
=> a=3,b=5 
Also, 2b+at+e> 10=3+¢c 
= cay 
a=3,b=5,c=7 
tanA + tanB 
—— > tan AtanB ..-(i) 
2 2 2 
+:b° = 
Also, Rr ea 
2ab 
9425-49 1 
30 2 


: C =120° and A, B < 60° 

tan A+ tan B+ tan C = tan A tan B tanC 
=> tanA+ tanB- V3 — —3tanAtanB 
=> tanA + tanB— V3 = —./3 tan A tan B 


“. tanA + tanB= v3(1 — tan A tan B) ...(ii) 


Also, tanA + tanB>0 
> v3(1 — tan AtanB)>0 
=> tan AtanB <1 ..-(iii) 


From Eqs. (i) and (ii), we get 
WSU tan Aten) > /(tan_A tan B) 
Let tanAtanb =A 


a(S =A) 220i hs 


> 37 -10A +320 
= Gi-1R=3)20 
a A-3<0 [from Eq. (iii)] 
3A-1<0 
> oe 
3 
1 
tan Atanb < — 


3 
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42. -. 


43. 


44, 
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a(b 


c) + W(c b)=0 
x =1is a root of the equation 
a(b — c)x* + b(c —a)x + ca—b) =0 


a) +c(a 


Then, other root = 1 
c(a — b) 
|X| = 
a(b —c) 


= ab —ac=ca-—be 


b+ 


(. roots are equal) 


2ac 


atc 
.a, b,c are in HP 


1141 
Then, —, —, — are in AP. 
bec 


a 
> ae 5 are in AP. 
abe 
> 2 2 4" A aetn AP 
a b c 
= Bee) ee Bop 
a b c 
abc 
Multiplying in each by ——————————, then 
Paes *@-06-DE-0 
Z . as " ud are in AP. 
(s —b)(s —c) (s—c)(s —a) (s —a)(s —b) 
= (s —b)(s al, (s —c)(s a) (s — a)(s — b) acca HP: 
be ca ab 


or sin‘{ ) sn‘ al sin'{ <| are in HP. 
2 2 2 


Let a be the radius of the circle, then the ratio of the area of 
regular polygons on n sides inscribed to circumscribing the 
same circle is given by 


(=) V3 mT 1 
or cos = or = 
n 2 n 6 
=> n=6 
n{sina +14+— 
sinA 
1 
* sinA + — 22 (if A = 90°) 
sinA 
Then, sin B + —— >2 
sinB 
and sinC + ——>2 
sinC 


+1}>27 


fi [sina + : + i (sine + : + i (sinc + : 
sinA sin B sinC 


n{sina +——+ 7 >27 
sinA 
or n{ 4 +sinA + *) = 
sinA 
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45. 


46. 
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From the given information it is evident that distance between 
I (incentre) and O (circumcentre) should be equal to inradius of 


triangle. 
A 


B C 


If ‘’ and ‘R’ be the inradius and circumradius respectively, 
then 


Al =rcosec A a ita” aa 
2 2 
and Ao=R,Zoat =4-(£—c} 


C=B 
2 


C _ 
Now, IO” = OA? + AI” — 2(OA)(AI) cos 
B.C 
=> re=Re+ 16R*sin* sin’ — 


B.C C-B 
8R’sin 5 sin 7 cof } 


2 2 _B.,C/,. B.C C-B 
>r =e Soe a re cos 


2 
=R714+ sain sin sin sin oe cos 
2 2 2 2 2 2 
=R(1+ psin sin {sin sin ie cos" | 
2 2 2 2 2 2 
= rei Ssin sin co? ; “}) 


—24+/4+4 

= "= = 2 -1,as—>0 

R 2 
=> 1-249 

R 
=> cosA+cosB+ cosC = /2 
Hence, (b) is the correct answer 

(sinA + sinB + sinC) 

at+b+c=6 
> a+b+c=2sinA + sinB + sinC) 


sinB  sinC 


=> 1+ = 2(sin A + sinB + sinC) 


sinA sin 


, a b c 
(using = = 
sinA sinB sinC 


= sinA+sinB + sinC =2sin A(sin A + sinB + sinC) 


1 
> sinA =— 
2 


=> A =30° 


47. Let linear function is F(x) = Ax + B 


{1, 2] > [4, 6] 
> F(i)=4 
=> A+B=4 
and F(2) =6 
: A=2,B=2 


Then, one function is F(x) =2x + 2 = f(x) (say) 
F(1)=6>A+B=6 
A=-2,B=8 
F2)=452A+B=4 
Then, other function is F(x) = —2x + 8= g(x) (say) 
c= f(1)+ gl) =4+6=10 
Now, x” + y” — xy =10 


is an ellipse whose cente (0, 0). 


Maximum distance from origin on any point on ellipse = Semi 
major axis = 410 


r= 10 
Then, a=r' =10 
a=c=10 


sinA:sinC =1:1 


48. Let abe the length of each side of the equilateral triangle ABC. 


Then r, the radius of the in-circle = (Jar (the altitude, 


median and the angle bisector of angle A) 


B e 


Area of the square PQRS inscribed in this circle 
= PQ? = OP? + OQ” 


2 a? 


=r’ =2'* 


4X3 6 


49. 2sinB =sinA + sinC 


=sinA + sin(A + B) 
=sinA + sinAcosB + cos AsinB 
> sin B(2 — cos A) = sin A(1 + cos B) 


sin B sin A 
=> = 
1+cosB 2-cosA 
B sin A 
> tan— = =k 
2 2-cosA 
> sinA + 2k-—kcosA 
> sin A + kcosA = 2k 
2k 
> sin(A + &) = , where tana = — 
1+k* 
2k 2 
> <1 => 2k<J1+k 
1+k 
=> 4k? <1+k? = 3k?-1<0 
= Ik < 
~ 3 
: B. 1 
= Maximum value of tan— is —. 
V3 
50. +. x° —9x +8 =0 
x=1,8 
= gtan’ B =185 gtan’ B = 2% 23 
tan? #0 
tan?B=3 => tanB = V3 
ZB =60° 
: sin B 
Also given, 2cos A = — 
sinC 
> 2cos AsinC =sinB 
> sin(A + C) —sin(A — C) =sinB 
> sin(A — B) —sin(A — C) =sinB 
Then, sin(A — C) =0 
=> A=C 
> A+B+C=180° 


A + 60° + A =180° 
A =60° =C, B=60° 


51. We have, 
arc(BC) =3 
arc(CA) = 4 
arc(AB) =5 
A 
aN 
B C 
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Let r be the radius of the circle, then 
3=7r0,4=78,5=r7 


Now,3+ 44+5=r(a+B+y)=r-2n 
r=— 
T 


AABC = AOBC + AOCA + AOAB 
(suppose) 
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fe Angle = = 
radius 


1 1 1 
=—r’sina + —r’sinf + —r’siny 
2 2 2 


1 {. (>) (<| 
=-—r*, sin + sin| 
2 r r 
27 


a) 


boa ab _c 


...(i) 


b+ec 


sinA sinB sinC sinB+sinC 


(b +c) 


~ in( PEC) (255) 
2sin| P cos| 


2 


2 (b +c) 
~ A (2=*) 
2cos—cos| 
2 2 


sinA 


A 
Hence, a = a 


a +c’ —b? 


: I~ 


53. cosB = 


2) =A € =) 
cos— COs 
2 2 
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54. 


55. 
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_a b?-c?_ a b’?-c* b 
~ 2¢ 2ac 2c abc 2 
_a b 
"2c AD) 
_ sinA 1 
~ 2sinC - 2sinC 
In AACD, cos B = gcd 
2sinC 
=sinC> us = : 
AD. sinC 


> 2cosBsinC =sinA -1 
> sin(B + C) —sin(B —C)=sinA -1 
> sin A —sin(B —C)=sinA -1 
> sin(B —-C)=1 
Tt 
B-C=— 
2 
Tt 
Lee 
ZB = 113° 
31 1 — tan? —— 
We have, — = cos(A — B)= 
ae tent — 
an 
=> 63tan” 7 =1 
— ng : 
a = 
2 63 
A-B —b 
Now, tan = cot 
2 at+b 2 
1 5-4 Cc 
> eo 
Jos 5+4. 2 
C 63 
> tan— = — 
9 
C 
1~ tan'{ 
Also fou —— 
af C 
1+ tan‘{£) 
2 
1 63 
gy _ 18 1 
63 144 8 
1+ 144 8 
81 


c’ =a’ +b? —2abcosC 


1 
=25+ 16 -2:5-4,{ 1) =36 


Hence c =6 
Using cosine rule, we get 
Tl 
x? =(x +1)? + b? - 2x4 aes: 
> 0=2x +14 b? -(x+1)b 


b? —(x+1)b+2x+1=0 


U 


Since b is real, we have 


=> (x +1)? — 42x + 1) 20 
=> x° -6x-320 
= x2>34 12 


The least integral value of x is 7. 
56. Letr =1cm 
a=BC=BD+ DE + EC 

= BD + CC, + BD 
=2BD + CC, 
= 2r cot30° + 2r 
= 2r(/3 + 1) 
= 2(v3 + 1)cm 


. Area of triangle 


v3 


ABC =—a’ = Baie 1)? cm? 


4 
= /3(4 + 2v3) cm? 


=(6+ 4y/3) cm? 
A 


57. We have, 2b=a+c 


2sin B =sin A + sinC 


:,B B _ AFC A-C 
4sin— cos— = 2sin cos 
2 2 2 
B -C 
= 2cos—cos 
2 2 
. B A-C 
2sin— = cos 
2 
; A-C 
18; 2cos =.C0s 
A+C A-C 
Now, cosA + cosC =2cos - Cos 5 
<[ At | 
=2cos 2cos 
2 
»AtC 
= 4cos* ——— 


A 
4(1 — cos A)(1 — cosC)= 42sin’—-2sin 


2C 


...(i) 


[using Eq. (i).] 


...(ii) 


58. 


59. 


From Eqs. (ii) and (iii), we get 
2cosA + cosC = 41 — oe - ce 


We have, c(a + b) POS p= b(a + c) M08 16 
a 

“. cC(at b) =b(a+ of 

or nil ee s—c) 

Squaring, 


(a + b)*c(s — b) =(a + c)*b(s — c) 
or s[c(a + b)? — b(a + c)"] — be[(a + b)? —(a +. c)*] = 


or s{ca® + 2abe + cb? — ba® — 2abe — be} 


—be(b —c)(2a+b+c)=0 


or s{be(b — c) — a%(b 
or (b — c){s(be — a”) 
or (b — c){s(be — a”) — be(2s + a} = 0 
or +(b — c){s(be + a?) + abc} = 0 


c)} — be(b —c)(2a+b+c)=0 
—be(2at+b+c)}=0 


Since, a, b, c are all positive and so s(be + a’) + abc #0 


It follows that b —c = 0. 
Hence AABC is isoceles. 


M is the mid point of BC 


*, AOMC 


A (2Rsin A)’ 
4 


ae eo 
> R’cos2A =r? 
> cos = > => r=RcosA 
cosA + cosB + cosC 
=1+cosA 


wut <4, Be | ig 
=1+ 4sin—sin—sin—=1+ 


cosB + cosC =1 


C A+C)’ Awe 
— cos 5 = 4cos <a ...(iii) 
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60. 
AC = d,0A = OB =r, CD = BD =1, ZCOA =~ 
AC? = OA? + OC? -2A0 OC cost 
2 2 gl 2 
or d° =2r° -2r°—=r 
2 
Also, Apope de" = ™ 
3x2 3 
nm BD 1 
or tan — = —_. = — 
3 OB fr 
> L=r3 =dv3 
61. In pedal ADEF, 


62. 


EF =acosA 
DE =ccosC 
DF = bcosB 


If circum radius of ADEF is R, 


thea R= (acos A)(bcos B)(ccosC) 


1 
4-—- DP: DE sin(ZEDF) 


(Here, AEDF = 180° — 2A) 
abc cos A cos BcosC 


1 
oe Vcob E-ncost ants —2A) 


_ acosA _ 2RsinAcosA 
2sin2A  4sinAcosA 
R 
R, = 2 
Let CD be the bisector of C, so that AD = x and BD = y 
mii. oe ag 
sin45° sinA 2x 
Similarly in ABCD, ae — => sinB= hu 
sin45° sinB V2y 
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sinA oy = sinA-sinB  y-x 
sinB x snA+sinB ytx 


[By Componendo and Dividendo] 


=> 
> tan = [As A + B =90°] 
2 ytx 
> ye (given) 
ytx 1 
= again by Componendo and Dividendo, a = 
x =f 
=> x:y=(1-t):0 +2) 
63. BD =(s — b),CD =(s —c) >(s — b)(s —c) =2 
> s(s — a)(s — b)(s — c) = 2s(s — a) 
> A? = 2s(s — a) 
2 _ 
> = 7 50) =1 (radius of incircle of triangle ABC) 
s Ss 
a 
=> — = constant. 


Ss 


1 
Now, A= 9 at where ‘H,. is the distance of ‘A’ from BC. 


A 1aH, 
> Ceo et H4 
s 258 
2s 
> H, = — =constant 
a 


= Locus of ‘A’ will be a straight line parallel to side BC. 


64. Let AE is vertical lamp-post. 
Given, AE = 12m 


AE 
AB == = 4y3 
V3 
BC =,{AC? — AB? =./144 — 48 
= /96 = 4V6 
Area = AB x BC = 43 x 4v6 = 482 sq m. 
65. tana = P aoe = ue ay Z 
a 1-(b/a) a 
Pp a 
p 
a b 
O pS 
0 a 
_ 2ba 22F b 
a’ —b? a 
= pO 3. jg) 
a’ -b° (a* — b*) 
66. x =hcot3a (i) 
(x+100) = heot2a .. (ii) 
(x + 300) = hcot ...(iii) 


k— 200 —+— 100 —+—- x 
A B C 


From Eggs. (i) and (ii) 
— 100 = A(cot3a@ — cot2a) 
From Eqs. (ii) and (iii) 
—200 = h(cot2a — cot a) 
100 =f Sno) and 200 = {e_) 
sin3Qsin20 sin2Qsin & 


sin3a 200 sin30 
= => = 


or ; ; 2 
sin 100 sin Q 
> 3sina — 4sin? o — 2sina = 0 
=> 4sin? a -sina=0 = sina=0 
: 1 : T 
or sin’? a = — =sin7| — 
4 6 
T 
> a=— 
6 


3 
Hence, H= 200sin = = 200 = 1003 [form Eq. (i)] 


67. Obviously, from figure 


2h/3 
h/3 
Therefore tan 0 = tan(B — a) 
3h 
> p= 120120 —h = 120, 40 
14400 


But h = 40 cannot be taken according to the condition, 
therefore h = 120 ft. 


68. c? =a’ + b* —2ab cosC =(a — b)* + 2ab(1 —cosC) 
=(a—b)* + cea — cosC) 
sinC 


Hence, for c to be minimum a = b 


20 _ 42 


Also : = 
sinC 


1 
Be Gasut =>a’= 


69. 2A =ab sinC 


= a’b” — 40 =ab* cos’C 


aera ern Lar 
= abcosC + becosA+cacosB 
70. ccos(A — 0) + acos(C + 8) 


...(i) 


...(ii) 


= cos0(c cosA + acosC) + sinO(c sinA — asinC)=b cos0=b 


71. Asac =3and be = 4 


b 4 
a 3 
b-a 4-3 1 
=> = =_ 
b+a 44+3 7 
ao b-a C 
tan = cot 
2 bt+a 2 
1-—cos(B-A) 4-3 C 
=> = cot 
1+cos\B-A) 4+3 2 
=> 
or 


[Z B> ZA] 
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72. 
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cosC = cos(A — B) or cosC = cos(B — A) 
C=A-B or C=B-A 
nm —-(A+ B)=A-Born-(A+B)=B-A 


2A=Tor2B=7, A= - (Rejected) or B => 


But £B=7 [As ZB > ZA] 
b 4 
But > — =—-— =— =k (let) 
a a 3 
=> b = 4k, a =3k 
Now, ac =3 eS 
=> 3V7 kK = 
1 = ‘or 
ant (ae b=4k Y 3k 
AE 
_ 1 A B 
=> hae \7k 
2 
R=2k=—7 
7 
31 
WEN e aia p aan Cee Be 
(“=*) a-b C 1 C 
As, tan = cot — =— cot 
2 a+b 2 9 2 
(47) 
1— tan") ——— 
> cos(A — B) = é 
(43) 
1 + tan"| ——— 
2 
C 
1-— cot’— 
31 
= bs 2 
32 1+ — cot? — 
31... .9C 32g 
=> 31+ cot = 32 cot 
81 2 81 Zz 
2C 2 
=> cot =1 => cot = 
Cc 7 
1-tan?=— 1-- eg 
As, cosC = a= > = = 
1t+tan?— 14+- To: 38 
2 9 
2 2.2 
+ b°- 
Also, meee’ = =* 


2ab 

25+16-c’ 1 
= — ie 

2(5) (4) 8 


Now, verify alternatives. 
(d) LHS = R(b’sin2C + c*sin2B) 

= R(2b” sinC cosC + 2c’sinB cos B) 

= 2R[4R’ sin” BsinC cosC + 4R’sin®C cos B] 
= 2R(4R”)sin B sinC[sin B cosC + cosBsinC] 
= 8R’sin Asin BsinC 

= (2Rsin A) (2Rsin B) (2RsinC) = abe 

(5) (4) (6) = 120 
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73. (a) a” —(c —b)* = 4be 75. A =10-¥3,s =10 
= a? —(c2 + b? —2be) = 4be = Pen ere 
a’ =b’ +c? + 2be . : 
-2be _ b? +c? - a” r=(s —b) a 
2be 2be => s—-b=3 > b=7 
= cosB =— 1 which is not possible. =, atc=l3 
(b) 2b’sinC cosC + 2c*sin B cosB = ab a ge =40 
(b’c cosC + c*b cos B) aus A 
x b 
be Cc 
> —(bcosC + ccosB) =ab 
R 60° 
abc c 1 B a Cc 
> —=ab,>—=- 
2 From Eq. (ii), a’ — 13a + 40 =0 
: i Tt 
> ice aa edad => a=5,a=8 
(c) Fora =3, b =5,c =7, we have ni ee ; 
cose ipo? o495—49 ae ee er >c) a 
ct oa — ‘i 4 
2ab 2*3 x5 ee ee 
i b 
~ 30. 2 Also, =2R 
sin B 
= au 7 7 
3 => 2R=— => R=— 
v3 v3 
A-C A+C — 
(d) As cos 5 = cos 5 2 
1 16+64-c¢" 
A.C SS ee es 
=> 2sin rae = 0 which is not possible in triangle. 7G. cost 2 64 
{ ‘ : = ce? = 48 > c= 43 
74. We have, —— = —— =— 
sinA sinB_ sin30° Also oe 
So, 2sin A =sinB sinA_ sinC 
Hence, option (a) is correct. = 4 _ 4V3 
Also, c? = 4+ 1 — 4c0s30° sinA v3 
= 5-23 5 
=> A = 30° 
As ZC =60°, ZA = 30° 
=> ZB=90° 
- 
A —ac 
Now, r=—= 2 = . 
s GEEEE “Pure 
2 
_ 4(4V3) 
=> c= 45 —2V3 4+ 4V3 +8 
Asc>a=>ZA < ZCand ZB is obtuse. = ios = a 
1 i ee | 12+ 4Vv3) 3+ ~3 
Also, A=-X1X2xX-=- 
2 2 2 Now, verify alternatives. 
abc 
a (r= 
4 34+ 3 
_1xK2xc AB 8 
i. oo (d) T the length of internal angle bisector of ZC is an 
3 


Hence, option (d) is correct. : 
Hence, options a and bare correct. 


b b 
= =—cosec 
2singa 2 


77. R= 


1 1 
A = b*sin(180° — 2a) = b’sin2o. 


A 


a Qa 
and r= ee een — a) 


2b. 4M sin & 
= —— -sin” —- cosa: — 

sin & 2 sin & 
b1 —cosa)sin2a  —bsin2a 


2(1 + cos” a) 2(1 + cos a) 


and OI =./(R? —2Rr)=R =) 


= Ry — 4cosa + 4cos’ & = R(2 cosa — 1) 


= alle ceo - 7 - i 
2 
1 Hf deos! - s 
z 


OL ao 
H{ 4eos" - 3cos | 
2 2 


a 
cos— 
2 


30 30 
Roof **) bcos *) 
_ a 2 
Oo . (of 
cos— 2sin Q@cos| — 
(2) 


78. (a) Since, tanA + tanB + tanC = tanAtanBtanC 


But here, tan A + tanB + tanC = 0, impossible 


(b) 


sinA sinB_ sinC 


2 3 7 
a boc 
or oe 
2 3 7 
a+b c 
= == 
5 7 
a+b 5 
or =-<1l 
c 7 


a+b <c impossible. 
(c) (a+ b)? =c? + ab 


Chap 03 Properties and Solutions of Triangles 
=> a’ +b’ -c* =-ab 
> cosC See 
2 
ZC =120° 


79. 


and J2(sin A + cos A) = V3 


vB asin{ A+ ™| = 


sin A + 2) = v3 
4 2 
Tt 
5 
Tt 


A+—= 
A= ossible 
12 : 
(d) 
341 
sinA + sinB= 
Zz 
3 . : 
and cosA cos B = fee 
cosAcosB — sin Asin B = 0 
cos(A + B) =0 
AxBes 
2 
Gs 2A 
2 
From Eq. (i), 
3+1 
sinA + cosA = - 
> sin A+" )= Flas ea 
4 22 12 
=> Aes an 
4 12 
=> A= x 
6 
i 
3 


Then, C = - possible. 


In AABC,b+c-a>0,c+a-—b>0,a+b-—c>0,so 
(b+c-a)+(c+a-—b)(a+b-c) 


=> 


Als 


3 
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>{(b+ c-alc+a—b)(at b—c)}? 


p =27(b+c-a)(cta—b)(at+b-c) 
7 (a+b+c)+(b+c-a)+(c+a-—b)+(a+b-c) 


4 
>f{a+b+c\b+c—al(c+a-—b)(a+b-c)}4 
2P 1/4 
r >(16A) 


P> 4A‘ or P* =256A 
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For a given parameter, equilateral triangle has the largest area, A 
so the area of triangle 
2 
As 4 =| 
4 


3 


(for equilateral triangle, a =b =c = ) 
B D C 


Now, P?=(a+b+t+c) 
2 


a 
=a’ +b’? +c? + ab + be + ca) => Ca DE OT to 


_or.2 2, 2) _ 2 2 2 
=3(a° + b° +c’) -2(a° +b” +c" — ab a gf? oop? 2? 


=b? +c? +(b? +c? -a’) 


=b* +c? + 2becosA 


— be —ca $3(a” +b? +c”) 


(equality holds iff a = b = c) 
V3 a? +b? +0? 


Thus, AS _--= =(b? +c? —a*) +a’ + 2becosA 
=> athe 4c? >43A =2becosA + a® + 2becosA 
_ 2 
80. Let AD be a perpendicular fromA on BC. = 4becosA + a 
Thea, BD = casB 83. A=ar’, A, = mr, Ay = mr; and A, = Try 
c (a): 
=> BDis rational, ae rational. Fi A, + J A, + P A, = Jn (, +1 +7) 
Now, sinC = cosB = as = bis rational (b) : 
1 1 1 
. : DC + 
Since, cosC =sinB = oe VA: A [A, 
=> DC is rational eee ee ee (2) 
Hence, a = BD + DC is rational Vali nm of Vn \r 
Hence, both a and D are rational numbers. 1 1 
81. (a): Maximum value of tr A 
sin2A + sin2B + sin2C (c): 
and sin A + sinB + sinC is same that is 3. 32 2 
I = 
(b) :*" a < n VIR yf, nN 
6 4 (s —a)(s — b)(s —c) 
=> Pra = R22r _s%(s -a)(s = b)s =) _ ‘ 
b 4RA Abn AVn 

c)7 2S = SS Lo r = Rar) < R? 

(a+b+c) 2s ee ree ee 1 
. diy abc (-B>2n) rn Var? VA 
- “(at+b+c) ae eee ee 
(d) VA A. As 

ZB =90° (d) 


pae~iiten =e . (A eae ea Ay 
2 =n(y + 1 +) =VN(4R + 1) 


_ b _b 
=——_ == ae 
2sinB 2 84, cosA = -— > 
=> 2R=b abe 
: r+2R=s => c’ —2becosA + b? -a’ =0 
82. °: Dis the mid point i ¢, + Cy) =2bcos A, cc) = b” — a* 
2 2 2 2 
AB’ + AC” =2[ AD" + BD"] Given, c+ cc, +05 =a" 
2 
co +b? =r + (<) => (cq, + Cy)” O02 =G* 
2 = 4b” cos’ A —(b? — a’) =a” 
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2 
> 4cos’ A =1 = a2? — 4A? + be? — 4A? + c?a? — 4A? 
= 2(1 + cos2A) =1 =abcosC + becosA + cacosB 
1 21 2 2 2 
Spe age a ai +b° + 
or cos2A 3 cos 3 = =a (using cosine rule) 
2m 2p2 22_ 4 4,4 
aA 88. 2a°b* + 2b°c° =a +b +c 
Tt Also, (a? —b* +c”)? =a + b* +.c* — 2(a*b? + b°c? — 7a”) 
A=nnt+—neEel 
3 = (a® —b? +c”)? =2c°a" 
T 270 
A= or— a’ —b? +c" 1 
3 3 is =t =cosB 
; 2ca V2 
ie. A =60° or 120° 
or B = 45° or 135° 


85. Let D, E and F be the mid points of the sides of AABC E and F 


89. AH =2Rcos A, BH =2RcosB, CH = 2RcosC 
are mid-points of AC andAB, respectively. ai iad “ve 


A “.P =2R(cosA + cosb + cosC)= 2a + ) =2(R+1r) 
E ’ : R 
F, We know that in any triangle, r < 5 
Kk 90. 
P= 
é D . e 


<Q 


1 
So, EF || BC and EF =~ BC 


Thus, AD will also divide EF into equal parts. 
Hence, DH is also median of ADEF. 
Similarly BE, median of AABC, is also median of ADEF. 


These two lines meet at G. So, the centroids of both triangles nt 7 
are same. If R is radius of big circle, then sin( = 


n 
The orthocenter, O of ADEF is the point of intersection of the 
perpendiculars DH and EK drawn from D and E, respectively. 


2 
. Tl 
sin— + cos— 


| 
or R= 1 + cosec ()) = an at 
n TU 


: +c -a 
91. From the cosine formula, cos A = ——————. 


2be 
4 4 or b* —(2ccosA)b + (c? — a”) =0 
B D C 
Which is s quadratic equation in b. Therefore, 

Since, EF || BC, DH is perpendicular to BC also, csinA <a<c 

Similarly, EK is perpendicular to AC. Therefore, two triangles will be obtained. But this is possible 
So, orthocenter of ADEF and circumentre of AABC is the same when two values of the third side are also obtained. Clearly, 
points. two value of sides b will be b, and b,. Let these be the roots of 

86. (a? —2ac + c*) + (a? — 4ab + 4b”) =0 the above equation. Then, 


= = ae ee 
~ (a—c)? + (a—2b) =0 Sum of roots = b, + b, =2ccos A and b,b, =c" —a 


aseasdeeoh 92. We have, a + b?+c=c’at+cbt+c? 


Therefore, the triangle is isoceles. => a+b =c*(a+b) 
Hees! 222 7 = (a + b) (a? + b® — ab) =c%(a + b) 
2ac 8b° 8 a’ +b? -c" 1 
seas Se et > = og ge =e 
2be 4 ZC =60° 
87. 2A = absinC Hence, A + B = 120° 
=> ab? — 4A? = a*b* cos? C . AABC need not be equilateral. 


Statement I is correct and statement II is false. 
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93. S,: cos(A — B) == 


= era 
1+ tan'[ 7 
2 
(4=*) 
2tan 
2 1 
> =— 
2 9 
a 1 
=> tan =— 
2 3 
-B a-b 
Using, tan = cot—, we get 
at+b 
1 6-3 
-= cot— => cot—=1 
3 64+3 2 2 
= ZC =90° = Statement I is false. 
S, : Using sine law in AABC, we get 
a c 


a a’ + b? 
=>. = 
sin A _ 1 
sin— 
6 2 
=> - =V¥45 => sinA=—= 
sinA als 


=> Statement II is true. 


94. Statement II can be proved (by using A + B + C =) to be 


true. (conditional identities) From which we get 
3 — sin? A + sin? B + sin?C)=-— 1 - 4cos AcosBcosC 
= 3-22) =-1-4cosAcosBcosC 
= cosAcosBcosC = 0 
= one of the angles A, B, C is equal to 90°. 
95. -» A+ C =180°, B+ D=180° 
*. cosA =—cosC, cosB =—cosD 
= cosA + cosB + cosC + cosD 


=(cosA + cosC) + (cosB + cosD) 


=0+0 
XcosA =0 

and sin A =sinC 

and sin B = sinD 

Then, XsinA =sinA sinB + sinC + sinD 


= 2(sinC + sinD) #0 
96. Area of AABC = Area of AABD + Area of AACD 


> oe = se-ADsin{ =) + +b: ADsin| 4) 
2 2 2 2 2 


A 
ee 2bc cos| — 
- = csin 7 2 


(b+ epin{ 4) bts 


98. 


4b°c? . s(s — a) 
(b +c)? be 
__ be2s(2s — 2a) 
(b +c)’ 
pe tet b+c)(b+c-a) 


Also, (AD)* = 


(b +c)" 
_ bef{(b +c)’ — a*} 
"(b+)" 


.. BICI,, is cyclic 

Quadrilateral BP - PC = IP - I,P 

Hence, (c) is the correct answer. 

Statement II is true. 

Statement I tan A = tan B = tanC 
A=B=Cie,a=b=c 


RrHh=h 
Rt+hth i. 4 
r r 


Hence, (a) is the correct answer. 


. Statement II is False. Because if p =2,q = 4,r =6, then 


piq:r=1:2:3but p41 


For statement I, let tan A = k, tan B = 2k, tanC = 3k, then from 
tan A + tanB + tanC = tanA tan BtanC (in a triangle) we get 
6k = 6k? >k = 0,1, —1 but k = 0, -1 is not possible. Sok =15 


tan A =1> A = 45°. So, statement I is correct. 


Chap 03 Properties and Solutions of Triangles 291 


100. a” = b? +c’, then, tee” ee ysl + sin( 4 )sin{ 2 inf S) <1 + : 
2 2 2 2 8 
a=2RsinA =2R : a? 
at+b?t+e? atta’ 2a* 2(2R)* iia v= 3 
—! — — = =8 
R R® RR R ’ oe 
*. Maximum value of y is ; 
2 
101.-: ZA,OA, == 
104. -: acosA + bcosB + ccosC <s 
+b+ 
=2RsinAcosA + 2Rsin B cosB+ 2RsinC cosC < (-20**) 
2 
A, A3 = R(sin2A + sin2B + sin2C) < 5 (RsinA + RsinB + RsinC) 
Tl 
n =(sin2A + sin2B + sin2C) <(sinA + sinB + sinC) 
A B C 
A M “A, = (4sin Asin BsinC) < [sco cos 2) cof £)] 
Tl 
ZA,OM = ZA,0M = : (from identities) 
A A B B C Cc 
A,A, =2MA, > asin{ 4) co 4) [asin 2) cos 2) [2sin{£) cos S) 
Tt 2 2 2 2 2 2 
=2a sin( =) cm 
A B C 
n <4 co 2) cos 2) cos S) 
on 2 2 2 
..Perimeter =2an i =) cm (4) (2) (<) 1 
=>.". sin| sin| sin < 
‘o 2 2 2 8 
= 2ansin| cm 5 : 
( 2n 105. We know that, in any triangle 
2 
For, n=5 Sash (i) 
Perimeter is 10asin(36° ) cm 33 
102. Since L.H.S of the inequality in statement II is a symmetric New a+b? +c? 5 {at b+c)" _ {2s ‘ 
function of sines of the angles of the triangle, its maximum : 3 — 3 3 
value is attained. When A = B = C = 60° and hence the 45.4 ; 
statement II is true. Statement I is true if = eo” es 9 x 3V3A [from Eq. (i)] 
2R(sinAcosA + sinBcosB + sinC cosC) : So ag 
< R(sinA + sinB + sinC) 2 eth! sag 
A 
A B Cc 
bey a3 ; Pie A B Cc 
praise Aen eenS scos{ 2 co 2 Jeos{ 2 106. -.. A, C,, Gand B, are concyclic then 
[From conditional identities] BG- BB, = BC,: BA 
A B cae Cc 
or if sin sin sin < => “BB, BB, =—-C 
2 2 2) 8 2 
2 
Which is true by statement II = 2 (BB,)? = — 
So, statement I is correct 3| 
A B C1 2a” + 2c° ce 
103 -- cos’ — + cos’— + cos*— = —(3 + cos. A + cosB + cosC) => = 
2 2 2 2 2 
_ A, B,C d : 2.52 2 42 2 
“*cosA + cosB + cosC=1+ aS (from identity) > 2a’ + 2c? —b? =3c” or 2a’ =b’ +c 
c’, a’, b’ are in AP. 
2A 2B 2 
Then, cos + cos°— + cos 2 
2 2 2 107. R,R, + R,R, + R, R; =3R [- R, =R, =R, =R] 
A B Cc 
= 1 + sn{ 8 sin{ 2 )sin( &)) 108. AH=2R cosA 
2 BH=2R cosB 
(A), (B).(C 1 
2) 1+ sin r sin z sin| 2 A= ao) (BH) sin(180° — C) 


1 =2R? i 
_ yf? 4. 4 > ay ( AM >GM) A =2R* cosA cosB sinC 
x 
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109. 2R’ cos A cosB sinC :2R” cos B’cosB cosC sinC 
=cosA:cosB cosC 


110. Let DE = DF then 
BDPE is cyclic with BP as diameter 


> BP = ae 
sin B 
> DF = BP sinB and DE = CP sinC 


But DE = DF 
BP sinC cc 
=> — = =— 
CP sinB b 
Hence, locus of P is arcs of 3 circles 
ne 
PC b 7 


Hence, P will lie on circle (C). 

112. For DE = DF = EF, P is a point(s) where the three arcs 
intersect 

113. ADEF is the pedal triangle of AABC. 


Sides of the Pedal triangle are 
acosA,b cosB,c cosC i.e. R sin2A, R sin2B, R sin2C. 


R? sin2A sin2B sin2C 


.. Required ratio = 5 
8R° sinA sinB sinC 


=cosA cosB cosC 


114. Also, orthocentre of AABC is incentre of DEF. 


115. Circum-radius of pedal triangle is = 


Sol. (Q.Nos. 116 to 118) 


1 — tan? 
4 4 
cos(A- B)=- > 2___ 
2A- 5 
1+ tan 
,A- 
2 tan 1 
=> = 
2 9 
A-B 1 1 6-3 Cc 
=> tan =- > = cot 
2 3 3 6+3 2 
Cc 
> os => C=90° 


1 1 
Area of triangle = Pad sinC => Area = ; xX6X3X1=9 


2 2 

Ja +b 
a= 2 > p = 745 ee 
sin A 1 sin A V5 


116. (b) 
117. (b) 
118. (b) 


119.°. cosA = bi +c! -al or c’ —2becosA + b? —a” =0 
2be 
For real roots , D> 0 
> 4b’ cos’ A — 4-1-(b® — a’) >0 
> a’ >b’*sin? A 
: bsinA <0 
Also, C, + C, =2bcosA sas(i) 
and CC, =b* - a’ (ii) 


Then, |c, — c,| = /(c, + ¢))? — 4e,c, 


= 4b? cos’ A — 4(b? — a”) 


=2,/(a” — b’sin® A) ... (iii) 


Consider smaller root, say c, 


Then, 2c, =(c, + C2) — (4 — ¢y) 


=2bcosA —2,/(a® — b’sin? A) 
=> c, = bcosA —,(a® — b’sin? A) > 0 
> bcosA >./(a” — b’sin” A) 
> b’ cos’ A >a’ —b’sinA 
> b? >a’ or b>a 


Hence, two different triangle are possible if bsin A < a and 
b>a 


120. From Eq. (iii), |; — c)| = 2/(a? — b’ sin? A) 
121. ¢; —2c,c? cos2A + c} =(c, + cy)’ — 2¢,c,(1 + cos2A) 
=(c, + ¢,)* — 4e,c, cos” A 
=(2bcos A)’ — 4(b” — a*)cos? A 
[from Eqs. (i) and (ii)] 
= 4cos’ A{b* —(b? — a’)} 


ee) 
= 4a‘ cos’ A 


122. B,D = B,D = (25) 


CD 
Now, in AACD, tan 45° = — =1 
AD 


cp=ap=(+4) 


jr 
_BD_\ 2 ant 


-. In AB,CD, tan 4 = a 


CD (2 + *) 
2 


123.°- cosA = 


c’ —2becosA + b? —a’ =0 


=> c’—Am+1)AccosA +(m* + 2m—3)X =0 
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(m+ 1)? 


(m+ 1)accosA = at+ec-a’ 


(2b =(m + 1)a) 
2 
(m + laccos A = {(m+ 1) - ae ie 


2 


a 
maccosA + accosA =(m-—1)(m+ ae +c 


Yu 


If 


and if ¢, 


Then, 


a b 


c, +c, =2m-+ 1)AcosA 


or (c, + ¢))° =m 4 1292. —1)(m + 3) 


4m 


(m+ 1)*(m —1)(m + 3) 


m 


and (c, — c,)” =(c, + ¢))” — 4e,c, 
= 4m + 1)?’ cos” A — 4m? + 2m — 3) 
1)(m + 3) 
4 


= s7\(m 57 (m+ 3)(m—1)} 


(m — 1)(m + 3) 
4m 
_ ¥(m - 1)°(m + 3) 


— 42 (m = 1)? 


m 
From Eqs. (iv) and (v), 


c +c, mt+1 
— = 
Cy — Cy m-1 
mt+1 m+1 
= or 
m-1 1-m 


At last using componendo and dividendo rule, we get 


2c, 2m 2 1 
= or — = mor 
2c, 2 m m 
Alternate method : 
b24c2—a@? 
We have, cos A = le A 
2bc 


> 2becosA =b*? +c? - a’ 


bx c az 


= ma’ cos’ A + c” 


fe wee) = mcos* Ap 
4 

macos A(c — acosA) — c(e —acosA) =0 

(c —acosA)(macosA —c) =0 

c =acosAandc =macosA 


c, =acosA and c, = macosA 


c 
Suey, 
i) 

=acosA andc, =macosA 
Cy i 
Co m 
Cy 1 
—=mor— 
Cy m 


124. = bsinB + csinC + asinA 
c a 
7 Pt+e+a’ 
: 2R 
iv 
(iv) k=2R 
Hence, (c) is the correct answer. 
ge ts aD to @ WB ce a tb? +e? 
Wg tet a aq 2 27° 2 
x oy z 4A° 4A" 4A 4A 
R 
cot A + cot B + cotC =— 
abc 
(b? +c? —a?4+¢? +a? —b? + a? + b? —c’?) 
R 
=—(P ++? 
...(v) The ) 
R (4A? 4A? 4A? 
= a 
abc\ x y Zz 
_4A°R(1 1 1 
abe \ x? yy? 2? 
4AR 
= on 1 1 1 
abc x? y? z 
m pewwe 
xX y Zz 
k=A 
Hence, (c) is the correct answer. 
126, 5 osinB + ey yx +x = 
x x 


Hence, (d) is the correct answer. 


294 Textbook of Trigonometry 


Sol. (Q.Nos 127 to 131) 
Here, AMNL is pedal triangle, then 


MN =acosA 
A 
M 
N 
B a Cc 


NL = bcosB 
and ML =ccosC 
and ZMLN =m7 -—2A, ZLMN = 71 -—2B 
and ZMNL =m —2C 
127. =MN + NL+ LM 
=acosA + bcosB + ccosC 


= R(sin2A + sin2B + sin2C) 
= 4Rsin Asin BsinC 


=e )celae) 


_ abe _4RA 2A 


“aR? oR? R 
and es 
, 
gene 
u oR 
128. In AABM, 
AM AM 
cosA = —— = —— 


c 
AM =ccosA similarly AN = bcosA 
A, = Area of AAMN 


= 5AM: AN-sinA 


1 
= a cos A)(bcos A)(sin A) 
ee 2 2 
= [Jecsina cos’ A= Acos* A 
=Acos’A 
Similarly, A, = Acos” B and A, = Acos’?C 
vA, + A, + Ay = A(cos? A + cos’B + cos’C) 


= A(1 — 2cos Acos BcosC) 


(from identity) 
129. A’ = Area of ALMN 


1 
mg ME NE n —2A) 


- 5 (€c0sC)(bcos B)(sin2A) 


1 
— a cos BcosC(2sin A cos A) 


= E besina Je cos AcosBcosC) 


A’ = A(2cos Acos BcosC) 


, 


> poe 
, : MN 
130. Let R’ be the circumradius of ALMN, then R’ = ——————— 
2sin(ZMLN) 
_  acosA 
2sin(m — 2A) 
_2RsinAcosA_ Rsin2A_ R 
2sin2A 2sin2A 2 
131.-: 7’ = aR'sinl ©) sn( *) sn( *) 
2 2 Z 
Here, L=ZMLN =T - 2A, 
M=ZLMN =1 -—2B 
and N = ZMNL = T — 2C 
and R= “ (from Q. 4) 
132. (A) > (1), (B) > (p), (C) > (s), (D) > (q) 
(A) (r + R) -A¢ Shin e 
2 2 
B 
oe 
C A 
ze - <) =at+b 
zZ 
‘ l ' 
(B) sinC = — (i) 
b 
sinB =~ ii) 
a 
sinA =” ...(iii) 
c 


ba oua es 


c ol a cm b an 
sinc c sinA a sinB b 
A 
c 


From Eqs. (i), (ii), (iii) 


7 ee 
c a a 


ens M+ +206 abe + 200= a4 b+ 
c a 


_ b _ Cc 
2sinB  2sinC 
Now, Rb’ sin2C + Rc*sin2B 


(C)R 


= b’ccosC + Re*bcosB 
= be(bcosC + ccosB) 


abc 
(D) We have, 
(=) _ A-B 
4esin| sin 
2 
_ A+B, A-B 
= 2R| 2sin sin ——— 
2 
= 2R(cos B — cos A) = 2-2) E Ree 
co 1G. 2 
=a-b 


133.(A) > (p, 4.1"); (B) > (p,q 1): (C) >(¢.7)s(D) > 4 
(A) c? + a’ —2ac =b’ —ac 
+a’ —b? 
=> ee 
2ac 


1 1 3 

=—=>cosB =—~=>B=60° and cosB + sinC = — 

2 2 2 
=>sinC =1>C = 90° and A = 30° 


A+C 
(B) A+ B+ C =180°, B= 


= B=60°,C + A=120° 
C=3A > A =30°, C = 90° 


(C) Length of the bisector of angle B is 
2ca 


cos (B/2) 
c+a 


=> B=60°,a=b>A=B=60° =C 

(D) We have, (a + b + c)(a + 2b + c) 
=3(a + b\(b +c) 

=> (a+c)? +3b(a+c)+ 2b? 
=3(ab + be + ca +b”) 
a’ t+c—b? 


> ———— = 1 
ac 


1 
> cosB =— 
2 


=> B=60° 
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134. (A) > (p), (B) >), (C) > @), (D) >(s) 


(A) (b +c)? —a? =Abe 

or b? +c? —a® =(A-2)be 
(b? +c*-a*) A-2 

2be 2 

cosA = -_ <1 

or N-2<2 
<4 

or rn =3 


(B) tan A + tanB + tanC =C =9 in any triangle 
tanA + tanB + tanC = tanA tanBtanC 
tan? A + tan? B + tan’C 


5 > Atan Atan BtanC)”? 


k >3(9)"3 
k>9-38 


(C) Since, the line joining the circumcentre to the incentre is 
parallel to BC 


r=RcosA 

A.B.C 
4Rsin—sin—sin— = RcosA 

2 2 2 
-1+cosA+cosB+cosC =cosA 


ae cosB + cosC =1 
(D)a=5,b=4 


C =a’ +b’ —2abcosC 
= 25+ 16-5 =6 
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135. (A) — (p, t);(B) >(@1);(C) 9@ rt) 136. Applying cosine rule, 2ab cosC =a? + b? — c? 
(A) 2a” + b? +c” =2ac + 2ab = 22 n4 J2 cos =2 42442 -c? 
8 
> (a? + b® — 2ab) + (a* + c? — 2ac) =0 
2 2 . T 2+ V2 
(a—b)° +(a-c)* =0 aes a 
Which is possible only when 
wes 
a-b=0,a-c=0 => ee) 44 Be! 
#3 a=b=c ; 
=> A ABD is equilateral = c?=2-V2 = c= 2-2 
ate ZA=ZB=2ZC=60° Applying sine rule, sinC - sinA 
(B) a? +b? +c? = bV2(c + a) c a 
> a’ +b? +c? — beV2 — abV2 =0 = V2 - v2 _ sinA 
= 2a’ + 2b” + 2c” — 2beV2 — 2ab/2 = 0 aj2— 2 v2 
(b? — 2bc/2 + 2c?) + (b? — 2abV/2 + 2a”) = 0 - sin = = A Sas? 
2 
- (b - cya)" + (b - aya)" =0 
eo : [ b is the longest side ... 7B will be the greatest .. A # 135°)] 
Which is the possible only when Gunbfthe digits ead t5 = 
b-ev2 = 0,b-av2 =0 125 195 c 
137. Using sine law, 7 7 
b =cy2,b =ay2 sinx sin3x  sin4x 
le. b? + b° =(cV2)? + (aV2)" Pie ee eS 
=, Pages? 125 25 
5 39 75-39 36 
+a’ —b? > 4sin® x =3 -—= = 
cos B = —————— = 0 25 25 25 
2ac x ¥ 9 ; 3 
ZB = 90° also cV2 = aV2 ge ene 
=> c=a : ae 125 sin4x _ 195 28082 2sin x cosx 
Then, ZA =ZC = 45° sinx sinx 
Hence, ZA=Z=45° = (125) (4) (cos x) (1 — 2sin? x) 
d ZB =90°(Q,5 4 18 7 
pa aa ta = (500) Ge 2) 2 s00( 2) 
(C) a+b? +c? =be + cay3 5 25 25 
=> a’ +b? +? —be -cav3 =0 = (16) (7) =112 
F 2 2 .. Number of digits in the length of side =3 
c c 
= cog +(£-2] =0 138. a? + b? +c? =2R°(1 — cos2A + 1 — cos2B + 1 — cos2C) 
2 27 4m 61 
Which is possible only when =2R*| 3 —(cos . + cos - + cos ; 
3 
&N? _a=0and~—b=0 . -1 : 
2 2 =2R°|3- m7 =7R 
cv3 
a, a’ebiac? __ 
2 2 R? 
Then, (ips 4 eee j 
4 4 139. D =2tanB tanB tanC (tanA + tanB + tanC) 
cosC = a’ + y= ce -0 =2tan.A + tanB + tanc)* 
2a D 
4 = _ 
SO oP > 233) = 1458 = 21.458 
cev3 . Least integer value is 2. 
Also ie — c 2 = e a 
a sinA sinC sinA 4 140. Clear PQ = 2 OA=R 
sinA = v3 = sin60° and ZAOQ = B 
2 OA cosB = R cosB 
aes a ae ai oes now ZAOQ = C since PQ || BC 


2C=A+B 


= |PQO =~ —C 
= Area of AOPQ = PO: OQ sin| POO 
as cos B cosC 
4 


Area of AABC = ; absinc = aRsinB sinC 


Area of AABC _ aR sinB sinC 
Area of AOPQ aR 


—cosBcosC 
4 
= 4tan B tanC 
(Seen AAT cot 8: cote =4 
Area of AOPS 


; C 
. 2R sin -2c05~ sin( 2 + =) 
141." = 5, > yo 
1 cos ee 


B Cc A r rt+nt+r. 
tan— + tan— |2 N\(tan—) =2 V+ =2| +2 3 
El tnd + ten) peony =2Q Fag AAA] 


Ss 


4Rsin— cos— cos— 
2 2 2 


ol athts 
~"atbt+e 

2 
a bc rt+ntr. 
=—+—+ {5 2 | 
hh at+b+c 


at+b+c a bc 
=> + t =4 
Rth+BR)\h h 


142. From the AABC, 


2 2_ 2 
cosA = ca aa ...(i) 
2be 
From the ACAD, 
eGo e222 ...(ii) 
CD a/2 a 
From the AABD, 
BD _ AB 
sin(A —90°) sin ZADB 
a/2 c 
or = 
—cosA  sin(90° + C) 
a c 
or —— = 
-—2cosA  cosC 
ee acosC 
—2c 
2b b 
ait en! [From Eq. (ii)] 
—2c a c 
A 
B Cc 
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bt+cr-a? -b 


.. From Eq. (i), ——————— = — 
a@ 2be c 
or b? +c? —a? =-2b7 
or ce? -@’ =-3b" ... (iii) 
B 
3 D 
O 
A Tt/8 1/4, 


Now, cos A-cosC = 


+e -a 

7 ca 

3b* + 3(c” — a’) 
3ca 


Z a’ —c? + 3(c? — a’) 


[From Eq. (iii)] 


> N=2 


143. Let O be the point of intersection of the medians of triangle 
ABC. Then, the area ofAABC is three times that of AAOC. 


Now, in AAOC, AO = “AD = . Therefore, applying the sine 
rule to AAOC, we get 


Area of AAOC = 5 AO: OC -sin ZAOC 


. { 7 
sin| — 
1 10 10 8 u( 3 x) 
= -sin} — + 
2 3 3 n( = 2 8 
sin| — 
4 


+ Area of AABC =3.2 -3.3 


=> a=5andb =3 
a+b=54+3=8 
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A.B _C => B=180° —3C 
" 4Rsin— -sin—-sin— B C1 Ce aie. sae 
144,— = 2 2 2 = tan—tan— = “ Sieh = Ae 2st 
1 4Rsin—-cos—-cos— 2 - 2 n+2 n+l n 
A 
A B C i\ 
Now, tan—| tan— + tan— 
2 2 2 
A A Cc 
= tan—-tan— + tan—-tan n Gad. 
2 2 2 2 
B 6 1 1 
=1-tan—-tan—=1 = r\ 
2 2 2 2 B nid C 
te A B C\ 1 : 
ine ee See , 2eosC _3-4sin°C _1 
=8 n+2 n+1 n 
A B C : _n+2 an _2n-1 
acos’— + bcos’— + ecos’— ms cosC = 7 and sin” C = an 
145. 2 2 2 ; 
at+bt+e ; (=) (7) - 
_ a1 + cosA) + (1 + cosB) + c(1 +cosC) i. 2n 4n 
2at+b+c) => n’ -3n-4=0 
_ (a+ b+ c)+(acosA + bcosb + ccosC) : a | 
a + b +c) => n=4,n#-1 
_ (a+b +c)+(acosA + bcosB + ccosC) Then, sides are 4, 5, 6. 
2(a+b+c) .. Largest side is 6. 
1, acosA + bcosB + ecosC 147.A+B+CE=t 
= P a Given, C=2A 
1 
=a ao sin2B + sin2C) => B=1-3A 
s 
Tl 
a b c As0<C<150<2A<12>0A<— 
“e = = = R 2 
| snA sinB_ sinC b 
1 R By sine rule, —— = — 
= — + —(4sin Asin BsinC) sinA  sinB 
2 4s a 2a 
or = —___ 
-1+25(4 2.54) sinA  sin(m —3A) 
2 4s 2R 2R 2R - es 
_1, abe 1, 4RA 1. ™ 1 daasin@a 
2 = A BBR 
i ne i a ‘ or 3 -—4sin? A =2 
= (1+4)< (+ 2 Sng tt 4 
2 R 2 2 R 2 or sin a or mes 
2A 2B 2 
acos + bcos + CCOS 3 . ae Tt on 51 
Hence, 2 2 2 < r ~ 6 6 
a+bt+c 4 
A B C But 0<A<— 
[acos! 4 + bcos’ + coos! 2 
12x <12x—=9 _% - = 
atbt+e 4 => Ba oth a5 eas 
=> atte? 

146. Let AB =n, AC=n+1,BC=n+2 = 4R°[sin? A + sin? B + sin2C] 
Further, ‘ > Tt oT 
Let A = 2C (since AB is the smallest and BC is largest) =4R sin 6 on 2 ae 4 
By sine rule, we have 1 3 

sinA _ sinB _ sinC = an +1+ ;| =8R° 
n+2 nt+1 n 

a+h +e? 
A=2C or ae 


and B=180° —(A + 3C) 
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Bie oh _, 28 1 
_b+e a In APRS, PR? =3° + x? + 2-3x-—-, where 
148. We have,cos A 5 
2bc 
=c” —2bcosA + b” — a’ = 0, where is quadratic in ‘c’ SP=x=x°+3x+9 


.€, +c, =2b ] 


and ¢,c, = b? - a? 


ee 
c, +c; — 2c,c, cos2A 


> (c, + ¢y)? — 2¢,¢, — 2¢,c, cos2A [Using Eq. (i)] 
=> (c, + Cy)’ —2q¢,(1 + cos2A) 
> 4b? cos’ A — 2(b® — a”)-2cos’ A 

= 4a’ cos” A 


B42 
cy +c; — 2¢,c, cos A 


ae} 
= 4a‘ cos’ A 


x? +3x4+9=19 
(x + 5)\(x —2) =0 


Hence, the value of A = 4 


2 2 : 
149. AG = - AA,, BG = — BB, x+5=0 (not possible) 
3 3 . x=2 
2 [5.2 ae 7 
= aG= 3 2b" + 2c" —a 153. Since, A and B satisfying the given equation, therefore 
2 5 5 F V3 cosA + sinA = V3 cosB + sinB 
BG =—./2a° + 2c" —b ; . 
3 = snA-sinB _ 
2 2 = 
=> AG = =a, BG =—,/b’ + 4c? asa’? = b? +c? case eae 
3 3 A+B), (A-B 
10 2 4 2cos ; sin F 
= AG = —, BG =—,/16 + 36 = —V13 = ae 
3 3 3 ( + *) Se N 
1 2sin sin 
Also, AB =c=3and Agan =—Aagpc =2 2 
A+B) 1 
If R, be the circumradius of AGAB, then = tan a B = tan 
AG)(BG)(AB 
pet xe )(AB) _ A+B 1 
os i 2 6 
10.4 5g.) a 5V13 i i 
=—: i Re eae = unit a 
3 3 4:2 3 7 Nae 
9 25x13 —T 
—x =5 =] -—=—— 
65 9 Now, C=71 7 5 
{ . : 
150. We have — AD[ccosC + bcosB] =A Hence, triangle is obtuse angled. 
, ; ; 154. We have, atan0 + bsec@=c 
> — + — + — _ 
AD BE. CF > paca hia c cosO 
acosA + bcosB + ccosC ms acos® — asin® = b (i) 
= A = Now, let « and f are the other two angles of the triangle, then 
oe according to given condition we get 
151.— 3 === c cos — asino& = c cos — a sinB 
an eee ea > c(cosa — cosB) = a(sine — sin) 
= 8R°=8 > R=1 2e0s{ +P) inf 9—F 
Now, a=2RsinA => — 2 2 
: a+ a 
a=2sinA . 2sin| e) sin| p) 
Hence, a is maximum when sin A is maximum. 2 2 
152. From APOR, as Poe cot( =F) 
a Z 
1 
PR? =2? +5" —2-5-2-—-=19 a+B e 
2 => tan ; } =-— 
c 
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2tan| &* B 7 ee 157. Using Oe Rwe get, 
2 c 2ac 2sinA 2sinB  2sinC 
teal FiB)S +6 a ee 2 2 Bpc ted 2 
1~tan'( +P) ae ee b?—c? _ 4R(sin’B ~sin®C) 
c 2aR 4R’sin A 
2 i i = 
= panes elie _ sin(B + C) sin(B gala C) 
a-e sinA 
=> tan es ") = = . E _ 4 158. We know that, 
_ or ar (AABC) = — be sinA 
= i T 2ac 2 
eer a a 
= 9vV3 1 2 
-. ee => ous =~ be sin 
> a’ —c* =2ac 2 2 3 
3 
155. Here, the quadratic for third side b is given by => 94/3 = be x cs 
b® —2be cosA + (c? —a”) = 0 = ai 4a (i) 
b, + b, =2c cosA ..-(i) Also, b—c =3v3 
ana by by = 0° — a" a) => b=c+3v3 wwii) 
alee; ; 7 Een fit) From Eq. (i) and Eq. (ii), we get 
From Eqs. (i) and (iii), 3b, = 2c cosA (iv) ies 3y3)e ae 
and from Eggs. (ii) and (iv), ’ 
2b? = 0? Sa? ...(v) > c+ 33c —18=0 
From Eqs. (iv) and (v), we have => a 3v3 + y27 + 72 
2-4c° cos’ A _ 2 2 2 
9 = 8 _ -3v3 + J99 _ -3V3 +311 
> 8c? (1 — sin? A) = 9c* — 9a’ Fi. Bi 2 
a. 3 3/11 -3V3 
- ean e>0 
> 1 aneaee! ~~) “ 9 [> 0] 
8c 
ae 3/11 — 33 311 + 3V3 
2 9(c* —a*) > b= 4 53 = 
=> sin° A =1—- — aw 2 2 
8c 
B+ -—@ 
2 gp2 _2 cogA=o— * 
> sinA = ae ols a) 2be 
= = V3 b+c-a 
2 2 2 Soe 
=> sinA = — 2 be 
\ 8c = 3 - P+ ce—_@ 
2_ 2 > gQ. 
dae - e oe ii a9) 
\ 8c 4 
B 2B _ 23 =63 -a’ [. b? +c? =63] 
156. ZBPA =90° + (2) ZABP = — 5 
3 3 = a’ =63 —2y3 
AP c c 
In AABP, = - a = 63 — 2v3 
__({ 2B sin[90° + B/3)] cos(B/3) 
a re 159. We have, A=a’ -(b-—c)? 
[by sine rule] =(a+b-c)(a-—b+c) 
5 c sin (2B/3) > NX =(a+b-c)*(a—b+c) 
r =—_*_"* 
cos(B/3) =(2s —c —c)* (28 —b — b)? 


= (2s — 2c)” (2s — 2b)" 
=16(s —c)* (s —b)? 
s(s —a)(s —b)(s —c) = 16(s — cc)” (s — b)* 


(5-b)(s-c)_ 1 
s(s — a) ~ 16 


2A 1 
=> tan®° — =— 
2 16 
A il 
=> tan— =— 
2 4 
vt od G2) 
tan— x— ra 
8 
tanA = 2 = 4 = 4 = : 
2 1 
1 — tan“ — -(4] (=) 
4 16 
160. We have, 
D 
B C 


Z ABC =90°, ZBDC = 90°, AC =h, BD = pandh = 4p 
Let ZC =0 = ZA=90° -6 


Now, in ABDC 

sinC  sinD : : 

= [using sine formula] 
BD BC 

sin® — sin90° 

—3 — 
p BC 

= Bco=-— (i) 


sin® 
Again, in AABC 


sinB_ sinA = sin90° _ sin(90° — 0) 


AC BC h BC 
=> BC =hcos®@ (ii) 
From Eqs. (i) and (ii), we have 
a hcos8 > ig = sin 0 cos0 
sin® h 
> ae sin 8 cosO 
4p 
=> sin® ee > os 
4 2 
20 = 30° or 150° 
=> @ = 15° or 75° 
Hence, ZC = 15°. 
161. We have, sin? A + sin? B + sin?C =3 sinA-sinB-sinC 
> ka + kb8 + + kc? =3k abe 
E sinA 2 sin B 7 sinC = k| 
a b c 
> a+b? +c? =3abe 
=> at+b+c=0 
[e ifa + b+c=0,thena’ + b? +c? =3abc] 

abe 
Now, boca 

ca 
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on apply, C, > C, + C, + C,, we get- 
at+tb+c be 
=|b+c+a ca 
ctat+b a b 


0 be 
=10 ca [eat+tb+c=0] 
0 a b 
=0 
162. We have, 
a+b+c=11,ab + be + ca =38 and abc = 40 
cosA i: cos B ' cosC 
a b c 
b?+c?-a’ ct+a’-b’ a’ +b?-c? 
2be 2ca ) 2ab 
~ a b c 
be+ct—a® cf+a®—b? a4 b?-c? 
7 2abc 2abe 2abc 
a’ t+b?+c? (a+b +c) —Aab + be + ca) 
7 2abe 7 2abc 
_ (11)? — 28) _ 121-76 
"2x40 80 
459 
80 16 


163. We know that, 


2 s(s — a) 
and ene 7 Se) =) 
2 s(s —c) 
i: | c if q 
tan— + tan— = + 
s s-a s-c 
_ G=b | tee | 
s s-a.js—c 


Ss L Sd. se | 
_fs-b[ 6b | 
~ Ss L S—-a se | 
_b s(s — b) 
“5 (s —a)(s —c) 
s.-° 2 2 \(s-a)(s-c) 


A Cc 
tan— + tan— b 
ag (i 

B ; sad 
cot — 
2 
Again, a, b, c are in AP 
g a+c=2b 
or a+b+c=3b = 2s =3b 
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b 2 i 
= ee (ii 
aa (ii) 
From Eqs. (i) and (ii), we have 
A 
tan— + tan— 
2 2_2 
3 


cot — 
2 


Let the sides of triangle be a — d, a,a + d. 


Perimeter=a-—d+a+a+d=3a 
.. Side of equilateral triangle having same perimeter will be a. 
Semi-perimeter of given triangle 
_a-d+atatd_ 3a 
7 2 “2 


= 


Now, according to question 


QE-IE-IE 


3 ‘i 33 
> _ va : d’ |= V3 2 
a 4 20 
2 
a 3 
=> {—-@ am 
4 10 
a’ 2 9a? 
=> SS, ges ae 
4 100 
16 
> d?=—a’>d=—a=~a 
100 1 
. ; 2 2 
*, Sides will be, a —-—a,a,a+—-—a 
5 5 
3a 7a 
or —,a,— 
5 5 
3 7a 
. Required ration = a: =3:5:7 


Let the sides of AABC are a, b, c. 


=e BC =a,CA = band AB=c 
Again, AD, BE and CF are the medians of AABC 


1 
AD => 2b? + 2c* -—a’ 


2 
1 fp 2 2. 2 
and CS 2a" + 2b° —c 
A 
CF Eb 
Da Cc 


1 
AD* + BE’ + CF? = {20 + 2c? — a? 

+ 2c? + 2a” — b? + 2a? + 2b? —c?] 
[3a” + 3b” + 3c] 


[a° +b? +c?) 


BLO WI] w Ale 


[BC? + CA? + AB’] 


AD’ + BE°+CF* 3 
BC? + CA? + AB? 4 


166. We know that, in AABC length of median from the ZA is 


1 
—./2b7 + 2c? — a’ 
A 
c b 
Mo m, \ms 
B E D PF Cc 
< a/2 >< a/2 > 
* a 
2 2 2 
+b 
AD? = m? =~ aa (i) 


...(ii) 


=a ...(iii) 


2 4 
be +c? a’ 
Now, m+ m2 =m? 4 2 
2 5 = mM 2 16 
2 2 
=m) +m +—-— [from Eq. (i)] 
: 2 
=2m + 
ms 8 
2 
=> ee = m, + m, - 2m, 


167. We know from Napier’s analogy that 


B-C b-c 
tan 3 = cot 


So, X= tal * — <}-tan4 
z 2 
_b-c A A b-c 
-cot—-tan— = 
“bte 2 2 bt+e 
Sumi, #=2 geo 
at+b cta 


Now, X+Y+Z+ XYZ 


a ata +(F*) (3) (4 


“b+te atb 
_(b-c)(a + bic + a) + (a — b)(b+c)(c + a)+(c—a)(b+c)(a + b) 


cta 


(b + c)(a + b)(c + a) 
, bela - be ~a) 
(b + c)(a + b)(c + a) 


After multiplication and solving, we get 


X+Y+Z+XYZ= u =0 


(b + c)(b + a)(c +a) 


168. Looking the figure, we see that 7T,O,R = 60° and it is the 
supplement of 77, AR = 120° {as an exterior angle for AABC} 
ZAO,R = 30° 


Hence, 


P 


Similarly, we obtain ZBO,S = 30° 


Since tangents drawn to a circle from external points are equal, 


we have 
TT, =T,A+ AB + BT,=RA+ SB + AB 
+ 
= 7, tan30° + a + 7, tan30° = daa ee 
V3 
and ity STC + Ci" 


= CR + CS =(a — RA) + (a — SB) 


(8 


Since, common external tangents to two circles are equal, 
TT, = 7,’T,’ 
(7, + 1) 


v3 


rer. 
Hence, a +a=2a- 
3 


av3 


Hence, we find that 4, + ~ = 


169. Equal chords subtend equal angles at the centre angles at the 
centre of circle; if each of sides of length i subtends an angles 
a; (i = 1, 2, 3) at the centre of the given circle, then 
20, + 20. + 20, = 360° 
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a, oO 
Hence — + . = 90° 3 
OQ, oO a. (or 
and cos (2 + 2} = Cos & - “) = sin—> 
2 2 2 2 
Next we apply the addition formula for the cosine; 
(or o o (or (or 
cos — - cos . sin — - sin —* =sin —3 
\ \\ \\ 
r r r 
A B Cc 
a, 1/2 a 4-1 
where, sin — = : ,cos— = [from (A)] 
2 r 2 2r 
2 
a, 1 (o7 | 
sin— =-, cos—2 = [from (B)] 
2 r 2 r 
04 3/2 
ete [from (C)] 
r 


We substitute the expressions into Eq. (i) and obtain, after 
multiplying both sides by 2r?, 


f4r? —1.4/r? -1 -—1 =3r 


Now, write it in the form; 


(4r? — 1)(r? — 1) =r + 1), 


(4r? = 1)(r? -1) 


and square, obtaining. 
=9r? +6rt+1 
which is equivalent to, 
r(2r? —7r — 3) = 0, since r # 0 we have, 
ar? -7r -3=0. 
170. Let, BP= PQ= QC= x 
Also, let 


ZBAP = 


0,, ZPAQ = 8,, ZQAC = 0, 
and let ZAQC = 0 
Applying m:n rule in AABC, 

(2x + x)cot @ =2xcot(0, + 0.) — xcot 0, 


=> 3cot 8 =2cot(O, + 0,) — cot 0, soit) 
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171. 


172. 


173. 


Applying m:nrule in AAPC, 
(x + x)cot 09 = xcot 0, — xcot 0, 
2cot 0 = cot 8, — cot 0, (ii) 
On dividing Eq. (i) by Eq. (ii), and on solving we, get 
3 2cot(O, + 0,) — cot O, 


2 cot 8, — cot 0, 
> 4(1 + cot’ 0,) =(cot 0, + cot O,)(cot 8, + cot O,) 
> 4 cosec’” 0, =(cot 8, + cot O,)(cot 8, + cot O,) 


3a 9a 
Let the sides be a, —, —. 
2 4 
fi 3a ‘ 9a 
Fre alata ees 
19 
Semi-perimeter = — = ms 


[19a 11a 7 a 
Area of A= sie oe 046s, 
8 8 8 8 64 


. : Product of sides 
Now, circumradius = ————__— 


4x area of A 
nd 2G 
, 54 NON 
i“ 4x — x 71463 
= a=1, 


3. 9 
Therefore, the sides of the triangles are 1, - & Z 


Givena + b+ c=2 

> 1-at+1-6+1-c=1 
or xt+yt+z=1 
where x =1-—a,y=1-),z=1-c 
Since, at+b>c 

= 0<c<il, 
similarly 0<ab<l 
hence O0<x, y,z <1. 


Now, a’ + b’ +c’ + 2abe =(1— x)? +(1-y)’? +(1-z)’ + 
(1 — x) — y)(1 — 2) 
=3-Ax+ytz)t¢ (x+y? +z°)+2[1-(x+y +z) 

+ (xy + yz + zx) — xyz] 
=1Ltx° ty? +27 +2 (xy + yz + zx) -2xyz 
=1+(x+y+t+z) —2xyz 
=2-2xyz <2as0<x,y,z<1l 


Let s be the semi-perimeter and A be the area of AABC. Then 
A A 
r=—,P= 
s s-a 
ros-a 
—s —= 
Pp s 
Cc 


B = 
Also, tan—-tan— = = 
2 2 


Ss 


r B C 
=> — = tan—-tan— 
P 


x 3 
Let ZAPB =0,, ZAP,P. = 0,, ZAP,P, = Oly... 


ZAPF, = 00 21 


174. 


175. 


A B O, 
= — = fan— -tan— 

P 2 2 

he tan(2 = | tan ae 

P, 2 2 

T — 

he tan +) tan u 

P, 2 2 

I, — O14 Cc 

= tan tan—. 

P 2 2 

oe ob B Gr 
=> : = tan—-tan—= 

PPP 2° P 
Let r be the radius of the circle. 


The sides of the polygon, which subtends angle 20 at centre, 
has length 2rsin a. 


Hence, the area of this polygon, 


1 1 
= ero) .(rcosa) + rae cose) +... 


1 
+ oo no)(r cosna) 


2 


> * [sinza + sin4da + ...+ sin2na] 
2 
=> ——[(cosa — cos3M) + (cos3a — cos5Q) + ... 
4sin & 
+ (cos(2n —1)a— cos(2n + 1)a) 
2 
=> = —— [cosa—cos(2n + 1)a] 
4sin & 
2 
= ———[sino.sin(n + 1)a] 
4sin(n)o ( 
Also, 20+ 40+...+2na =217 > O(1+2+3...4n)=7 
ann + 1 27 
or COE?) ao cep ins 
2 n 
Also, A, =area of the regular polygon of n sides. 
1 1 Tl 
= o{2rsin™ -reos™ J 
2 4 n 
r’n( . 20 i ' 
= —| sin— | =—n-<sin(n + 1)a 
n 2 
inna 
Hence, aie = — 
A, nsing 
Let M,, M,,..., M,, are the foot of the altitudes drawn from 


the centre O to the sides of the polygon and L,, L,, ...,,, that 
of P. 


PL, = OM, — OP cos® 
PL? = OM; + OP’ cos’ @ — 20M,OP cos0 


1 1 
= OM! + = OP* + ~OP* cos20 - 20M,OP -cos6 


1 1 
=PL’ = XOM; + sor + Fea cos20 — 20M,OP x cos0 


Here, Xcos0=cos0+ co 04 2) + coo 0 + =) + 


n n 
(2n =") 
n 


wat coo 0+ 


n-1 


2rTl n=l 
= 2 coo 0 + = = real part of = ie 2n/n) 
a n r=0 


n-1 
= real part ofe'® = e’"’" =0 
r=0 


Similarly 2 cos20 = 0. 
Let c= a’ cos3B + 3a*bcos(2B — A) + 3ab’ cos(B -2A) 
+ b’cos3A ands =a’ sin3B + 3a°bsin(2B — A) 

+ 3ab’ sin(B — 2A) + b* sin(-3.A) 
Now, c + is = {a* cos3B + 3a’bcos(2B — A) + 3ab’ sin(B — 2A) 
+ b’ cos3.A} + ifa’ sin3B + 3a’bsin(2B — A) 

+ 3ab’ sin(B — 2A) + b* sin(-3.A)} 
= ae® + 3q7bei(28- 4) + 3ab7e'\8- 24) + bee 34 -(ae” + be4 Ny 
=(acosB + aisinB+ bcosA — bisin A)’ 
= {(acosB + bcos A) + i(asinB — bsin A)}* = c* 
= {a’cos3B + 3a°bcos(2B — A) + 3ab’ cos(B — 2A) + 

b’ cos3A} =c’ [by equating real parts] 


176. 


1 
ih ah, 
> h, aoe similarly, h, a h, aoe 
a b c 
So, a+r htr tr 
h-r h-r h-r 
2A A 2A A 2A A 
+ + 
a Soy b s c s 
2A A 2A A 2A A 
a s b s c s 
_ata , 2%s+b ate 
2s-a 2—-b 2-c 
4s 4s 4s 
= + + 3 
2s-a 2—-b 2-c 


=3 


> 3 [since AM. >H.M_] 


1 4s 4s 4s 
t + 3 
3 | 2s 2s—b 2s | | 
a 
+ 


+ 


a 
3 

2s 2s—-b 2-c 
4s 4s c 

>6 
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178. The given equation can be written as; 
acosA + bcosB+ccosC _ asinB + bsinC + csinA 


at+b+c OR 


2A 2A 2A 
sinAcosA+sinBcosB+sinCcosC_ ¢ gq b 
sin A + sinB + sinC OR 


sin2A + sin2B + sin2C _2A(ab + be + ca) 


2(sin A + sinB + sinC) 7 9abcR 
os 2sinC{cos(A — B)—cos(A + B)} _ 2A(ab + be + ca) 
C (=?) (A=) 9abcR 
4cos—4 cos + cos 
2 2 2 
4sin Asin BsinC _ A, B,C 
= 4sin—sin—sin 


A 
8 cos— cos— cos— 
2 2 2 


_ 2A(ab + be + ca) 


9abcR 
9r ab+bce+ca 
=> See eee 
2A abc 
9abc =(a + b+ c) (ab + be + ca) 
> a(b —c)’ + (c —a)’ + c(a-—b) =0 > a=b=c 


Hence the result. 


179. Area of AABC, 


A= Aah = ene 
2 2 


b 
=> h=—sinA 

a 

2.2 
=> =P 
a 


(1 — cos’ A) 


bc? 
a 


(1 + cos A)(1 — cos A) 


= +b +c)’ + (a)*)(a? —(b -0)") 
4a 


=> ah? = +(a°((b +c)! + (6 -0)*) -a! -(b* -c)’) 
a 
2 2\2 
ee 
a 
27 2\2 
= ah +a? =2(6" + 2) 2 


=> 4h’ +a’ <b’ +c’) 
Clearly equality holds if b = c (ie., isosceles A) 


180. Let, _ 
BC 
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BC _ACG _AB_, 


AC AB 


=> BC =a, AC, =Ab, AB =Ac 
= Area of AABC, _ rr 
Area of DABC 


Let ZB,C,B = 0= ZBBC, = 1 —(0+ B) 
ZACC =n -(0+ C) 
ZCAC=n -(C+n-O-C)=0 
using Sine rule in ABB,C,, we get : 
BC, _ BC, 
sinB sin(@+ B) 


- Aa.sin(6 + B) 


= BC, 
sin B 
Similarly using Sine rule in AC, A.C, we get 
se os CC = Ab-sin® 
sinC sin® sinC 
Now, a=BC,+CC, = i{ sen eB) ). ned 
sin B sinC 


sin A-sin B-sinC 


sin Asin BsinC 


~ sin A-sinC-sin(0 + B) + sinO-sin? B 


~ (sin A-sinC - cosB + sin? B)sin@ + sinA- sinC -sinB- cos® 


sin A-sin B-sinC 


=> ,> 


y(sin A-sinC-cosB + sin’ B)’ + (sin A-sin B-sin B)’ 


sin’ A-sin’ B- sin’ C 


ve 


~ sin? A-sin?C + sin’ B+ 2sinA-sinC - cosB. sin’ B 


sin’ A-sin’ B-sin’C 


IV 


~ sin? A-sin?C + sin’ B{sin® B+ cos(A — C)- cos B— cos(A + C)- cos B} 


sin’ A-sin’ B-sin’® C 


= 
sin’ A-sin’ C + sin’? B{1 — cos’ A + sin’ C} 


2 sin’ A -sin’ B- sin’ C 
min sin? A-sin’C + sin? B-sin? A + sin? B-sin?C 
2a, = : 
min 2 2 2 
cosec’ A + cosec’ B + cosec’ C 
Thus, ar (AA, B,C, ) ss 1 


ar(AABC)  cosec’ A + cosec’ B + cosec’ C 


181. Let ABC be the triangle with D as the mid-point of AC. 


BD = I (given) 
2 


Area of AABC = Pad 
c 


Applying cosine rule to AABD, we get 


4l’ 


=cosA > Db’ = 


b? 5—4cosA 
A 


inA 
Hence, Aco 
5-—4cosA 
2t 
=> A=2]?-—1= _ 
Gf) 
(1+ t’) 
4l’t 4l’ 
—: = 3 — 
aad. yey” 
al’ 1 
=> A <— vote (too 
3 t t 


; al’ 
Hence, maximum area = — 
3 


1 1 
Equality holds when, 9t = - >t = 5 
t 


4 
=> cosA = — 
5 


incircles of A’s BAA, and B, AC touch the side BC. 


WS 
B MA, BNC 


[since t > 0] 


182. Let ZBAA, = 7B, AC = 0and Mand Nbe the points where 


If R, and x be the circum-radius and inradius of ABAA,, then 


6 B nm —-(0+ B 
r = 4R sin—-sin sin ( ) 
2 2 2 
0 B oO 
or r, = 4R sin—-sin—-sin—, 
2 2 2 
where © = 1 —(0+ B) 
B 0 oO B 
Now, BM =r, cos— = 4R, sin—-sin—-cos— 
2 2 2 2 
oO 6 B Oo 
and MA, =r cot— = 4R sin—-sin—- cos— 
OD, H 2 2 


1 1 


Thus, + = 
BM MA, 4Rsin0/2 


1 


1 
+ 
sina@/2-cosB/2 


nea) 


. |at+B 
sin 
1 2 


7 4R,sin@/2 sina/2-cosB/2-sinB/2-cosa/2 


cos(8/2) _ 2cot 0/2 
R,sin0/2sinasinB ~—c-sinB 
1 2cot 0/2 
Similarly, + =““° e 
BN NC __ bsinC 
1 1 1 : : 
Hence, [as bsinC = csin B] 


+ = + 
BM MA, BN NC 
183. Let the angle between PR and AC be 0 
In AAPC, from the sine rule 


Q 


PC = y sn( - 0] 
sintt /3 5 
In ABCR, from the sine rule. 
asin(c + 0-1/3) 


ECR= 
sintt /3 
+ preres cee. bsnl © + a} + asin + o-) 
V3 3 3 

a 

V3 
it eos + acoso - sino + [osin + asin ¢ - )) cost 

3 3 3 3 

= Max. 


2 2 
PR= rm bcos + acos{e - =) + bsin™ + asin - =) 
V3 3 3 3 3 


2 27 
=— |b’? +a’? + dab oo - 7 
| 3 


Max. area of APOR = 5 tmax PRY] 


134 


; 3 +a’? —abcosC + V3absinC] 


2b° + 2a° —2abcosC 
a sf a + absinC 


2v3 
_a +b te’ 
= gals. 
184. Let the circle of radius r, touch the sides AB and AC at D and 


E, where as the incircle touches their sides at D and E. Let O 
and O’ be centres of the inscribed and that the circle with 
radius r,. O and O’ lie on the bisector of angle A. 


+ 2A [ 2abcosC =a’ + b? —c’] 


Chap 03 Properties and Solutions of Triangles 307 


A A 
Also, AO’ = OD’ cosec 2 =r, cosec * 


and AO=OD cosec ° =r cosec “ 


B 
Hence, OO’=r+r, =AO- AO’ 


A A 
=r-cosec—-—T coBec 


A 
ine cy 
=> a 
r A 
cosec— + 1 
2 
of T-A 
=> r, =rtan a 


-B 
Similarly, R= rran'( ==} n= 


Hence, tite + ate + al teh 


gee r are aap) 


(2-4) (27) (2) 
cos - Cos -cos 
4 4 4 
r COS -cos -cos 
= 4 4 4 
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185. If a,b,c are the lengths of the sides of the A and x,y,z are the 
lengths of perpendicular from the points on the sides BC, CA, 
AB respectively, we have to minimise, 


A=x +y +z" (i) 
We have, 

tage ey + ae =A 
> ax + by + cz =2A (ii) 
where, A is the area of the AABC 
we have the identity; 
> (x? + y? +2z°)(a’ + b° +c”) —(ax + by + cz)’ 
= (ax — by)’ + (by — cz)’ + (cz — ax)’ 
> (x? + y? +z°)a’ +b’ +c") > (ax + by + cz)’ 
> (x? +y? +2z°)a’ +b’ +") > 4A? [using (ii)] 

2 
=> x+y +272 —_— en and equality holds only when 
a+b'+c 
x y_z_axtby+cz _ 2A 
abc @t+bte ath te? 
2 
The minimum value of A is — 
a+b’ +c 
_ As —a)(s — b)(s — c)s 
— at+bh+e ; 


186. In the adjacent figure AA, and BB,are altitudes drawn from A 


and B on the sides BC and AC, respectively. Let P, O be the 
orthocentre and circum-centre of the A. 


B A, 0, 
We have been given that PA, = OO,. 
In AOO,C, Z0,0C = A 


and OC = R=>OO, = RcosA 
Also, BA, = ABcosB =ccosB 
and PA, = BA, cotC 
PA, =ccosB-cotC = eee nenss 
sinC 
=2RcosBcosC 
Thus, RcosA =2RcosBcosC 
> 2cosBcosC + cos(B + C) =0 
=> sin BsinC =3cos BcosC 


or tan BtanC =3 


Nowinany A,X tanA =3tanA 


> tan A + tanB + tanC =3tanA 
> tanB + tanC =2tanA 
Now, 


(tanB—tanC)’ >0as ZB # ZC 


=> (tanB + tanC)’ > 4tanBtanC 

=> 4tan’ A > 12 

> tan A > V3 {as ZA is acute] 
Tl 1 

> A€éE (z. *) 
3 2 


187. BD = ABcosB=ccosB 
also Zou = - zene =% -[E-c]=c 
2 2 \2 


BD _ccosB 
sinC 


> BH = =2RcosB 

Now, points H, D, B and F are concyclic and BH is the 
diameter of the circle passing through these four points. In fact 
this circle is also the circum-circle of ABFD. 


A 
F E 
B D Cc 
=> = = BH =2RcosB 
sin B 
> FD =2RsinBcosB = bcosB 
FD 
> —=cosB 
b 
EF DE 
Similarly, —=cosA and — =cosC 
a c 
Thus, au + = + a =cosA + cosB + cosC 
a c 


_A . B, 
=1+ 4sin—-sin—-sin— 


r Retr 
RR 
ame DE _R+r 
a b c R 
188. Let the centres of circle be O, and O,, and their radii be 7, and 
r, respectively. 
We have, 


=1+ 


r, +r, =aand OO, =2a 


Let, ZO,OP =0 = ZP,00, =8 
0,0, = 0,0 + OO, =r,cosec 8 + r,cosec 8 
0,0, =(% + r,) cosec 0 


Tl 
=> cosecQ0=2 => = 


Now, PO = r cot Qand OP, = r, cot ® 
> PP, =(% + r,)cot @= av3 


Central angle, ZQ0,P, = {= 7 0) =n —20 


and ZP,0,Q, = ZQ,0,P =n — 20 

=> Total length of string = 2P P, + (, + 7,)(2m —(m — 20)) 
= 2a/3 + {x + ) 
= (= + 25 J 


189. Let A,, B, and C, be the points of contact of the ex-circle 


opposite to vertex A, with the side AC, BC and AB, 
respectively. 


A 


= LA, = IB, = LC, = r 
ZBILA, = —- ZBCA, =n —(1-C)=C 
Similarly, ZAILC, =B 
> ZC,I,B, =(B + C) 
Now, A, = AA,I,B, + AA,L,C, — AB,I,C, 


1 
7 5h Meine + sin B - sin A) 


_1 & (g+2 4 
2(s—a)’\2R 2R 2R 


a1 NX (2s —2a) _ N _TA 

2(s—a)’  2R 2R(s—a) 2R 
= Bi Mie 
A 2R 


Similarly, = =~, =— and Ay — 


Thus, ! +o * wo = *R iT Sr) 
1 
—(4R) =2 
ae ) 
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190. Since, 7 APB = 7 BPC = ZCPA 
= each of these angles is equal to > 
A 
P 
B Cc 


In AAPC we have, 
PA’? + PC? - 2PA.PC cos =)’ 


=> b’ = PA® + PC? + PA- PC 
Similarly, in ABPC; 

a” = PB’ + PC’ + PB-PC 
and in AAPB; c? = AP’ + PB’ + PA-PB 
Adding these results, we get 
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a +b’ +c’ =2(PA° + PB’ + PC’) + PA: PB + PB- PC + PC: PA 
=> a+b’ +c’ =2((PA+ PB+ PC)’ —2=PA- PB) + =PA- PB 


Now, A =AAPC + ABPC + AAPB 
= sin—=(AP- PC + BP-PC + PA- PB)= Sxpa - PB) 
Putting the value of ZPA- PB, we get 
a’ +b? +c’? =2PA+ PB + PC)’ es 
4/3 
2 2 2 
_ (PA + PB + Pc)’ =4*7 +8 + 2y/3A 
2 2 2 
= pas p+ pC= [PEF 4 an 


197. In right angled A’s A’ BD and CA’D 
ZA’ BD = ZCA’D 
ZBDA’ = ZCDA’ = 90° 
The A’s are equiangular and hence similar 
BD _ A’D 
A’D DC 
So that A’D’ = BD. DC 


So, 


Since, BD = AD cot B, DC = ADcotC 
: A’D’ = AD’ cot BcotC 


wi far (BCA’)}” = (Zac: a’p| 
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a 
= 7 BC" AD" -cot B-cotC 


= far(ABC)’}- cot B- cotC sui) 

Similarly, 

{ar(CAB’)’ = far(ABC)}’ -cotC- cot A 

{ar(ABC’)}’ = far(ABC)}’ «cot A- cot B 
On adding Eqs. (i), (ii) and (iii), we get the desired result 
because in any A; 

cot Acot B + cot BcotC + cotC:cot A =1 
= {ar(BCA’)}’ + {ar(CAB’)}’ + {ar(ABC’)}’ = {ar (ABC)}’ 
Given a AXYZ, where 2s=x+y+z 


...(ii) 
...(iii) 


sage REECE 
4 3 2 
S-xX _sS-y _s-z_3s-(x+y+z)_s 
4 3 es 4+3+2 9 
x 
Zz y 
Y r Z 
or | SO STV SF 2S 2d Cet) 
4 3 e 9 
=> s=9\,s =4A+%5 =3A+yands =2A+z 
F s=9\,x=5A,y =6A, z=7A 
Now. A= s(s — x)(s — y)(s —z) [heron’s formula] 
= J9X- 40-30-20 = 662? i) 
Also, = mr’? a >r = (ii) 
3 3 
a pam K (5A)(A)(7A) = 350 (ii) 
4h 4-6V6X 46 
8 NAN 216 8 8,, 
Now, SoS =-X from Eq. (ii 
3 S* giv 3 3 4. (i)] 
> A=1 


(a) AXYZ =6V62° =6V6 


.. Option (a) is correct. 
35 35 


ie ae 


(b) Radius of circum-circle, R = 


.. Option (b) is incorrect. 


: ee: Gere ae 

(c) Since, r = 4Rsin —-sin —-sin 5 
oj? re, aoe ' 

=> =4-: sin —-sin —-sin 
V3 4/62 2 2 
4 be oe yn, 

> = sin —-sin —-sin 

35 2 Z 2 


.. Option (c) is correct. 


X+Y Z X+Y 
(sin'{ : )=cos'(2), a ; =90° 


_s(s-—z) _ 9x2 3 


xy 5X6 5 


.. Option (d) is correct. 


193. 


24 p22 
Guce. 


Hie = 
4A s 


where, R, r, A denote the circum-radius, in-radius and area of 
triangle, respectively. 
Let the sides of triangle be a, b and c. 


Given, x=atb 
y =ab 
x -c=y 


=> a+b’ +2ab-—c’ =ab 


=> a’ +b’ —c’ =—ab 
a+b? -¢’ 1 . 
> —— =-- =cos 120 
2ab 2 
> ie 
3 
abc A 
=—,r=— 
4A s 
2 
1 2 
; 4 + ab sin 
r 4N 3 
=> = = 
R__ s(abc) xtc a 
2 
re 3y 
R 2c(x +c) 


1 1 
194. We How 2S absin’ => 15V3 == x6x10 XsinC 


3 
sinC = = and C is given to be obtuse. 


2 : 
=> Cae = =a" + b* ~2ab cos C 


27 
C= | + 10% 2x6 x10 x08 =14 


225 X3 


(° +104 4) 
2 


195. Whenever cosine of angle and sides are given or to find out, 
we should always use cosine law. 


r= =>re= 


A 2 
Ss 


b+ 2 2 
ie. QA. 
2be 
2 2_ p2 2 2 2 
ees TO ag eee Te ee 
2ac 2ab 
P 
n n 
c b 
(n+2) (n+4) 
Q R 
(n+2) ~ (n+4) 
> 


b+ 2 —@? 
égpe ee 
2be 
m 1 (2n+ 4)° + (n+ 2)° —(2n + 6)? 
3 2(2n + 4) (2n + 2) 
1. 
ie cosP =-, een 
L ae 
4n” — 16 1 n’—4 1 
= - _ 
8n+1)(n+2) 3 An+1)(n+2) 3 
=e, 1 
at (n—2) _1 
An+1) 3 
> 3n-6=2n+2 > n=8 


«. Sides are (2n + 2), (2n + 4), (2n + 6), ie. 18, 20, 22. 
196. If AABC has sides a, b, c. 


A 
C b 
B 7 Cc 
Then, tan (A/2) = fies a 
s(s —a) 
an 
where, Pope ek Ue 2 =4 
2 2 


2sinP—sin2P _2sin P(1—cos P) 
2sinP+sin2P 2sin P(1+ cos P) 
_ 2sin? (P/2) _ 
~ 2 cos? (P/2) 

P 


tan® (P/2) 


c=5/2 b=7/2 


(s —b)(s —c) , (8 —)(s ~¢) 
s(s —a) (s — b)(s —c) 


7/ Sr 
ee (+-3] 
a’ Ng 

3 2 
-(3) 


197. Since, A, B, C are in AP. 
=> 2B=A+C ie. ZB =60° 


20 sinC cosC) + . (2sin A cos A) 
c a 


=2k(acosC +c cosA) 


1 


: a b c | 
using, — = 7 
snA sinB sinC k 
=2k(b) =2sin B [using b =acosC + ccosA] 


=\8 
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a’ +b? =c? 
2ab 


198. Using, cosC = 


C  a=x2+x+1 B 
V3 _(x*+x+41)? +(x? -1)? -(2x +1)" 
2 2(x? + x +1)(x*-1) 
=> (x+2)(x+1)(x—1) x +(x? -1)? = V3 (x? + x + 1)(x" -1) 
=> x? 42x+(x7-1) = V3(x? + x41) 


=> (2-4/3) x? + (2-3) x-(V3 +1) =0 
> x =—(2+ V3) and x =1+ V3 
But x =-(2+ V3) 


=> cis negative. 


x =1+ 3 is the only solution. 
A 
199. Given, cos B+ cosC = 4sin’ 
A 


B53 C 


Fixed base 
B+C B= 2 
=> 2cos . cos = 4sin 
_ Al (B- _ Al 
=> 2sin cos 2sin =0 
2 | 2 2 | 
B-C B+C 
=> cos 2cos =0 
2 2 
As sin— #0 
. B CG 
=> cos—cos— + 3sin—sin— = 0 
2 2 2 
C 1 
=> tan—tan— = — 
2 3 


s-a_l 
> == 
Ss 3 
=> 2s=3a => bt+c=2a 
. Locus of A is an ellipse. 
2v2 4 
200. In AABC, by sine rule, = v2 = 
sinA_ sin30° sinC 
=> C = 45°, C’ =135° 
When, C=45° = A=180°—(45°+30°) =105° 


When, C’ = 135° = A =180°—(135°+30°) =15° 
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1 1 
Area of AABC = 78 x ACsinA =~ x4x2V2 sin (105°) 


V3 +1 
22 


Area of AABC’ = 5AB xAC sin A 


=4/2x 


= 2(V3 + 1) sq units 


1 
= 5 x4x2v2 sin (15°) = 2(/3 -1) sq units 


Difference of areas of triangle 
=|2(/3 +1)—2(v3 —1)|= 4 sq units 
Alternate Method 


Here, AD =2, DC =2 
Difference of areas of AABC and AABC’ 
= Area of AACC’ 


1 1 
= BOE = ee sg US 


201. Let a straight line through the vertex P of a given A POR 


intersects the side QR at the point S and the circum-circle of 
A PQR at the point T. 


Points P, Q, R, T are concyclic, then PS-ST =QS-SR 


P 
QY 
T 


Now, Aas > /PS-ST [-- AM > GM] 


1 1 2 2 
t > = 
PS ST \VPS:ST  .JOS-SR 


Also, ee > JSQ-SR 
> OR > /SQ-SR 


2 


1 2 2 4 
> => > 

/SQ-SR QR J/SQ-SR~ QR 

id eS 

fs ST JOS-SR OR 


202. Radius of in-circle is, r = e 
s 


Since, A =16V2 
6V2 + 6V2 + 4V2 
Now, SS va ve v2 3 5 
16/2 
r=—— =2 
8/2 


203. Equation of circum-circle of APRS is 
(xt 1)(x-9) +y*+Ay =0 


It will pass through (1,2V2), then -—16+8+4-2V2 =0 


=> ja 235 


:, Equation of circum-circle is x’ + y? -8x +2 V2y -9=0 


Hence, its radius is 3/3. 


Alternate Solution 


Let ZPSR=0 => sin @ = 242 
2v3 
meee 
2R 
=> PR =6V2 =2R:sin0 
=> R=3v3 


204. Coordinates of P and Q are (1, 2V2) and (1, —2,/2). 
Now, PO =./(4V2)* + 0° =4V2 


1 
Area of A POR = 7 28 = 16 2 sq units 


Area of A PQS = Nee = 4/2 sq units 


Ratio of areas of APQS and APQR is 1 : 4. 
205. Since, AABC = AABD + AACD 
=> Leen Ae vA ea 
2 Zz 2 2 2 


> AD= ale cea 
bt+c 2 


F 


2bc 
bt+e 


A 
Again, AE = AD sec 5 = 
=> AE is HM of bandc. 
EF = ED + DF =2DE =2AD tan = 


2bc A A Abc 


=2 cos — tan —= sin 
b+e 2 2 bt+e 2 


Since, AD | EF and DE = DF and AD is bisector. 
= AAFFis isosceles. 
Hence, (a), (b), (c), (d) are correct answers. 


206. Let AB = AC =aand ZA = 120°. 


1 
Area of triangle = 5 a’ sin 120° 


where, a= AD+ BD 
= V3 tan 30° + V3 cot 15° 


V3 


tan (45° — 15°) 


=1+ 


1+ tan 45° tan 30° 
3 gia 
tan 45° — tan 30° 

=] 3 V3 +1 

V3 -1 


=4+4 2/3 
Area of a triangle = : (4+ 23)" (2) 


=(12+ 7/3) sq units 
207. Let a, b, c are the sides of AABC. 
b+c__ k(sinB + sinC) 
a ksinA 


Now, 
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A 
2 sin — cos — 
2 2 


cos Boe 
b+e_ 2 


Also, 


cos — 


208. Let AB =h, then AD =2hand AC = BC -* 


Again, let ZCPA =a 
AAR 


Ao inhiCPagee = 
AP 2h 4 
Now, tanf = tan [(@ + B) -a@] 


_ tan(a+B)—tana _ 


1+ tan(a + B) tana 1 


209. Let AB = x 


In ADAM, tan(n —@ —a) = —P— 

x-q 
Pp 
q-x 
q-x = pcot(0+a) 
x=q-pcot(0+a) 
a [eee 

2 cota + cot® 


=> ~~ tan(+a)= 


> 
> 


E cota = 
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4 coto-1 ee 
cot® — 
eee =1-0( 2 2) 
4 + cote q+ pcote 
P 
___{ qcos0 — psin® 
qsin® + pcosO 
i ae q’sin® + pqcos® — pqcos@ + p’sin® 
pcos + qsin® 
2 apa 2 +7 )sin® 
pcos + qsin® 


Alternate Solution 
Applying sine rule in AABD, 


—_— Ima Cc 


AB _ [p? +4 


sind sin {m7 -(0+ @)} 
2, 2 
= oe ee 
sin8 sin(@+a) 
FOO gd [ 
> AB= aa *” COS = 2s 
sin® cosa + cos@sina 
(p* +q°)sin® P 
= and sing = —=—— 
pcos® + qsin® [p?+¢q° 


210. 


By formula of regular polygon, 


a . 
=sin— and = tan 
2R n ar 
r 
— = cos— 
R n 
3 oi r 4 
n=3 gives —=-— 
. R 2 
4S ses r Hf 
n= ives —=—= 
- R 2 


Vp tq 


1 


| 


211. We know that, = =2R 
sin C 
> c=2R (i) 
C 
and tan — = A 
2° - S36 
r 
=> tan—= 
4 s-c 
r=s-—c 
at+b+c 
= = 
2 


=> at+b-c=2r 
On adding Eqs. (i) and (ii), we get 
2(r+ R)=a+t+b 


212. In ABAD, cos (90° — B) = — 


> AD =c sin B 
Similarly, BE =asin C 
and CF =bsin A 


Since, AD, BE and CF are in HP. 
So, csin B, asin C and b sin A are in HP. 


1 1 1 
> - - ,— - and 
sinC sin B sin A sin C 


sin B sin A 


are in AP. 
Hence, sin A, sin B andsin C are in AP. 
Alternate Method 


ar (SABC) == x BC AD 


1 
> aa eet 
2A 
> AD =— 
a 
Similarly, BE -= 


_ 2A 
c 
Since, AD, BE and CF are in HP. 


and CF 


1 1 1 
So, —, — and — are in HP. 
ab c 


Hence, a, b andc are in AP. 
-, sin A, sin B andsin C are in AP. 


[. C =90°] 


...(ii) 
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Session 1 


Inverse Trigonometric Functions, Inverse Function, 
Domain and Range of Inverse Trigonometric Functions 


Inverse Trigonometric 
Functions 


: . mum 1. su 1 =. 130 #1 
Consider; sin—=-, sin =—,si1n =_, 
6 2 6 2 6 2 
2, LIT il _. 117 tt . 71 1 
sin =-, sin =-, sin =-,... etc. 
6 2 6 2 6 2 


Now, if the question is ‘which is that angle or real 
ae eles 
number whose sine is —? 


Then there are infinite answers i.e. there is no unique 
answer. 


Thus, the problem is, if the trigonometrical equation is 


; : 1 
sin y = x, then for the given value of x =—, we have 
2 


7m 11m TM 5 137 
6” 6°66 6. 


y=.n, 


Le. 
for given value of x, we get infinite value of y. 
.. Correspondence from the set 
{x|xeR;-1<x <1} to the set 
{y|y€ R;sin y =x} is one to many correspondence 
.. It cannot be a function. 
{." one-many and many-many are not function.} 


However, if the question is “‘which is the numerically 


ote. Linss 
smallest angle or real number whose sine is —? 
2 
. 
Then the answer is —. 


ee . Ww. : 
This is one and only one answer i.e. — is the unique 
answer. 


F , mum 1. : 
In this case, the relation sin — =-— is also written as; 
6 2 


Mm . 4/1 _ (1 oe: 1 
—=sin’ "| —] or arcsin| —| {read as sine inverse —} 
6 2 2 2 
It must therefore, be noted that sin’ x is an angle and 
denotes the smallest numerical angle, whose sine is x. 


Similarly, cos! x and tan! x , denotes an angle or real 
number; ‘whose cosine is x’ and ‘whose tangent is x’, 
respectively, provided that the answer given are 
numerically smallest available. 


Note 
(i) sine =) but 28 ¢ sin (1/2) 
6 2 6 


(ii) If there are two angles, one positive and the other negative 
having same numerical value. Then, we shall take the positive 
value. 


e.g. cos 


and 


Inverse Function 


Definition If a function, say f is one to one and onto 
from A to B, then function g which associates each 
element y€ B to one and only one element x € A, such that 
y =f (x), then g is called the inverse function of f, 
denoted by x =g(y). 


Usually we denote g=f ' 
x= f(y) 


(Read as finverse) 


Remark 

lf y=f(x) and x =g(y) are two functions such that f{g(y)}=y and 
g {f(x)}=x then f and g are said to be inverse functions of each 
other. Before we start with the definitions of sin’! x,cos7'x , 

tan’! x, etc., let us study the following discussion which will help 
us to define these inverse functions. 


Domain and Range of Inverse 
Trigonometric Functions 


1. If sin y =x, then y=sin ' x, under certain conditions. 


y, 
+ (1, 2/2) 
Principal 
value branch 
of y=sin-1x 
Oo >X 
(-1, —n/2) 1 


—1Ssiny <1; but siny=x. 


-1sx<l 
Also, siny=-1 > y=-7/2 
and siny=1 > y=1/2 


Keeping in mind numerically smallest angles or real 
numbers, we have —1/2Sy<1/2 

These restrictions on the values of x and y make the 
function sin y = x, one-one and onto so that the 
inverse function exists, i.e. y = sin ' x is meaningful. 


Thus, Domain: x €[-1,1] 
Range: ye[-1/2,1/2] 


Note 
(i) We can restrict the values of y in any of the intervals 
[-31/2,-1/ 2], [-2/2, 2/2), (2/2, 30/2] etc. 
Corresponding to each such interval, we get a branch of 
the function y = sin’! x. The branch with range [-1/2, 2/2] 


is called the principal value branch, whereas other 
intervals as range give different branches of sin |. 

(ii) The numerically least angle is called the principal value 
of the function. 


2. Let cos y=x then y =cos ' x, under certain 
conditions 
—1sScosyS$1. 
-1sx<1 
Also, cosy=-1>y=m1 
and cosy=1>y=0 


Y, 
(1,2) + 
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Osy<um 
These restrictions on the values of x and y make the 
function cos y = x one-one and onto so that the 
inverse function exists ie. y = cos ' x is meaningful. 


Thus, Domain : x €[-1,1] 


Range : ye [0,7] 
3. If tany=x then y=tan ‘ x, under certain conditions. 
Y 
Pate ea etka ee et Stes 
y=tan'x 
>X 
‘VWeow2 * cil. eu * = 
tanyeR 
xER 
Also, —o<tany<o => -1/2<y<m/2 


These restrictions on x and y make the function, 
tan y = x one-one and onto so that the inverse 
function exists, ie. y = tan”! x is meaningful. 


Thus, Domain : x€ R, Range: y €(—1/2,7/2) 


4. If cot y =x, then y=cot | x, under certain conditions. 


cotyEeR .«. xER; 


Also, —e<coty<o=>0<y<t 


These restrictions on x and y make the function, 
cot y= x one-one and onto so that the inverse 
function exists. i.e. y=cot™' x is meaningful. 


Thus, Domain: xe R 
Range : y € (0,7) 
5. If sec y=x, then y=sec ' x, where |x| >land0<y<7, 


y4t/2 


Here, Domain : x € R— (—1,1) 
Range : y €[0,a]—{m /2} 
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6. If cosecy =x then y= cosec! x, (ii) 3rd quadrant is not used in inverse trigonometric functions. 


(iii) 4th quadrant is used in the clockwise direction i.e. — bees y <0. 
where |x|21and —m/2<y<m/2, y#0 2 


(iv) No inverse function is periodic. 
(v) If no branch of an inverse trigonometric function is mentioned, 
then it means the principal value branch of the function, 


Example 1 Find the value of 


1 1 
tan} cos (3) tan (- }| 
y = cosec"'x 2 f 3 | 


Here, Domain : x € R—(-1,1) Sol. Let y = tan cos(3) “4a (- Al 
Range: ye [—1/2,m/2]-{0} 2 3 
Principal Values and Domains of Inverse os inl = + [- | = tan( ae 
Trigonometric/Circular Functions l 3 6 | 6 3 
Function Domain Range (Principal Value Branch) [ anf “| 
-1 
i. yey Sissi. a, yet Example 2 Find the value of ae 3}. 6| 
2° 2 
(ii) y=cos'x -ISxS1 OSysn Sol. cor (8 
2 6 


(iii) y=tan''x xER 


“oS 5m 1 
= cs} + |= cox(n) = 1 
(iv) y=cosec ‘x ee Hase™ pag 6 6 
mere — : Example 3 Find domain of sin™'(2x* — 1) 
orx21 Tava Pe Sol. Let y =sin'(2x” — 1) 
(vi) y=cot !x xeER 0<y<n For y to be defined — 1< (2x —1)<1 
= 0522°52 = 06x" <1 

Note => xé[-11] 


(i) 1st quadrant is common to the range of all the inverse 
trigonometric functions. 


Exercise for Session 1 


Find the value of the following 
1. sin| = -sin-{ 3 
3 2 
2. cosec[sec(-— 2) + cot (- 1] 


Find the domain of the following 


3. y =sec'(x? + 3x +1) 


4. y =co8"| x? ) 


1+ x? 


5. y =tan'(./x? -1) 


Session 2 


Property | of Inverse Trigonometric Functions 


Property | 
(i) sin~* (sin) =6; for all@ € [—1 /2, 1/2] 
(ii) cos” (cos) =6; for all 0€ [0,70] 
(iii) tan” '(tan0) =; for all € (—2/2,/2) 
(iv) cosec '(cosec@) =6; for all@ €[—2 /2,2/2],040 
(v) sec”'(sec 0) =0; for all €[0,7],0#7/2 
(vi) cot” ' (cot) =6; for all 6 € (0,7) 
Proof We know that, if f: A— Bis a bijection, then 
f':B— A exists such that 


f' of (x) =f (f(x)) =x for all xe A 
Clearly, all these results are direct consequences of this 
property. 
Aliter For any 8€[—1 /2,7/2], let sin® = x. Then, 
@=sin ' x 
@=sin '(sin®@) 
Hence, sin '(sin®)=0 for allO €[—1 / 2,7 /2 ] 


Similarly, we can prove other results. 
Graphically they can be Shown As 


(i) y=sin ' (sinx),x€ Rye - “, a is periodic with 


period 27. 


(ii) y =cos | (cos x), x € R, y€[0, 7], is periodic with 
period 27. 


>X 


Mla 
Mla 


(iii) y =tan'(tanx),x ER {ec 1) ne i 


ye (- ., * | is periodic with period 7. 


AY 
x 
a 
& x ey, J vi 
Ss 1 s Qn 
ara aT o) Tr mt 4 
: 
2| 24 “ops 
f i Ln 
! vy 
_k 
2y 


(iv) y =sec ‘(sec x),x ER {en 1) * ne i. 


€ Io x U 2 el is periodic with period 27. 
y Pp Pp 
or Ae | 


AY 


en 


“2h — 3n - = 
2 2 


a 


(v) y =cot ' (cot x), x € R—{nm,ne€ I}, y€ (0,7), is 
y y 


periodic with period 7. 
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(vi) y =cosec ' (cosec x), 


[_« x] 


xeER Saad x4 


{0}, is periodic with 


period 27. 


Remark 
It should be noted that, 
sin’! (sin®) #6, if ¢€[—2/2,2/2]. Infact, we have 


n—O0, ifOeE[- 3n/ 2, 
0, if6e[-12/2, 2/2] 
n—-0, ifOE[n/ 2, 3n/ 2] 
—2n + 0, if OE [3n / 2, 52 / 2] and so on 

-O,if 6e[-—7,0] 

6,if BE[0,7] 

2n — O,if OE[z, 27] 

—2n+ 6,if OE[27, 30] and so on 
6+ nif6E(—3n/2,- 1/2) 

Bif Be(—1/2, 7/2) 
6-7,if 8-E(2/2, 3/2) 
0-27, if 8€(8n/2,5m/2) and so on 


nt / 2] 


sin '(sin@) = 
Similarly, cos7'(cos®) = 


tar’ '(tan®) = 


Example 4. Evaluate the following 
(i) sin”! (sina /4) (ii) cos! [cos 


(iii) tan"'(tan= (iv) sin7! (sin) 
(v) cos™ (cos) (vi) tan"'( tan 


Sol. Recall that sin '(sin®)=0, if —m/2<0<1/2 


cos ‘(cos@)=0, ifO<O0<7 


and tan ‘(tan@)=6, if —n/2<0<n/2 
2 ee 2m \ 27 

i) sin’ (sina/4 ak ii) cos| cos—— |=—— 
(i) ( ) a ) Pale 


(iii) tan” (tan 2/3)=1/3 


= 2m) 27 21 
iv) sin] sin“ |4— as — does not lie between — 11/2 
3 3 3 


and 1/2. 


Now, sn {sin 2 asi sin (m—1/3)) \: pen sh 


= sin “(sin 1/3) {." sin(7—0)=sin0} 


= 71) 71 71 
(v) cos {cos 7) a7, because — does not lie between 0 
6 6 6 


and 7. 


['.. cos(2-8) = cos0] 


-1 51 51 
= COS cos —_ |= — 
6 6 


‘ = 2m) 20 2m , 
(vi) tan {ton lack because — does not lie between 
3 3 3 


27 T 
et — Oo | te 


{. tan(m—0)=— tan0} 


[‘. tan(-0) = -tan0] 


Example 5. Evaluate the following 
(i) sin“! (sin7) (ii) sin~'(sin(-5)) 
(iii) cos”'(cos10) (iv) tan”'(tan(-6)) 


Sol. (i) Let y = sin”! (sin7) 


Note sin /(sin7)#7as7¢| — sl * 
22 


51 
21 <7 <— 
2 


>< 


; ay 
From the graph, we can see that if 2m < x < —, then 
2 


ee eae : 
y =sin (sin x) can be written as 


y=x-20 


sin | (sin7)=7 —2n 


Alternate Method 


We know that, sin” '(sin@)=0, if—1/2<0<1/2 


Here, 0 =7 radians which does not lie between — 7/2 and 


1/2. 


But, 22-7 and 7 — 27 both lie between is and ki 
2 


2 


Also, sin(7 -27)=sin(-(2m -7)) = -sin(2m -7) = sin7 


sin '(sin7)= sin '(sin (7—-2n)) = 7-27 


(ii) Here, 0 =—5 radians. Clearly, it does not lie between 


™ 


2 


Exercise for Session 2 


= 


2. Write the value ofsin“{ sin =| 


3. Find the value of sin“{oos #* | 


Tt T Tl 
and —. But 2m —5 lie between —— and —. 
2 2 


2 


2m 


Find the value of cos™{cos =) + sin“ {sin a 


3m 


5 


4. Find the value of cos~ ‘(cos 13). 
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Also, sin( 2m -5)=—sin5=sin(-5) 
sin ‘(sin(-5))=sin ‘(sin(2m—5))= 2m-5 
(iii) We know that, cos '(cos@)=8, if0<0 <7. 
Here, 0 =10 radians which does not lie between 0 and 
mt. However, (4-10) lies between 0 and 7 such that 
cos(4m—10)=cos 10 
cos (cos10)=cos ‘(cos(4m—10))=4m—10 
(iv) We know that, 
tan '(tan®)=0, if -—1/2<0<n/2. 


Here, 8 =—6 radians which does not lie between — 1/2 
and 1/2. But we find that 27 —6 lies between — 7/2 and 
m7 /2 such that 


tan(2m—6) =—tan6 =tan(—6) 
tan” ‘(tan(—6)) =tan ‘(tan(2m—6)) = 2m -6 


5. Find sin“ (sin 0), cos” ‘(cos 6), tan” ‘(tan 6), cot‘ (cot @) for 6 € (= 3r | 


Session 3 
Property II of Inverse Trigonometric Functions 


Property II 
(i) sin(sin™’ x) =x, 
(ii) cos(cos ' x) =x 


1 
x 


(iii) tan(tan” x) 
(iv) cosec(cosec' x) =x 
(v) sec(sec ’ x) =x, 


vi) cot(cot! x =, 
(vi) cot ( 


for all x €[-1,1] 

for all x €[-1,1] 

for allxeER 

for all x €(—-,- 1]U[1,) 
for all x €(—-e,-1]U [1,¢) 


forallxeER 


Proof We know that, if f: A— Bis a bijection, then 

f ':B— Aexists such that fof '(y)=f (f '(y))=y for all 
yeB. 

Clearly, all these results are direct consequences of this 
property. 

Aliter Let 9e[—7 /2,m/2]and x €[-1,1] such that 
sinO=x. 


Then, @=sin™' x *. x =sin0 =sin(sin | x) 
Hence, sin(sin' x) =x for all x €[—1,1] 


Similarly, we can prove other results. 
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(i) y =sin(sin’ x) =cos(cos ' x) =x, 


Graphically they can be Shown As iy 


x €[-1,1], ye[-11]} y is aperiodic 
>X 


>X 
- 3 
Example 6. Find the value of cosec fet{ cot : *\| 


Sol. Let y= cose cot{cor'*)] ...(i) 
(ii) y = tan(tan™' x) =cot(cot'x)=x,xE Rye Ryis - cot(edt x= x, V HER 

aperiodic 3m) 3n 
y ‘es cot | cot ~— |= — 
A» 4 4 

‘ = 3n = J2 

a Now, from Eq. (i), we get y = cosec 7a eo 2 

45° +X 
0 Example 7. Prove that 


sec (tan! 2)+cosec*(cot ' 3)=15 


Sol. sec’(tan'2) + cosec’(cot~'3) 


ii) ( -4 ) ( “4 ) = {1+ tan?(tan !2)}+ {1+ cot?(cot'3)} 
iii) y =cosec (cosec x) =sec(sec x) = x, 7 _ 
: lsaeeyi ‘odi = 1+(tan(tan~'2))? +1+(cot(cot”'3))? 
x|21,|y|21; y is aperiodic 7 ae 

=24+2°4+3°=15 


Exercise for Session 3 


Evaluate the following : 


1. cos [sn [sin =) 
2. sin |c0s [cos a 


3. sin?{ cos-'") +cos2{ sin-* 3} 
2 3 
tan?(sec"'2) + cot?(cosec”'3). 


Find the solutions of the equation cos(cos™' X) =cosec (cosec”'x ). 


Session 4 


Property Ill, IV and V of Inverse Trigonometric Functions 


Property III 
(i) sin™'(—x)=—sin™'(x), for all x €[-1,1] 

(ii) cos '(—x) =m —cos '(x), for all x €[-1,1] 

(iii) tan” (—x)=—tan™' x, forall xeR 

(iv) cosec'(—x) =—cosec ' x, for all x € (—-9,-1]U[1,~) 
(v) sec '(—x)=m-sec ' x, for all x €(—-9,-1]U[1,%) 


1 


(vi) cot '(—x)=n—cot ' x forallxeR 


Proof (i) Clearly, — x €[-1,1] for all x €[-1,1] 


Let sin '(-x)=0 ..-(i) 
Then, —x=sin0 
=> x =-sinO 
> x =sin(-0) 
=> -O=sin' x 
{x €[-1,1]and -9 €[-1/2,1/2] 
for allOE[-—1/2,1/2] 
=> @=-sin™ x .. (ii) 
From Eqs. (i) and (ii), we get 
sin | (- x) =-sin '(x) 
(ii) Clearly, - x €[- 1,1] for all x e€[-1,1] 
Let cos’ (- x) =0 ..-(i) 
Then, — x =cos0 
= x =-cos0 
> x =cos (mt -8) 
=> cos | x=n-0 
{.xe[-11]Jand 72 -—6€[0,7z ]for all € [0, 2]} 
=> @=n-cos x ... (ii) 


From Eqs. (i) and (ii), we get 
cos'(—x)=nm—cos' x 


Similarly, we can prove other results. 
Example 8. Find the value of cos”! {sin(—5)} 
Sol. Let y = cos | {sin(—5)} 
= cos’ '(—sin5) 


"cos ‘\(—x)=m—cos 'x,|x|<1 


y=m— cos ‘(sin5) 


=m — cos '4cos Te seed 
satel a Cae Q 


Tt 
Here, — 21 < | <-T 
2 


and the graph of cos ‘(cos x) is as 


, A 
cos” '(cos x) 


From the graph, we can see that if-2n<x<- 1, 


then y = cos ‘(cos x) can be written as y = x + 2m. 


.. From the graph 
cos" on{™ = sh = E = | +20 = & 7 | 
2 2 2 
Now, from Eq. (i), we get 
egy 5 
: 2 
Example 9. Evaluate the following 
Se we i oe | 
1) SIN sin | —— 
mane 
Sol. (i) sn (sn( J} al sn()| = sin“{ sin? 
4 4 4 
(so *)) in“{sin™ T 
=-sin | sin} t—— | |=-sin | sin— |=-— 
4 4 4 


(ii) cot” (cot (-4)) = cot” (-cot 4) = m- cot “(cot 4) 


(ii) cot~'(cot(-4)) 


= m-cot ‘(cot(t+(4—2))) 


= m-cot ‘(cot(4—m))=2n- 4 


Example 10. Evaluate the following 


teae) 
wine) 
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Sol. (i) sol © —sin* [- 3) = sal © +sin ! (3) 
2 2 2 2 


(mn 1 an V3 
=sin + =sin = 
2 6 


Property IV 


(i) sin! (=) =cosec 'x, for all x €(—-9,- 1]U[1,) 
x 


(ii) cos*( +] =sec' x, for all x €(—-,- 1]U[1,~) 
x 


23 4f1 cot ! x,for x >0 
(iii) tan} — |= 
x —m+cot ' x,for x <0 


Proof 
(i) Let cosec-'x =0 ..-(i) 
Then, x =cosec 0 
=> ea =sin® 
x 

sree Miune Seid) 

x 
cosec 1x =0 => 0E[-—12/2,n/2]-{0} 

=> o=sin{ 2) ...(ii) 

x 


From Eqs. (i) and (ii), we get 


if 1\_ -1 
sin | —]|=cosec x 
x 


(ii) Let sec’ x =0 ..-(i) 
Then, x € (—°,- 1]U[1,°¢) and 8 €[0, 7] — {1 /2} 


-1 
Now, sec x=0 


1 
= x=sec0 > —=cos0 
ee 


> o=cos"( +] 
["* =(—c,-1JU[ 1.) 
eet and6€[0, 7] {| 


(ii) 


From Eqs. (i) and (ii), we get 


cos | (2) =sec '(x) 


(iii) Let cot”! x =O. Clearly, xe R, x #0 and0@€ (0,7) ...(i) 
Now, two cases arises 
Case I When x >0 
In this case, 0 € (0,7 /2) 


cot! x=0 
> x =cotO 
il 
> —=tan0 
x 


(ii) 


@=tan! (=) 
x 


From Eqs. (i) and (ii), we get 


{.0.€ (0, = /2)} 


tan? ) =cot ! x, for all x >0. 


x 
Case II When x <0 
In this case, 8 €(1 /2,70) {." x =cot <0} 
Now, ® <9 <T 
2 
=> 2 <o-n<0 
2 
> 8 —mE(—7/2,0) 
cot | x=0 
=> x =cotO 
=> + yh 
x 

=> + ~~ tan(n—6) {. tan(m —6) =— tan ®} 

x 

1 
> —=tan(0-7T) 

x 
=> o-m=tan™| ) {.0—-—meE(—1 /2,0)} 

x 
-1{ 1 wie 
=> tan [=)=-" +60 ..-(iii) 
x 

From Eqs. (i) and (iii), we get 


-1{ 1 = . 
tan [Ha teot 1 x, if x <0 
x 


H t | "| cot’ x,for x>0 
ence, an | —|= 
x —m+cot x,for x<0 
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Example 11. Evaluate the following => @+cos | x=1/2 .. (ii) 
(i) sin cose a. >] (ii) cof tan” =| From Egg. (i) and (ii), we get 
5 3 3 sin’ x +cos' x ot 
Sol. (i) sin cosee™ = si sin a 2 
3 37 8 (ii) Let, tan™’ x =0 .. (i) 
(ii) ca tan! *) = ct eot” s) = 4 Then, Oe (-% /2,7 /2) fr xE Ri 
4 3 3 nt nT 
> -—<0<— 
es) 2 2 
Example 12. Find the value of tan; cot”! (=) - es 
3 => -—<-0<— 
2 2 
Sol. Let y = tan {r=} ..-(i) - 0 <6 aa 
“scot (—x)=m-cot 'x,xER 
1 
.. Eq. (i) can be written as = (= -0 € (0,7) 
= -1( 2 
y=tae {r- aor (| Now, tan”! x =0 
,== tan( cor?) = x=tan® 
3 > x =cot(m /2—-8) 
eeottty =tan2 st; 
“cot x=tan Pee ~ efligce a f+ /2-0€(0,n)} 
=— tan( ton?) =>y=- 2 ; 
’ 2) 2 > @+cot! xe ..-(ii) 


From Eqs. (i) and (ii), we get 


Property V 


tan”! x+cot > x=1/2 
(i) sin™’ x +cos ’ x =m /2, for all x €[-1,1] oi 
; : (iii) Let, sec” x =O .. (i) 
ii) tan x+cot x=7/2,forallxeER 
(ii) tan” x+cot x=7/2, for all xe Teta beanie eee nduiiey 
(iii) sec x +cosec tx =, for all x €(—99,-1]U [1 ~) => 0<O0<7,047/2 
2 > —1™ <-0<0,04n/2 
Proof ee —— 
(i) Let, sin! x =60 A (i) = 2 =| ar 2 040 
Then, OE[-1/2,n/2 -1,1 
en e[-1/2,n/2] f. x €[-1,1]} = T 4 ml malt oe 
> —-7/2<0<1/2 2 | 2 2 | 2 
= —n/2<5-O<1/2 Now, sec | x=0 
=> ost -O<n => *-0€10,n) > x =sec 0 
=> x =cosec (1 / 2-6) 
Now, sin’ x=0 => x=sin0 


cosec }x=1/2-0 


: vco( £1) ” eo 
; tG)b a} on 


2 
= = = 
- os ee > O+cosec 'x=1/2 (ii) 
{x €[-1,1]and (az /2-8) € [0,7 ]} From Eqs. (i) and (ii), we get 


-1 -1 
sec x+cosec x= /2 
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Example 13. Find the value of of . cos( cos?) oe 
5 


u ie 5 
sin(2cos-'x+sin| x) when X= 


Now, from Eq. (i), we get y = : 
Sol. Let y = sin [2cos | x +sin x] 
v3 


z 4 T ae 7 a 
sin} x + cosx = 7 a Example 14. Solve sin' x-cos' x =cos ae 
= sin] 2cos 'x + ie cos |x acl oo od v3 
y , Sol. We have, sin” x-cos x =cos — 
2 
TT = = ae = Tl : 
= sin] © + co x |= cos(cos x) => sin"! x-cos ae (i) 
2 
= = Tl Se 
eae Also, sin” x + cos! x = — ..-(ii) 
5 2 
é T 
y= cos os ) ... (i) On solving Eqs. (i) and (ii), we get sin ' x = 2 
5 
1 . iS PORE 
cos(cos x)= xifxe[-1,1] and cos x= 2 
1 
and —e[-11 3, . 
5 Pat] > x= v3 is the only solution. 
2 


Exercise for Session 4 


Evaluate the following 


NO = 
> a 
» 

a =| 
a 
QO fed) 
ok =) 

| 
| 
Als o> 
ae 
a 
‘ . 


6. \fsin"tx = > for some x € (-1,1), then find cos™" x. 


7. \fsec’' x =cosec’'y, then find the value of cos~' A eget 
x y 
/2,if x >0 
8. Prove that tant x + tan? =) 77" 
Xx —1/2,if x<0 


Solve the following 


9. 5tan-'x + 3cot'x =2n 


10. 4sin-'x =n-cos-'x 


Session 5 


Property VI, VII and VIII of Inverse Trigonometric Functions 


Property VI 


(i) tan”! x +tan! y 


=11 tan{ 2 lite>o,y>0 and xy>1 
xy 


-n+tan7| 77 fx <0,y<0and xy>1 
1-xy 


-1 -1 


=)n+tan?| 7» if x>0,y<0and xy<-1 
1+xy 


—n +tan7!| ~~ fx <0,y>0and xy<-1 
1+ xy 


Proof 
(i) Let tan”! x =A and tan ' y=B. Then, 
x =tan Aand y=tan Band A, Be(-—1/2,1/2) 
tanAt+tanB x+y 


tan(A+B)= = 
1-tanAtanB 1-xy 


Ai) 


Now, the following cases arises. 


Case IWhen x >0, y>0 and xy<1 


In this case, x>0,y>0Oand xy<1 > eke 
1-xy 
> tan(A+B)>0 
= A+B lies in I quadrant or in III quadrant. 
> 0<A+B<m/2 
“x >030<A<1/2 
la : eee 
y>030<B<m/2 | 
tan(A+B)=77¥ {from Eq. (i)} 
1-xy 


=> A+B=tan ae 
1-xy 


= as = + 
=> tan”! x+tan ' y=tan t| Bex 
1-xy 


Case IT When x <0, y<0 and xy <1. 
In this case; 


x <0, y<Oand xy<1 


= ANY 2 
1-xy 
> tan(A+B)<0 {from Eq. (i)} 


= A+B lies in II quadrant or in IV quadrant. 
=> A+B lies in IV quadrant. 
[+x <0=-m/2<A<0 


yom caniag| 
y<0=-1/2<B<0 | 


=> TE <AtB<0 
tan(A+B)=7_ from Eq. (i)} 
—xy 
=> A+B=tan' ae 
1-xy 
=> tan) x+tan™ y=tan”’ aes 
1-xy 
Case III When x >0 and y <0 or x <O0andy>0 
Consider, 
x>Oandy<0>A€E(0,7 /2) 
and Be(-7/2,0) 
> A+Be(-1/2,1/2) 
tan(A+B)=~7¥ from Eq. (i)} 
1- xy 
=> A+B=tan' ads 
1- xy 
> tan”! x + tan’ y=tan'! SY 
1- xy 


Similarly, if x <0 and y >0, we have 


7 = -1{ x+ 
tan) x +tan' y=tan”’ y : 
1-xy 
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It follows from above three cases that 


= Z + : 
tan’ x+tan y=tan' any ifxy <1 
1-xy 


Case IV x>0,y>0Oand xy>1. 
In this case, we have 


x>0,y>0and xy>1 


= FEV 26 
1-xy 
> tan(A+B)<0 


{fom Eg (i), tan(A+B)= sy} 
1-xy 


= A+B lies in II quadrant or in IV quadrant. 
= A+ Blies in II quadrant. 
{" x>0,y>0> A, BE (0,1 /2) 


=>A+BeE(0,7) 
> T/2<A+B<n 
=> To m<(A+B)—1<0 
=> —™/2<(A+B)-1 <0 
“. tan(A+B)= ee 
1-xy 
x+y 
=> —tan{m—-(A+B)}= 
1-xy 
{.: tan(m —(A+B)) =—tan(A+ B)} 
~ tan((A+B)-n)=2 7» 
1-xy 
=> A+B-n=tn( #2) 
1-xy 
> A+B=n+tan ety 
1-xy 
=> tan’ x+tan” y=n+tan’ facade 
1-xy 


Case V When x <0, y<0 and xy>1 
In this case, we have 


x <0, y<Oand xy >1 


= pane) 
1-—xy 
> tan(A+B)>0 


{fom Eq. (i), tan (A+ B)= 2 
1-xy 


= tan(A+B) lies either in I quadrant or III quadrant. 
{. x <0, y<05 A, Be(-1/2,0) > A+Be(-7,0)} 
= A+B lies in III quadrant. 


> -N<A+B<-T/2 
=> M-M<T+(A+B)<n-1/2 
=> 0<m1+(A+B)<1/2 
Now, tan(A+B)= aS {from Eq. (i)} 
1-xy 
= tan(n+(A+B))=~-» 
1-xy 
=> n+atpatn (242) 
—xy 
=> A+B=-n+tan a 
1-xy 
=> tan) x+tan) y=—-n+tan aie 
1-xy 


(ii) This property can be proved by replacing y by -y in 
above results. 


Remark 
If Xj, Xo) XqeX_ ER, then 


tar'x,t+tan'x,+...+tar'x, -tor| 5, - Sgt Ss... ) 


1-Sp +S, -S¢.. 
where, S, denotes the sum of the product of x,, X5,....X, taking k 
at atime. 


Example 15. Prove that 


(i) tan7 ls ae Sea 
7 13 
7 - =| 31 
(ii) tan” 2+tan” 3=— 
4 
(iii) tan7 Cen dant 
2 5 8 4 
(iv) tan7 ean a 
4 5 19 4 
(v) tan7 lean sea sen 
3 7 8 4 
f 1,1 | 
Sol. (i) LHS = tan™' —+ tan7' — = ae rT 4 
! al 
ih AS 


“ = a4 267 
fet "x+tan 'y=tan { y 
1-x 


= tan?! a =tan! Z =RHS. 
90 9 


(ii) tan712+ tan?3= 1 + tn [ 


2+3 


7 


P = = _ + 
using; tan'x+tany=n+tan!| 7” 
1-xy 
= m+tan '(-1) 
=1-1/4=30/4 
ta 1 11 = 
(iii) tan7’—+ tan™'—+tan™! 
2 8 
at gil au 
=| tan +tan +tan — 
2 5 8 
= tan} 2_9 +an-(? 
1-—xX— , 
2 5 
= = = + 
using; tan"'x+tan 'y=tan! anes 
1-xy 
-1{ 7 -i{ 1 
= tan ‘| —|+tan || — 
9 8 
71 
9.8 -1{ 65 = 
= tan | 2 8 |=tan7? =tan /(1)= 
71 65 
ta ee 
9 8 
13 13 -; 8 
(iv) tan7’—+tan7=-tan™! 


je xy> ; 


} if syst} 


1-——x 
4 5 
27. 8 
_4( 27 if 8 al 47.19 
= tan! tan ( )= ton ‘ . = 
11 19 wi y® 
11 19 


Lol 1 1 
=> tan! af +tan? 38 
1 1 1 
1-—x— 1-—x-— 
a 7 3 8 
if 6 -1{ 11 
=> tan | — |+tan |} — 
17 23 
6 11 
al o17 93 _1f 325 = T 
> tan | 17 23 |~ tan! =tan /(1)= 
i= 6 ag 25 
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Example 16. Prove that 


_, yZ _, 2X Xy 
tan 1 tan V+ tan (a where 
xr yr zr 2 


x*+y*4+77 =17 


Sol. We know that, 


tan'x,+tan x, +tan'x,+...+tan x, 


—tan=t{ S17 Ss + 
(5, AG jak 
where, S; denotes the sum of the product of x,, x2, .... X, 
taking k at a time. Therefore, 


LHS = tan( 2) + tan( =] + tan) 
xr yr zr 


YE x2 XY _ xe 


-1| Xr yr 2r r : 


; x+y? +2? 
= if 


p[ Baz e 2) 
1 


Zr xr oyr r? 


= tan B 

x ty? tz*)-(x? ty? 42? 
y y 

where r?=x?+y? +z? 


= tan™'()=" =LHS 


Example 17. Show that (tan“'1+tan'2+tan'3)=7 
Sol. tan T2etana=netan( 223. | {as (2) (3) >1} 
1-2x3 


= m+tan '(-1)= m-tan ‘(1) (i) 
tan '(1)+ tan'(2)+ tan“ '(3)=tan'(1)+—tan (1) 
{using Eq. (i)} 
=1 


Example 18. Solve for x; 
tan7'(x+1)+ tan x+tan'(x—1)=tan!' 3 


Sol. tan” '(x +1)+ tan '(x -1)=tan’'3-tan ‘x 


a +1+x-1 if 3- 
= tan? is = =tan! = | when x? -1<1 
1—(x+1)(x-1) 1+3x 
and 3x<1 
ail 32% 4{ 3-x 
=> tan =tan | when - J2<x</2 
2-x? 1+3x 
and x<- 
3 
2 3- 
> = , When J2<x< 
2Q—-x? 14+3x 
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1 = 
=> 2x(1+3x)=(2—x*)(3—x), when —V2<x<_ = tan! a! =tan‘(1)-tan”' aa! 
3 x-2 x+2 
Pepe By 
=> 2x +6xX° =6-2x—-3x° +x {where, tan (1)=7/4} 
=> x°-9x?-4x+6=0 fet 
1- 
1 = 
=>  (x+1)(x?-10x+6)=0, when —V2<x<- = tan | ~ =tan7 x+2 
3 x-2 1 xt+1 
> x=—1and neglecting x” —10x +6=0as its roots does e x+2 
1 
note{—V2.") 4{x-1 1{x+2-x-1 
> tan = tan 
Ae x=-1 x-2 x+2+x+1 
Example 19. Find the sum of the series ay Pog fecaaiied Ped (Pe 
oo x-2 2x +3 
= 2m 
2 | x-1_ 1 
iE m°'+m*+2 = —— = 
x-2 2x+3 
— 2 =(xy— 
Sol. We have, ¥' tan (a) => (2x + 3) (x - 1) =(x - 2) 
m=l mo+m' +2 => 2x? -2x +3x-3=(x -2) 
co 2 2 
= Sian? (m!_+m+1)—(m_—-m+1) > ax? +x-3=x-2 3 2x? =1 
m=1 1+{(m? +1)’—m?} 1 
a 5 5 => x=t— 
_ ¥ tan (m° +m+1)—(m* —m+1) 2 
m=1 1+(m* +1+m)(m’ +1—m) (ii) tan™! 2x + tan '3x =1/4 
= Stan“ \(m? +m+1)—tan'(m? —m+1) = tan! 2x + 3x = ag if6x2 <1 
= 1-6x? 
= ftan”1(3) — tan ‘(1)} + {tan 71(7) - tan/(3)} 5x 
> =1 
+ ftan 1(13)-tan '(7)}+... +00 1-6x? 
7 7 ~ nm 1 { 
= tan 'oo—tan7}1=—-—=— => 6x? +5x-1=0, if x? <- 
24 4 é 
=] =| 1 1 
Example 20. If tan’ 2, tan 3 are two angles of a = (6x — 1)(x +1) aie SS 
triangle. Then, find the third angle. ; ; 
Sol. Let the angle of A be, => x =1/6,-land <x< 
v6 v6 


A=tan '2, B=tan'3 and angle C ; 
=> x =1/6, neglecting 
C=n-(tan '2+tan 3) 


| =) n Property VII 


=m-—m-tan ‘(-1) = —tan'(-1) or C=— 
4 


(1) sin” x +sin' y 
.. third angle is 1/4 


: 1 2 2,4 
F ; 1-y* +yy1- Jif -1<x,y<1and 
Example 21. Solve the following equations ” (x = v| ee ee 


(i) tan” a +tan aa x’ +y? <1or if xy<Oand x? +y’ >1 
x-2 x42 4 — . roe 
_}m—sin {x1-y ty y1—x Lif0<x,y<1 
(ii) tan” 2x+tan"!3x=7 eatigies 
Sol. (i) to 22 ta = ot —T ~sin“ {xJ1-y? +yJ1—x? }if -~1<x,y<0 
_ mend and x? +y?>1 


(2) sin" x -sin™' y 


sin! {x 1 y° yv1 x*},if-1<x,y<1 


and x* +y* <1lorif xy>0and x* +y*?>1 


Tl ~sin {xJ1-y’ ~yv1- x" }if 0<x <1, 


—1<y<0and x*+y’>1 


—n—sin™ {x1 y? yy1 x" }.if -1<x <0, 


0<y<landx’+y’>1 
Proof Let, sin"! x =A and sin” y =B. Then, 
x =sin A, y=sin Band A, Be[-1/2,1/2] 


=> cos A=.J1—x?, cos B=1-y’ 


{.. cos A,cos B20 for A, Be[-—1/2,n/2]} 
sin(A+B)=sin Acos B+cos Asin B 


= sin(A+B)=xy1—y? +yy1—x° (i) 
sin(A-B)=xJ1-y?-yyl-x? (ii) 
cos(A+B)=y1—x2J1-y? —xy iii) 
cos(A-B)=J1-x? y1-y? +xy _...fiv) 


Case I When -1< x, y<1andx* +y’ <1 


In this case, we have 


x+y? <1 > 1-x’ Zy’ andi-y’ =x’ 


> (1-x?)(1—y’) > x?y? 

> yi-x? J1—y? -xy 20 

=> cos(A + B) =0 {using Eq. (iii)} 

= A+ Blies either in I quadrant or in IV quadrant. 
[= | 


Se aa 


{4be|-2,2]>-nsarssa} 
| 22] 


sin(A + B) =xJ1-y? +y1- x? 
{from Eq. (i)} 
=> A+B=sin“{xJ1-y’ $y") 


{w-1m/2SA+B<1/2} 


= sin’ x+sin™ y=sin™ fxa/1 -y' + yy1 —x"} 
Case II When xy <0 and x? +y? >1, 


In this case, we have 


xy <0=> (x >0and y <0) or (x <0 and y >0) 
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=> {Ae fo | and Be [-2.0]| or Ae 5.0) 


and pe(at|| = steaupe™. 2c) 
2 | 2 2 

and x+y? >1 

=>1-x? <y’ andi-y’ <x’ 

=> (1-x?)(-y?) <x? y? 

~ (J1— x? fi-y?)? <(xyl)? fe xy <0} 

-|xy|<vi- x? J1-y? <jxy| 
=> xy <i-x?J1-y? <-xy {. xy <0} 


=> Jl-x*VJl-y? -xy>0 {-.|xy|=—- xy} 


> cos(A + B) >0 

= A+ Blies either in I quadrant or in IV quadrant. 
[ nm | 

> A+Be;-—,— using Eq. (v 
ec {using Eq. (v)} 


sin(A + B) = xi-y +y1- x 


=> A+ Basin“ {xJ1-y’ +y1-x?} 


2 [x 7] 
adil sal 


=> sin x+tsin'y =sin"{xJ1-y’ +yV1—x?} 
Case III When 0 < x, yS1and x* +y’ >1. 


In this case, we have 


venysiaae(oe| and Be (0,5) 


> A+Be(0,1] ...(vi) 
and, x? +y? >131-x? <y’ andi-y’ <x’ 
=> (l-x")\(1-y”)<x’y? 


{. xy > 0} 


=> yl—x?J1-y? <xy 
=> yl-—x?J1-y? -xy <0 


=> cos(A + B) <0 {using Eq. (iii)} 


=> (A + B) lies either in II quadrant or in III quadrant. 


= SSAtBSK {A+ Be (0, ] from Eq. (vi)} 


= “RS -(A+B)S-=90 Sm —(A4 B)S— 


sin(A + B) = x1 — y? + yy —x? {from Eq. (i)} 
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=> sinft -(A+ B)}=xJ1-y’ +yy1—x? 
{. sin(7 — 6) = sin ®} 
> n—-(A+B) =sin{xJ1-y’ +yV1—x?} 


=> A+B=n-sin{xJ1-y’ +y1—x?} 


=>sin'x+sin y=n ~sin"{xJ1-y’ +yJ1—x?} 
Case IV When -1< x,y <Oand x’ +y’ >1 


In this case, we have 


“1sxy<0=Ae|—.0) and Be|-7.0] 
[ 


> A+Be[-n,0) .. (vii) 
and x+y? >1>1-x'? <y’ 
and 1-y? <x? => (1-x”)(l-y”) <x’ y’ 
=> ji—x? Ji-y? <xy {. xy > 0} 
=> ji-x? yi-y? - xy <0 
> cos(A + B) <0 {using Eq. (iii)} 
= A+ Blies either in II quadrant or in III quadrant. 
= “RSA+BS-7 fusing Eq. (vii)} 
=> <-(A+B)Sn 
=> -T S-m—(A+B) <0 

sin(A + B)=xJ1—-y” +yJ1— x? 
=> -sin{t +(A+B)}=xJ1-y +y1—x? 
> sinf -m -(A+ B)}=xy1- + yyi- x? 
=> ~m—(A+B) =sin 7 {x1 y? +y1—x?} 
=> A+B=-n-sin“{xJ1-y? +yJ1—x?} 


=sin™ x +sin™' y=-n-sin '{xJ1-y’ - 
t+yy1-x*} 


(2) Do yourself. 


Property VIII 


(1) cos"! x +cos' y 


cos {xy —1-x? 1-y’},if-1<-x, 


y <landx+y20 


- |2n —cos ‘{xy —y1-x*V1-y’},if-1< x, 
| 


ysiandx+y<0 


(2) cos" x —cos' y 


sce Gea x? J1—y?}, if -1< x, 


ysilandx<y 


: |-cos {xy +1-x? y1-y’},if-1<y <0, 
| 


0<x<landx2y 


Proof (1) Letcos | x = Aandcos ' y = B. Then, 
x =cos A, y =cos Band A, Be [0,7] 


=> sinA=.J1-x* andsinB=41-y’ 


{. sin A, sin B =>0 for A, BE [0, 1]} 


cos(A + B)=xy —1-x?J1-y’ ...(i) 
cos(A — B)=xy +1-x?J1-y’ ..- (ii) 


Case IWhen -1< x, y<landx+y20 

In this case, 
-1<x,y<1>A,Be[0,7] 

=> 0O<SA+BS20 
x+y20 

cos A+cos B20 
cos A2—cos B 


=> 
=> 
> cos A >cos(t — B) 
=> 
=> 


...(iii) 


and 


A<n-—B {.'cos@ is decreasing on [0, 1]} 
A+Bé<n ...(iv) 
From Eqs. (iii) and (iv), we get 


O<A+BS0 


cos(A+ B)=xy—J1-x’J1-y’ 
=> A+B=cos {xy —J1-—x?J1-y?} 
=> cos |x +cos ' y=cos ‘{xy—J1-x?J1-y"} 


Case IT When -1< x,y<landx+y<0 


In this case, 
-1<x,y<1>A,Be[0,7] 


> O0SA+BS20 

and x+y <0=cosA+cosB<0 .(v) 
=> cos A<—cos B 

> cos A <cos(t — B) 

> A2n-—B 


{."cos@ is decreasing on [0, 1]} 


> A+Be2nu ...(vi) 
From Eggs. (v) and (vi), we get 7S A+B<2n 
> —™ =>-(A+B)>-2n 


ul 


™ 22m -(A+B)20 
0<2n -(A+B)<um 


cos(A+B)=xy-y1-x? Ji-y? 
=> cos(2n —(A+ B)}=xy —J1—x? iy? 
=> an -(A+B)=cos {xy —J1— x? V1-y"} 
=> A+B=2n—cos” {xy —J1—x? y1-y?} 
=> cos"! x + cos! y =2m — cos {xy —f1- x? J1-y"} 
(2) Do yourself. 


Example 22. if cos~! ~+cos~' = a, then show 
a 


x 2x : 
ee ee ne = sin’ a 
ab ab 


Sol. We have, cos! (=) +cos () =O 


a 
ee x? 2 
> cos x 1 1 an a 
a b a b? 
¥ x? 2 
=> y 1 1 se cosa 
ab a b? 
xy 2 x? y xy? 
=> —-cosa] =1 + 
[= a b? ab? 
2.2 2 2 a) 
2 a 
=> cos’ + = se de = ~ y +2 ¥ 
ab ab a b ab 
x? 2 2x 
=> + y Y cosa =sin’o 


Example 23. If cos 'A+cos 'w+cos | y =3n, then 
find the value of Au + uy + YA. 
Sol. We know, 0< cos 'x <1 
Hence, from the question, 
cos 'A=1, cos w=7,cos 'y=7 
A=yN=y=-1 
{cos ‘A + cos ‘t+ cos 'y = 37 only when 
each value attains its maximum} 


—) Au + uy + yA =3 
2n 
Example 24. If © cos”! x; =0, then find the value 
j= 


2n 
Of Xx). 
i=1 


Sol. We know, 0< cos} x <7. 


-1 -1 -1 -1 
“COS X,,COS Xy,COS X3,...,COS Xy, are +ve 
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and hence their sum is zero only when each value is zero. 


ie. cos ' x; = 0 for alli. 

> x; =1for alli (i) 
2n 

Now, XX, =X, +X, +X, 4+...4+ Xp, 


i=1 
={1+14+1...+1}=2n 
eee 


2n times 


{using Eq. (i)} 


2n 
Example 25. If > sin"' x; =n7, then find the value 
i=1 
2n 
OF 2 Xs 
r=] 
Sol. We know, - <sin ix< A 
Hence, from the question, each value sin! Xi sin? Kips 


es! | : lt Tl 
sin X,...,8iN  X,, is equal to - 
‘ Sod Tl . s 
Le. sin x; =—foralli => x, =1foralli 
2 


Now, De Mp Hy Py he by, SHA A a =n 


2n times 


one he ad 3m 
Example 26. If sin”! x+sin' y+sin‘z =e then 
Ge +y 
Co 


Ne +y 


so cal ef. y 


—) 
find the value of = 


By 404 ) 


eo ee ice 30 
Sol. We have, sin’'x + sin 'y +sin ‘z= — 
2 


= Tl 
As we know that, sin" x < — for all x € [-1,1] 
2 


Hence, above result is possible only when 


sin !x = 


,sin ly =—, sin!z= 
> ySLy=H=Le=1 (i) 
(x oe yt) (x? ae yr") 


(x38 + yr? (x a yo") 


7 (x! + yl) (4020? aa | (y + Z)01)( 202 + 720?) 

ie? 46 nt (x04 4 yi) Ge 4 7303 \(vy4%4 + z04) 

(2 ne xh) (2202 + x22) 

Cau + gg 4 at) 
(+1041), +10 +1) 


(1+1)(1+1) (14+1)(1+1) 


{expanding summation} 


(1+ 1)(1 + 1) 
(1+ 1)(1 +1) 


{using Eq. (i)} 


=1+1+1=3 
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Example 27. If cos"! x+cos"'y+cos"'z=T7, prove 
that x* + y*+z7+2xyz=1. 


Sol. Here, 


Yuu tL dv 


cos 'x+cos 'y+cos ‘z= 
cos |x + cos 'y=1-—cos ‘z 
cos"! x + cosy = cos ‘(—z) 
cos '(—x) = 1 — cos! x} 
cos {xy — «{1— x? 4/1 — y?} = cos”"(—z) 
xy— 1 ae 4" =-Z 
(xy +2)? =(1- x?)(1- y?) 
xy? +2" + 2xyz=1- x? — y? + x*y? 


x? ty? +27 + Qxyz=1 


Example 28. Find the sum of infinite series 


s =sin"[ +} sin~ [= +sin 


(v2-1) . {V3 -v2 
2/3 


ai) A=), 


Exercise for Session 5 


i. Seow in a 
5 17 85 
2. Evaluate sin’ Se sige esinte 
5 65 


3. Iftan-14 + tan-15 =cot™'A, then find ‘2’. 


_ aol dnt 
Sol. Let, T,, = sin aoe 


=sin 
Nn n+1 ain +1 n 


1 


=> T, =sin- 


, a. 
S- 
ae 
n 
Ai 
— 
= bh 
+ 
= 
Wier 


spot theta 


4. Prove that cos" (Z(t cos 2x)+ \(sin? x —48cos2 x) sin x) = x —cos~‘(7cos x), where x € c =} 


Solve the following 


5. sin7 al +sin™ oe sin"! x 
3 3 


6. sin’tx +sin-12x = = 


Session 6 
Property IX of Inverse Trigonometric Functions 


Property IX 
-1 a8 
(i) For0 <x <1, = sec {.@=sin~ x} 
1-x 
sin! x =cos | ¥1—x” =tan”? : sin® sin® 
1-x? Again, tan0 = = 
cos 1—sin’ 0 
2 
4 lox = 1 
=cot =sec | > tan§9 = 
- loo 1-x? 
= -1{ 1 - 
=cosec = = i 4a5e 
1-x? 
(ii) For0< x <1, 
; c 1 =1 | 
7 —Xx = O- 
cos x=sin” 1-—x° =tan | = SEL = san | {-0=sin ~ x} 
x 1-x 
| 2 
= z Lx 
_ -1 _ -1 = sin x=tan! =cot! 
=cot = sec — , 2 4 
2 x _— 
=x 
-1 {1 
1 {tan x=cot —for x >0} 
=cosec ” x 
1-x" Hence, 


= = = 1 
bas = — x _ i SE 1 oe 1 
(iii) For x > 0, tan™’ x =sin™’| ——— | =cos™*] ——— sin “x =cos  y1— x" =sec | 
ite” 1+x? 


-i{ 1 app] 
=cot (=) -s%e ‘ 1+x”) “| s | 
1-x? 


x 
lt x? 
-cone| * { =a 
x =cot 
x 
Proof / 
-1 
(i) Let, sin"! x =@. Then x =sin® = COsec (=) 
Now, cos0 = y1— sin’ 0 Similarly, the other results can be proved. 
= cos@ =1— x" Example 29. Evaluate the following 
=> @=cos | 1— x? (i) sin{ tan” Al (ii) sin{ cos ;] 


=> sin x=cos'J1-x . 43 —— 4 
(iii) cos{ tan i] (iv) sin(cot™ x) 
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=43 _ = 2 
Sol. (i) Let y= sin{tan 3) ..-(i) 3 v5 (3 v5) 
4 3-45 4 
Note 0. JG ig 7 
To find y we use sin(sin.' x)= x,-1,< x <1 tan 2 3 ..- (iii) 
: os eee 
For this we convert tan” x insin ~~ x nt 6 7 
OE | 0, >—-—€E]0, 
lB) 4 3/4 (3 
Here, tan ri = sin ; = sin = 
J1+@/4) tans 0 


Now, from Eq. (i), we get 
- " So, from Eq. (iii), we get 
y =sin| sin — 


or 0 2 - 4) 
tan—= 
3 2 2 
_ 5 Now, from Eq. (ii), we get 
2 
ee ee an) ee y=(32u5 
(ii) cos —=sin™ ,/1-|—] =sin “— 2 
5 5 5 
Pee ee 
sin| cos"’—] = sin| sin’ |= — Example 31. Find the value of 
= — 1 
cos (2cos~' x+sin~' x) when x = = 
(3 , 1 4 Sol. Let y = cos[2cos"'x + sin”! x] 
(iii) tan = cos” = cos” e 
4 3)" 5 a sin'x + cos'x =—,|x|<1 
1=|— 2 
4 T 
= -1 -1 
y= cos] 200s x +—-— cos x] 
cos | tan — |= cos} cos — |= — i 
5 5 = cos + cox] = — sin(cos x) 


] 
“i 1/x = 4 


= if 1 
(iv) Let, cot! x = tan ( 
x 


) fe y=- sin[ cos! ;] 
5 


4 1 
=sin 
te +1 


mer) 
=> y = sin} sin ~,/1-} — 
ts al chee 4 1 5 
sin(cot’ x)= ss : ] = ; 
Vx? 41 jitx nfs Joa 
= -sin| sin as oe 
. 15 
Example 30. Find the value of tan cos | 
2 3 Example 32. Ifsin' x+sin yt sin |Z=T, prove 
4 4 4 2e2eoe Pe 2,2 Lge 
ee bet y= nl} cos") @ that x* + y" +z" +4x*y*z? =2(x*y*+y°z*>+Z°x*) 
4 ? Sol. We have 
=> in ‘x+sin y+t+sin z=" 
Let cos’ v5 =0>0O0e [0 4 and cos0 = v5 ie pee eee 
3 2 3 => sin'x+sin'y=n-sin ‘z 
.’.Eq. (i) becomes > cos(sin™ x + sin"! y) = cos(m — sin 'z) 
y= tan? .. (ii) = cos(sin’ x).cos(sin~'y) — sin(sin~' x).sin(sin“' y) 


= —cos(sin ‘z) 


V1 x7 afl y? xy = 1-2? 


{+ cos(sin™! x) = cos{ cos" 1 = x? } = a — x7} 


l 


tan 


5 
20 _1-cosd_ 13 
2 1+cos0 5 
1405 

3 
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> 1-x? J1—y? =xy-v1-2’ => (x? +y? =27) =4x7y"(1 - 2”) 


=> xi + y* +24 — 2x72? - 2y°2" + 2x*y? 


> (1—x?)(1—y?) = x?y? 41-2? —2xyVJ1 - 2? 
Gj P Ds je B29 28 
{squaring both sides} =axy =~ ax ye 
ay 1— xt y? 4 xy? = x4y? 41-27 ~ axyy1—2? = xi tyttzt + 4x°%y?z? = 2(x?y? + yz? + z?x”) 
=> x+y? —2z? =2xy 1-2" 


Exercise for Session 6 


Evaluate the following : 


ai 
“A, 


1. tan cose 


2. sec [cot 5 
63 


. sin? tan” ;| 
4 


. sin soot{ =] 
2 4 
Show that cot sin-* [13 = sin tant 
Af 3 


Session 7 


Property X, XI, XII and XIII of Inverse Trigonometric Functions 


ie) 


NN 


ao 


Property X => cos0=1-x’ £cos0>0 forOe -%. a) 


if 
[ sin (2x1 —x?), a2: 2 “e sin20 =2sin0cos0 
rece! % -sin”'(2x./1=x"), if <xs1 “ sin20 =2x,/1—x° ...(i) 
|x =sin “(2x4/1=— x"), 


1 1 
f@uie een Case I When ——~ < x < — 
2 oS 
sin '(3x —4x°*) if--<x<- Boge ey Bees << 
2 2 V2 v2 2 2 4 4 
ee oe sgl 
(ii) 3sin™! x =47 —sin™'(3x — 4x3), ines! = a epee” 
1 2 2 
—m —sin™'(3x —4x*),if-1<x<-= 
1 1 
2 Also, -—= <x <—— 


2 
Proof 
| 2 
(i) Let sin™' x =0. Then, x =sin® = teeny lee St 
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sin20 =2x1— x? 
=> 20 =sin'(2x.J1- x”) 
> 2sin™ x =sin™'(2x4/1- x?) 


Case IIT When as <x<l 


2 


— pennies.” as 0<n-20<" 
2 


2 


1 
ae ac => 0<2x,/1-x? <1 
2 


sin20 =2x1— x’ 
sin(t —20) =2x1— x” 
nm —20=sin | (2xJ1—x’) 
m —2sin™ x =sin 1(2x/1- x”) 
2sin™ x =m —sin | (2x/1- x’) 


Case III When -1< x <— 7 
2 


=> 
=> 
=> 
=> 


ra 


1<x< =>-1<sin0 < -— 
2 
=> Dp.” ay ogepg ea” 
2 4 2 
> 0<n+20<— 
2 


1 
Also, re ee <0 


2 
sin20 =2x1- x’ 
—sin(a +20) =2x./1- x’ 
sin(—t — 20) =2x-J/1- x” 
- 7 -20=sin* (ax,/1- x?) 
— —2sin’ x =sin™!(2x,/1- x”) 


Y uuu 


{from Eq. (i)} 


{from Eq. (i)} 


{from Eq. (i)} 


2sin' x =—1 —sin'(2x./1- x’) 


(ii) Let, sin”' x =@. Then, x =sin0 


sin30 =3sin0 — 4sin° 0 
=> sin30 =3x —4x° 


Cavin See 
2 


1 1 
oper einieo Se Zoe” 
2 2 2 6 6 
=> af 2a96 
2 2 
1 1 j 
Also, <x<-—->-1<3x-4x" <1 
2 2 
sin30 =3x —4x° 
=> 30 =sin ‘(3x —4x°*) 
> 3sin’ x =sin 1(3x —4x°) 


Case II When . <x<1 
2 


1 1 . 
—<x<1>-<sinO<1 


2 2 
T T 
> —<8<— 
6 2 
=> A eget 
2 2 
> am 2 30< = 
2 2 
> cn 30<" 
2 2 


Also, <x S1=9-1S3x ~4x° <1 
sin30 =(3x —4x*) 

=> sin(n —30) =(3x — 4x?) 

=> m —30=sin ‘(3x —4x°) 

> m—3sin’ x =sin 1(3x —4x°) 

=> 3sin) x=n-sin ‘(3x —4x°) 


Case IIIT When -1< x <- . 
2 


1 
-1Sx<-— 
2 
. 1 
= —1<sin0<-— 
2 
Tl 
=> re 
2 6 


> ae ee 
2 2 


> i én+30<% 
2 2 

Also, -1< x < ts 1<3x-4x? <1 

sin30 =3x —4x? 

=> —sin(n +30) =3x —4x° 
{sin( +30) =— sin3 6} 

=> sin(—t — 30) =3x —4x° 

=> —m —30 =sin™' (3x — 4x?) 

> —m —3sin™' x =sin™'(3x —4x°) 

=> 3sin") x =—n-sin'(3x —4x*) 


Property 


(i) 2cos* x 


(ii) 3cos | x 


Proof 


(1) Let cos"! 


Xl 


cos '(2x? —1); if0<x<1 
2n—cos ‘(2x -1); if-—1<x <0 


= spell 
cos (4x? -3x), if-<x<1 
2 
er ae | 1 
={ 2m-cos (4x° —3x),if--<x< 
2 2 


2n +cos'(4x* —3x), if-1<x<- 


x =0. Then x =cos0 


cos20 =2cos? 0 —1=2x" -1 
Case I When0<x <1 


=> 


=> 
Also, 0 < 


=> 


=> 


a 


0<cos8<1 > 0<0<— 


iw) 


0<20<n 
x <1 -1<2x*-1<1 
cos20 =2x? -1 
20 =cos | (2x? —1) 


2cos ' x =cos '(2x? —1) 


Case IIT When -1< x <0 


=> 


=> 
=> 


-1<x<0=>-1<cos8 <0 
T<o<n >1 <20<2n 
2 

—2n <-20<-7 
0<2n-20<T7 


Also, -1<x <0 = -1<2x* -1<1 


cos20 = (2x? —1) 


1 
2 
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=> cos(2m — 20) =2x? -1 

=> 2m —20=cos '(2x? —1) 
=> 2m —2cos' x =cos ‘(2x7 —1) 
= 2cos’ x=2n—cos ‘(2x7 -1) 

(ii) Let cos" x =0. Then, x =cos0 


cos30 = 4cos*? 0 —3cos0 


> cos30 =4x? —3x 


Case I Whei=<x<i 
2 


1 1 
—<x<1 => —<cos@<1 
2 2 
=> o<e<™ 
3 
> 0<30<7 
1 
Also, -<x<1 => -1<4x°-3x<1 
2 
cos30 = 4x? —3x 
=> 30=cos (4x* —3x) 
=> 3cos-' x =cos'(4x* —3x) 
1 if 
Case II When —— < x <— 
2 2 
aeeges 
2 2 
=> Seago = 
2 2 
> Lege” 
3 s) 
=> T™<30<2n 
=> —2n <-30<-T 
=> 0<2m-30<7 
cos30 = 4x? —3x 
=> cos(2m —30) =4x* —3x 
=> 2n —30=cos '(4x* —3x) 
=> 30 =2n —cos '(4x* —3x) 
> 3cos | x =2m—cos '(4x* —3x) 


Case III When -1< x <- z 
2 


1 1 
1<x< =>-1<cos0<--— 
2 2 
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= 2m < 30 <3 
=> —3m <-30<-2n 
> —1 <2m —30<0 
> 0<30-2n <7 
cos30 =4x* —3x 
=> cos(2m — 30) =4x* —3x 
=> cos(30 — 2m) = 4x* —3x 
=> 30 —2n =cos '(4x° —3x) 
=> 30 =2n +cos '(4x* —3x) 
=> 3cos | x =2m +cos (4x? —3x) 


Property XIl 


= 2 é 
tan ( = } if-1l<x <1 


: = = 2 : 
(ata eae +tan | e } ifx>1 


es 2 : 
canal * } ifx<-1 


: = _{3x—-x? |. 
(ii) 3tan’ x =4 m+tan (=} if x >— 


1-3x? a 
2 1 
—m+tan! 3x x? |, if x<-—— 
(=3%" | v3 
Proof 
(i) Let tan”! x =0. Then, x = tanO 
tan 20 = Pe 
1- tan“0 
or tan20 = = 
1-x? 


Case IWhen -1< x <1 
-1<x<1> -l1<tan0<1 


Tt Tt Tt Tt 
> <80<—> -—<20< 
4 4 2 2 


2 
tan20 = ad 


1-x? 


=> 20 =a [ as ) 


1-x? 


= = 2x 
=> 2tan !x = tan! ; 
= x 


Case II When x > 1 
x>1 > tanO>1 


T T 
=> *s0s— S95205— 
2 4 2 
T 
> —-1 <—-20 <-— 
2 
T 
> 0<m-20<— 
2 
T 
> -—<-71+20<0 
2 
2 
tan20 = = 
1% 
2 
> tan(7 — 20) = = 
=X 
2 
> tan(—7 + 20) = = 
1—x 
—* —-m +20 =tan! 5 
1-x 
> 20=n+ tan’ = 
=x 
4 -4{ 2x 
=> 2tan x=7m+ tan 5 
1 ees 6 


Case III When x < -1 
x<-1=>tan0<-1 


T T 
=> -—<0<-— 
2 4 
Tl 
> -1 <20<-— 
2 
T 
> 0<m+20<— 
2 
2 
tan20 = = 
1-x 
2% 
=> tan(z + 20) = ; {. tan(m +o) = tana} 
1=x 
= 2 
—s 1m +20 =tan a 
Lx 
_ 2 
> 20=-n+ tan’ = 
l= x 
ee {| 2x 
=> 2tan x=-—-71+ tan 5 
1-x 


(ii) Let tan” x = 0. Then x = tan@ 


3tan@ — tan°0 
136 =e 


1-3tan’0 
x-x? 
— tan30 = 5 
1—3x 


Case whens <x< 


v3 v3 
: <x< : => < tan@ < : 
x - an = 
V3 V3 (VB v3 
T 
> Pe ee <30< 
6 6 
x-x? 3x — x3 
tan30 = => 30 =tan’ - 
L= 3x 1:=3% 
=i =i 3x — x? 
> 3tan x= tan 5 
1-—3x 
1 
Cee nee 
3 
1 
x> => tan8 > — 
v3 V3 
T T 
> —>@0@>— 
6 
Tl 31 
> — <30 < — 
2 2 
31 Tl 
> -—<-30<-— 
2 2 
=> -—<1-30<— 
Tl Tl 
> —-— <30-nt<— 
i 
tan30 = a a 
1-—3x 
3x — x? 
=> tan(m — 30) = > {+ tan(m — 30) = — tan36} 
L= 3% 
_{3x- x? 
— 30 —m=tan’ = - 
1—-—3x 
3x — x? 
=> 3tan 'x=m+ tan?! 
2 
1—3x 
1 
apa cae 
3 
x<- = tan0 <- : 
v3 V3 
T T 
> -—<0<-— 
2 6 
31 Tl 
=> -— <30<-— 
2 2 
T™ Tl 
> -—<17+30<— 
2 2 
3x — x3 
tan30 = = ~ 
1=3x 
3x — x? 
=> tan(m + 30) = ; {. tan(m + x) = tan x} 
—3x 
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{3x - x? 
> m™ +30 =tan? ad - 
1=3x% 
1 4 3x — x3 
=> 3tan x=-7+ tan 5 
L= 3X 


Property XiIll 


= 2 : 
an 2 } if-1<x<1 


‘ 23 oe 2 : 
(i) 2tan™* x = nm —sin i a ifx>1 
1+x 


-1 1-x° B 
cos x if 0 
1+x 


(ii) 2tan 7! x = 


ss 2x F 
m™ —sin' : sifx<-l 
ee, 


<x <0 


f{1-x?) . 
cos ( is } if -o<x <0 


1+x 
Proof 
(i) Let tan™' x =0. Then, x = tan0 
sin 20 = ane => sin 20 = ae 
1+tan’ 0 1+x? 


Case IWhen -1< x <1 


-1<x<1 > -1<tan0<1 


T T T Tl 
> <0 => <20< 
4 4 2 
sin 20 = => 20 =sin 
1+x? 


4 ue 2 
=> 2tan 7} x =sin7/ aa 
1+ x? 


Case II When x > 1 
x>1 => tanO>1 


Tl Tl Tl 
> <O0< > < 20 
4 2 2 
T 
> —-1 <-20<-— 
2 
sin 20 = ae 
1+x? 
. 2 
> sin(7 — 20) = . 
1+ x? 
fon 2 
> mt —20 =sin! = 
1+x? 


<7 


T 
=> 0<1m-20<— 
2 
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= oe 2x 
=> m—2tan! x =sin’ ; 
1+x 


> 2tan x= -sin"| 


Case III When x <-1 


2x 


2) 


1+x 


x<-1 => tan0<-1 
Tl T 
> <O0< = => -1<20<-— 
2 4 2 
Tl 
> aa 
> vc n-20 <0 
2 
sin 20 = ae 
1+ x? 
2 
> —sin(7t +20) = x 
1+x? 
: 2 
> sin(—mt — 20) = E 
1+x? 
mas 2, 
> —m —20 =sin | é 
1+x? 
Zs 8. fe! 2 
=> -m —2tan ! x =sin™’ as 
1+x? 
= e 2 
> 2tan'x=-n-sin * 
1+x° 
(ii) Let tan”? x =0 
Then x = tan@ 
2 
1-t 
poe => cos20= 
1+tan? 6 
Case IWhen 0 < x <0 
0<x<oco 
=> s<pe”™ 
2 
=> 0<20<T 
1-x? -_1{1-x 
cos20 = => 20=cos 
1+x? 1+x 


Ss 1/1 
= 2tan! x=cos ( 


Case II When -~ < x <0 


—o< x <0 


=> 


= 4\ t=" 
= -2tan’ x =cos ( 


= 2626 => 0<-20<T7 
2 


2 


1- 
cos20 = _ 
1+x 
1- x? 
cos(—20) = _ 
1+x 


2 

_1/ 1- 
-20=cos = 
1+ x? 


2 
= _1{1-—x 

=> 2tan!x=-cos? 
1+ x? 


Example 33. Define y = cos”! (4x°* — 3x) in terms of 
cos ' x and also draw its graph. 


Sol. We know, 3cos' x = | 2n-cos (4x? —3x), if 


2n+cos '(4x*-3x),if-1<x< 


7 spell 
cos '(4x°-3x), if <x <1 
2 


1 1 
Oe as 
2 


y = cos '(4x° — 3x) 


3cos ‘x : 5 oeet 
| 2n —3cos tx : eee 
2 2 
— 2m + 3cos !x ; s1eeeas 
Graph 
For y =cos | (4x? —3x) 
Domain: [-1, 1] 
Range : [0,7] 
(i) fi <x<iy=9cos7 x 
2 
d -3 2 
= Or = () gt? 
dx 1-x" 
=> BY Sy ite| 2 
dx 2 


= Decreasing if x € I 


Again if we differentiate Eq. (i) w.r.t ‘x’, we get 


| 


oe 
2 


3x 


dx* (1 


=x" 5" 


.. (i) 


2 
wey <oitxe 31] 
dx? L2 


= concavity downwards if x € : 7 
2 


(ii) Pit Se Ss * 5 on 38557 x 
2 2 
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=o tan 1 ap 1 
an tan tan 
70 99 
1 1 
_f 2(5/12 | 79 99 
= tan { (5/ .) tan”! a 7 
1 — (5/12) {eee 
70 99 
2x ; 
if|x|<1and 


2 


: 2tan tx = tan?! 


ay d => dy itxe|—11 “4 Sf. yoset| RSV 
dx 1—- x2 dx | 22 tan” x — tan” y= tan ve 
2 -1{ 120 -1{ 29 
= Increasing xe] oe and A = tan™ “4 an (3) 
22 dx? @ _ +2 aig 
Ea d’y = tan! | an( ! 
(a) itxe) -3.0] then — <0 119 239 
“ 0 
= Concavity downwards if x € Le 2 i = tan7!} —119 __239 
[2 nee 
. 119 }\ 239 
) rxelo,2 hen © Se ] i 


=> Concavity upwards if x € 0, | 


2 
(iii) Similarly, if—1< x <- ; then ay. <0 and al >0 
dx 


dx 


.. the graph ofy =cos '(4x* —3x) is as 


>< 


Example 35. If sin"! x+sin' y+sin"'z =n, prove 
that x1 -x? +yyi -y? +z,1 —z* =2xyz. 


Sol. Let sin"! x = A, sin 'y = Bandsin 'z=C. 


Then, x = sin A, y = sin B, z = sinC 


We have, 
sin'x+sin ‘y+sin 'z=7 
=> A+B+C=tT 
=> sin2A + sin2B + sin2C = 4sin Asin BsinC 
=> 2sin A-cos A + 2sin B-cos B + 2sinC-cosC 


Example 34. Prove that 


a aay ll 4 il T 
4tan™ == tan! —+ tan === — 
99 4 
Sol. Peete tan! : + tan? : 
5 70 99 


_ 1 11 11 
=2|2tan tan + tan 
5 70 99 


= ; tan 


2(1/5) 


l 


1 aq A 
; tan + tan — 
1-(1/5) 70 99 


a: = 2 : 
le sotih "x =tan™ —— Sepered 
1-x | 


>X = 4sin Asin BsinC 


xy1— x? +yjiy? $nji-2 = 2xyz 


=> 


Example 36. Solve sinl2cos “'{cot(2 tan“! x)}] =0 


Sol. We have, 
2x 


sin[2cos ‘{cot(2tan™' x)}] =0 
|: 2tan x = tan F 3 } 


: -1 -1| 2x 
sin| 2cos 4 cot} tan 5 
Lx 
zi =a Sil 1- x? 
sin] 2cos “4 cot] cot =0 
2x 
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= Example 37. Find the value of 
1c al 2x 1 f1-y? 
tan; —sin 5 | 00s 5 
2 1+ x 2 It y 
= Sol. Let x = tan A and y = tan B. Then, 
8 
tan ce. = 5 \* Sener : y 
2 Lx 2 1+y 
apn 
4 = 1 aw —— ‘ 1 nos! 1 = 
2 1+ tan“ A 2 1+ tan* B 
1 ee Par 1 4 
= tan{—sin (sin2A)+-—cos (cos2B) 
=> 2 2 
2A 2B 
= tan + = tan(A + B) 
= —— 
_ tanAt+tanB_ xty 
> x =tlor (1— x’)? = 4x’ 1-tanAtanB 1-xy 
Now, (1— x7)? = 4x? Aliter 
2 
= (1- x*)’ ~ (2x) =0 i = ) + peor =) | 
2 2 
=> (1-x? -2x)(1— x? +2x)=0 : a ae ee 
> x? +2x -1=0orx? —2x-1=0 = ton] J-2tan-?x +2 2tany| 
2 2 
=> Se 2 1 1 
= tan(tan x + tan 
or x=1+2 ( ¥) 
a(x+ + 
Hence, x = +1,-1+ V2, 1 af are the roots of the given a a tn iG y } = | 
equation. *Y *Y 


Exercise for Session 7 


1. Define y =sin~'(3x —4x°)in terms of sin“! x and also draw its graph. 


_{ 3x -x? 
2. Define y = tan“ 
d 1—3x" 


in terms of tan”' x and also draw its graph. 


Draw the graph of the following 
3. y =cos'(2x? - 1) 


4. y =sin'(2x ./1- x?) 


4 2x 


5. y =tan™ 
7 1-x? 


N 
aN 
—s 
| 
x< 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


» Ex. 1. Let f(x) =sinx +cosx + tanx +arc 
sin x +arccosx +arctanx. IfM and m are maximum and 
minimum values of f(x), then their arithmetic mean is 
equal to 


Tl Tl 
a) — + cos1 b) — + sin1 
as eS 


Tl 1 
(c) — + tanl+ cos1 (d) — + tan1+ sin1 
4 4 


Sol. (a) Domain of f is [-1,1]; f(x) =sinx + cosx+ tanx+ sin” x 
+cos 'x+tan'x 


1 


f(x) =cosx —sinx + sec? x+0+ 
eee 


aA 1+ x? 
ee 
{1/2,1] 
Hence, f(x) >0= f is increasing 
= Range is [ f (—1), f(1)] 
F(X)min = f(—1) =—sin1 + cos1 —tan1 
Tt tl 1 ; 
+1 =—+cos1-—sin1-—tanl 
2 4 
and f(X)| max = fC.) =sin1 + cos1+ tan1 
~T nm 30 : 
+—+—=—+cos1+sin1+ tanl 
2 4 
Mt+m 
Now, 5 =—+cosl 


5 
» Ex. 2. The value of Sct = cot '(k* +k) is equal 
k=1 


to 


5 
a, (b)7 


(c) -7 


Sol. (b) Consider 


5 ~_ 5 
Diet| UE Nes eared) eee 
k=l 1+k(k+1) k=1 


T, =tan (2) —tan “(1); 


7 
iS 


Now, 


= tan "(3)—tan”/(2) and so on 


+k+1)=tan 1(6)—-tan '(1) 


41-9 
=tan (2) 
7 
= cot(2) 
5 
scot{ cot” ‘) =7 
5 


5 
Hence, bs, cot (k? 
k=1 


© Ex. 3. If the equation 5 arc tan(x* +x +k) +3 


arccot(x” + x +k) = 2m, has two distinct solutions, then the 


range of k, is 
5 5 5 | 
~ oj) @(-=3] 


5 | 
= b){ — 
«(0 A ( ( 
Sol. (b) We have 2m =n 2tan '(x’? + x+k) 


_ : 1 
[As tan lO + cot ‘'a=Zv cer] 


“i Tt 
> tan "(x txt k)=T ox txtk=l 


=> x? 4+ x+(k-1)=0 


.. For required condition, put D>0 


5 
> 1-4(k-1)>0 55 Se ee 


» Ex. 4. If f(x) =x" 4+x° — x’? +x? +1 and 


f(sin’ '(sin8)) = ©, & is constant, then f (tan '(tan8)) is 
equal to 
(a) a (b) a - 2 
(c)a +2 (d)2-a 
Sol. (d) f(x) + f(-x)= 
Now, (sin”'(sin8)) =3% —8 = y (say) 
and (tan '(tan8)) =(8 —3m) =—y 
Hence IQHATCH= 
Given fy)=a => f(-y)=2-a 
4 6 
> Ex. 5. sn" 0 aes sesette Joos 


8 12 
[« eg = & where 0<|x|< “3; then number of 
2 


values of ‘x’ is equal to 


(a)1 (b) 2 (c) 3 (d) 4 
x’ x x8 x? Tt 
Sol. (0) sin™| x? -—+—...... +cos | x4 to ... = 
3 9 3 9 2 
a eS 
x Y 
2 4 2 
3 3 
= at = 2 - 4 2~ - 4 
x 3+x° 34+%x 
14+— 14+— 
3 
=> 94+3x' =9x74+3x' => x%=1 
Thus, x=0,lor-1 


Hence, number of values is equal to 3. 
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Ex. 6. Suppose 3 sin” '(log, x) + cos (log, y) = 1/2 and 
sin '(log, x) + 2cos ‘(log y) =117/6, then the value of 
x+y” equals 


(a) 6 
(c)5 


(b) 7 
7 
d)— 
(d) 5 
Sol. (a) Let sin”! (log, x) =a and cos (log, y)=b 


Tl 117 
aa and ae ar 


Tt 
> aa 


1 1 1 
Hence, and y = 5 => — +> =6 


*~ 2° 2 


x 


Ex. 7. Range of f(x) =sin™'log[ x] + log(sin”'[x]), 
where [ ] denotes GIF is 
(a) 1 


(c) 0 


(b) 2 

Tl 
d) slog — 
( | og | 
Sol. (d) Domain of f(x) is [1, 2). 


.. Range is {log x, 


5 
Ex. 8. & sin '(sin(2n —1)) is 
n=1 


(b) 2 
(d) 4 


(a) 1 
(c) 3 


Sol. (a) S sin” '(sin(2n —1)) 
n=1 


tr 
=sin ‘(sin1) + sin” ‘(sin3) + sin™/(sin5) 
+sin”/(sin7) + sin” '(sin9) 


=14+7-34+5-207+7-20+3n—-9=1 


Ex. 9. Ifo andB(o >) are roots of the equation 


x? =2x4+ V3- 2/2 =0, then the value of 


(cos 'a + tan” 'a + tan 'B) is equal to 


3n 51 
(a) a (b) ry 


71 Tt 
(c) a (d) a 


Sol. (a) x? —V2x+./3 2J2=0 = x?-J2x+V/2-1=0 


=> x°-1-2(x-1)=0 = (x-1)(x+1-¥v2)=0 


x=1, 2-1 
a =1andB=~2-1 
= 3 = ~T 1 30 
Hence, cos ‘a+ tan’ + tan ip Ot 


Ex.10. If the mapping f(x) =mx +c,m>0 maps[-1,1] 


11 = = F 
onto[0, 2], then tan( tan '" +cot '8 +cot "| is equal to 
7 


2 1 =1 ~2 
(a) f (2) (b) f (2) () f (=) (d) f (=) 


Sol. (d) Clearly, f(x)=x+1(As,-1<x<1,0<x+1<2) and 
f(x)=mxt+e 


1 


11 11 24 4 
Now, tan tan + tan /—+ tan? ) 
7 8 18 


1 
=tan| tan! rT + tan} — 
{ee KE 18 
7 8 
-1f 15 if 1 
=tan| tan || — |+ tan |} — 
55 18 
if 3 if 1 
=tan| tan || — |+ tan |} — 
11 18 
3 1 
—+— 
=tan| tan7!) —11__18 
3 1 
f= sc — 
11 18 
11 1 —2 
= tan} tan '1)= -1(=) 
3 3 


© Ex.11. if(sin”'a)? +(cos’'b)? +(sec 'c)? 

2 
+(cosec”'d)? = = then the value of 
(sin”'a)? —(cos 'b)? +(sec'c)? —(cosec~'d)? 


2 mi 
(a)—1 b)- 


nm 
(c)0 (d) a 


2 
- T 7 
Sol. (c) As 0<(sin ‘a)’ S$, 0S(cos ‘by <n’, 
n° n° 
0<(sec™'c)? <2 except = and 0 <(cosec”'d)* < 7 


2 
So, 0 <(sin"!a)* + (cos! b)? + (sec c)? +(cosec!d)? oe 


2 
+.(sin7 a)? + (cos! b)? + (sec™!c)? + (cosec“!d)? = a (Given) 


= T 
> (sin7 a)? =— 


(cos b)* =n? 


(sec-'c)* =n? 
2 


2_ 1 


and (cosec”'d) 


Hence, (sin™' a)” —(cos~’ b)? + (sec b)? —(cosec~'d)* = 0 
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n = 1 (a) x€ (tan2, tan3) 
© Ex. 12. If f(x) = Ztan ee Re RTT (b) x € (cot3, cot 2) 
ik as ila aa (c) x €(— ©, tan2)U (tan3, oo) 
then| lim f’(0)| is (d) xe (— ©, cot3)U (cot 2, -) 
noe Sol. (b) Given, 
(a) 1 (b) 2 (cot! x)(tan™! x) + (2 =| cot”! x—3tan™' x a(2 =) >0 
(c) 3 (d) 4 2 2 
n Yh 
Sol. (a) f(x) = Du(tan“"(x + r)—tan(x+ 7-1) 
r=1 
> f(x)= tan” (x +n)—tan™'(x) 
: 1 1 
> => ——____ — 
Pe) 1+(x+n)? 14+x° 
: 1 : : 
= i= a “Gols, 0) (C0, 100.) y=0 
‘ Y 
Now, Jim f°(0) =-1> Jim f"(0) | =1 => cot’ x( tan” x+2 -2) -3{ tan” x+2 -4) >0 
> (cot! x —3)(2—cot™ x) >0 
Ex. 13. The range of the function ‘ 
-1 _ 7 
f(x) = sec | (x) + tan” '(x), is [Astan a cot x] 
(a) (0, Tt) (b) (=. =) => (cot! x-3) (cot! x —2) <0 
2 2 => 2<cot?x<3 
(c) [o, 4 (d) None of these => cot3<x<cot2 (As cot | xis a decreasing function) 
Hence, x €(cot3, cot 2) 
Sol. (a) D; =(-, -1] ULI, ») 1 1 
Ages # eaninGestashacion ® Ex.15. Let f(x) =sin(sin 2x) +cosec(cosec 2x) 
3n + tan(tan”'2x), then which one of the following statement 
For, x €(—09,-1], f(x) €| 0, . . 
4 is/are incorrect? 
and for x €[1, ©), f(x)e€ Ey ... (ii) (a) f(x) is odd function 
4 (b) f(x) is injective 


.. For range of f(x), (i) U(ii) = (0, 7) (c) Range of f(x) contains only two integers. 


1 
= : d) The val ff’) —fi I to 6. 
» Ex.14. The solution set of inequality (cot”' x) (tan”' x)+ Ry pewaleretF (5) een 


Tl = = TT A ~ 
[2 2) cot'x—3tan"'x — {2 3) > 0, Is Sol. (d) Clearly f(x) =6x and domain -|>. +} 


JEE Type Solved Examples : 
More than One Correct Option Type Questions 


Ex. 16. If f(x) =cos '(cos(x +1)) and g(1)=sin ‘(sin3) =(m —3) 
g(x) = sin '(sin(x + 2)), then f(1)+ gQ) =(1 -1) 
(a) f(1) + g()=(m-1) (b)F (1) > gC) and. > aU) 
(c) f(2) > g(2) (d) f(2) < g(2) F(2)= cos "(cos3)=3 


Sol. (a, b, c) f(1)=cos '(cos2) =2 g(3) =sin’ (sin 4) =(n — 4) 
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Ex. 17. > tan™' 2 is 
al (r +2)? 


(a) m —(tan7'2 + tan”'3) (b) = 


iC = (d) m + (tan7'2 + tan7’3) 


Sol. (a, b) Tr = tan” e = tan™! penaed 


(r? + 4r+3)+1) 1+(r+3)(r+1) 
T. =tan |(r+3)—-tan (r+ 1) 


Sum = 1 —(tan'(2) + an7‘(3)) 


=t— -/_3))-2 
=nm-(m+tan (-1)) Fi 


Ex. 18. If sides AB, BC and CA of a triangle ABC are 
represented by x +2 =0,3x +y =O andx +3y +2=0 
respectively, then identify the correct statement. 


(a) XtanA = : 


(b) Htana =~ = 


(c) XtanAtanB = = 


(d) sin*(A + B) + cos?C = = 


Sol. (b, ) 


Tl 11 
ZA=—+ tan !— 
Z 3 


PRs ota 3 
2 
ZC=n—-(A+ B) 


~ a7. 
=tan /3-—tan '- 
3 


= Tl 
=2tan /3-— 
2 


Tt 24 Tt = 
tan A+ tanB + tanc=tan( 2 + tan =) tan( 2 tan ‘3 


= alk 
+ tan( tan 13 tan ‘| 


1 
1 a=. 
=- cot{ tan” :| + cot(tan '3)+ tan} tan’ x 
2 1492 
3 
1 4 4 
=-3+—4—=-— 
3 3 3 
4 
ss cana can 
1 14 4 4 41 
itan AtanB=-3.—+-.—+-—(-3)=-5+—-= 
3. 3° 3: 3 9 9 


sin’ (A+ B) + cos’C =sin*(m —C) + cos*C =1 


Ex. 19. Which of the following is/are correct? 
(a) 


cos(cos(cos *1)) <sin(sin™/(sin(m —1))) <sin(cos~'(cos(2m —2))) 
(b) cos(cos(cos”'1)) <sin(cos”‘(cos(2m —2))) <sin(sin™ 
(sin(m —1))) < tan(cot~ ‘(cot 1)) 


5000 2500 
(c) 2ucos”!(cos(2tt —1)) = 2y cot” (cot (im +2)), where t EI 
t=1 t=1 


(d) cot!cot cosec 'cosec sec ‘sec tan tan” ‘cos 
cos’ ‘sin"'sin4 =4—1 
Sol. (a,b,c,d) For (a) and (b) 
cos(cos '1)=1=> cos(cos(cos '1))=cos1 
sin’ (sin(m —1)) =" —(m -1)=1 
=> sin(sin™'(sin(m —1))) =sin1 
cos /(cos(2m —2)) =cos !(cos2) =2 

> sin(cos (cos(2m —2))) =sin2 

tan(cot~ ‘(cot 1)) =tan1 


It is easy to compare cos1, sin1, sin2, tan1 
cos1 <sin1 <sin2 < tan1 => (a) is correct 
For (c) 
“cos ‘cos x is periodic with period 27 
cos !cos(2tm —1)=cos '(cos1) =1 (t€ 1) 
5000 


by cos ‘cos(2im — 1) =5000 
t=1 


Now, cot”! cot(tm + 2) =2 [cot™ ‘cot x is periodic with period 7] 
2500 


an pe cot ‘cot (tm + 2) =5000 = (c) is correct 
t=1 


(d) sin”'sin4 = —4 
cos cos '(t—4)=4-1 
tantan 1(4—1m)=1 —4 
sec'sec(m —4)=4-1 
cosec 'cosec(4—1)=4-1 
cot ‘cot(4—m)=4-1 


=> (d) is correct 
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© Ex. 20. Let x, and x, (x, > x,) be roots of the equation Sol. (a,c,d) Given, sin™!(cos(tan”!(cosec(cot™! Mae 
1 -1 -1 _1 
sin (cos(tan (cosec(cot  x)))) = a then = sin-"(cos(tan"* yi +x) =" 
ap a 
(a) sin”! — + cos '—=1 es 1 nT 
x x > sin ———_ | => — 
‘ : 1 x? +2 6 
(b) sin” '| — | + cos~'| —]=0 - 
xy Xs = x°+2=2 
2 
7 ree | => x" =2 
(c) sin"'— + sin™'| — | =0 
xX, Xo > x=t V2 
-1{ 1 -1{ 1 So, x, = v2 and x, =-2 
(d) cos’ | —]+cos | —]=7 : ; 
ne X> Now, verify alternatives. 


JEE Type Solved Examples : 
Passage Based Questions 


Passage I 21. (b) Ash(x)=x,VxER 
(Ex. Nos. 21 to 22) 


Suppose f, g and h be three real valued function defined 
onR. Domain of k(x) =[-1,1] and k(x) is decreasing function on [—1, 1]. 


1 


1 = fe 
> k(x) =1+ —(cos™' x + cot”? x) 
Tl 


As k(x) is continuous function on [-1,1]. 


1 
et f(x) =2x + |x], g(x) = L(2x —|x|) and h(x) = f(g) ee pen ee 
T 
1 =e \oe" |=ag = 
© Ex. 21. The range of the function k(x) =1+— aca 4). 4 4 
Tl 
(cos~'(h(x)) + cot” '(A(x))) is equal to Kmax, (= — 1) =1+ —(cos""(-1) + cot '(-1)) 
1% 5 11 it: ae 
rues bb) ry meee Bey 
eens! ae 
15 7 11 ame ul 
aa ee a a 
©]75| 22] a4 
= Range of k(x) -|%, =] 
© Ex. 22. The domain of definition of the function = 4 
I(x) = sin '(f(x) — g(x) is equal to 22. (d) We have, flx)~ glx) =@x+ |x|) 2 @x-|x1) 
2 as 
(a) (2. * | (b) (- 20, 1] = Sal 
()[-ul ({- aH _|Sx: x20 
O: x<0 


Sol. (Ex. Nos. 21 to 22) 
..For domain of function 


x 
3x, >0 = x20 
We have fx) =| 2% 2) and g(a 3 * ge ey sige gee 
> x,x <0 3 8 
Clearly, f and g are inverse of each other. => Domain of I(x) = (- °0, 4 
8 
x 
_ _ x(2}=x x20 
Now, h(x) = f(g(x)) = 3 (Note Range of function I(x) = 0, =} 
x , x<0 2 
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Passage II age 
ee Oe ee ae | 
(Ex. Nos. 23 to 24) =tan ied =tan “2 
: -1f 5 = : 
In AABC, if ZB = sec (E) +eose 15, one 
4 ZC =cosec | (=) + cot (2) 
-1{ 25 -1{ 9 7 13 
ZC =cosec | —]|+cot | —]andc=3 7 3 
7 13 -tan'(2) + tan 2) 
(All symbols used have their usual meaning in a triangle.) a ie 
On the basis of above information, answer the following ca & 
questions. =tan! op |=tan 13 
249° 
» Ex. 23. tanA, tanB, tanC are in 
tan B=2 and tanC =3>tanA=1 
(a) AP (b) GP : YtanA=ITtanA 
(c) HP (d) neither AP, GP nor HP : i. 2 ; 
sin A = —, sin B = — and sinC = —— 
v2 v5 10 
© Ex. 24. The distance between orthocentre and centroid of a b 7 
ee nT ee 9 Ee ae fy 7 sinA sinB sinC 
riangle . sidesa’,b* andc ae fo) , a vSb 310 
(a) — (b) — 2 3 
i : Hence, a=V5 and b =2V2,c =3 
(c) 3 (d) 3 23. (a) tanA =1, tan B =2, tanC =3 are in AP 


4 


; 24, (b) The triangle sides a’, b3 andc will have side-length 
ZB =sec"(*) +cosec V5 5, 4 and 3 respectively. 
4 ‘ : 
.. Distance between orthocentre and centroid 


Sol. (Ex. Nos. 23 to 24) 


3 1 
= gaunt =1 2 hypotenuse 5 
= tan (=) + tan [5] =~—(circumradius) = oe ee 
a 7 3 3 3 


JEE Type Solved Examples : 
Integer Answer Type Questions 


Ex. 25. Let f(x) =x* —2ax+a—2and Range of g(x) = {0,1,2,3} for f(g(x))<0VxeER 
ay > f(0)<0 and(3)<0 
as) =| 2-0" +} If the set of real values of a’ for Now, f(0)<0>a-2<05a<2 
Tex and f(3)<0=9-6at+a—2<0 
which f(g(x)) <0,V xER is(k,, k,), then find the value of ase 
(10k, - 3k,). 5 
[Note : [k] denotes greatest integer less than or equal to k.] IK) = Bex-e-2 
0 1 2 3 
Sol. (8) We have g(x)= E +sin™! F . | . x-axis 
x 
2x 
=24) sin? 7 
in | oe(22] 
2 _ 
As, sin! “* 5 [=| Hence, k, =L& =2 
1+x 2 2 5 
i (10k, - 3k) =14-6 =8 
sin! <= —2,-1,0,1 
1+x 
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Ex. 26. Let x,, x,,x, be the solution of = cos '@=m=cos'B 
=| 2x +1 -1 2x-1 -1 = a=B=-1 
Ct ea ee peg ee (x + I)where Hence, | —| + 20B+1=0+2+1=3 
2; A — = 
X1 <X <X3, then 2x,+ x, +x; is equal to Ex. 28. Consider f(x) = sin” '[2x]+cos~'([x] —1) 
Sol. (1) Let at+B=2y Gj) (where [.] denotes greatest integer function.) If domain of 
ce ; ; 2d. 
where ange S eapeo” Seed F(x) is[a,b) and the range of f(x) is {c,d}, thena +b + — is 
x+1 x-1 € 
tany=x+1 equal to (where c < d) 
Taking tan in Eq. (i), we get Sol. (4) f(x) =sin™'[2x]+ cos '([x]-1) 
tana+ tanB _ = -1<[2x]<1and-1<[x]-1<1 
1—tanotanB 1-tan“y = ~1<2x <2 and 0<[x]<2 
2x+1 2x-1 1 
+ > —-<x<land0<x<3 
= xt1  x-1 _ aAx+t1) 2 
,4e 21 1-(x+1)’ => 0<x<1 Domain 
x? -1 > [x]=0 
_ 2x°—x-1+2x7+x-1_ 2(x+1) = OS2x<2 
x?-1-4x7 +1 —x" 2x - Eso , 
Now, x)=sin [2x]+ cos (-1 
2(2x*-1) (x +1) Fe) eel (1) 
= > =o T 3m 
—3x —(x* + 2x) = Oe ie ae 
x=0 od 
or 2x3 + 4x*—x-2=3x" 43x = a seca ial 
=> ax? +x?-4x-2=0 
=> x?(2x +1)—2(2x +1)=0 Ex. 29. Let f(x) =min(tan™'x,cot'x) and 
=, (x? —2)(2x+1)=0 h(x) = f(x + 2) — 1/3. Let x,, x (where x, < x,) be the 
Jie 1 integers in the range of h(x), then the value of 
= eo Ne ae OE a (cos '(cosx,) + sin” '(sinx, )) is equal to 


x=—72 is rejected °." it does not satisfy (i) tantx, x<1 


Sol. (1) fs)=| 


1 =f. 
=> x =—5.¥) =O and x, = v2 cot x; x>1 
tan (x+2) ; xS-1 
2 = > x+2)= > 
= 2x + xX) t+ x3 =1 f( ) hee ; ea 
; 5m ot 
Ex. 27. If the range of function Range of h(x) is (-=. -<) 


fixxy= (nV2 +cos a) x? +2(cos'B) x + nmvV2—cos'o is 
[0, c-) then find the value of |\a- B|+2aB +1 
Sol. (3) Given, f(x) =(nV2 + cos! a) x” + 


cos ‘cos(—2)+ sin ‘sin(—1) =1 


Ex. 30. If the area enclosed by the curves 


Neon s nares f(x) =cos '(cosx) and g(x) = sin” '(cosx) in xe ae it 
Clearly, graph of f(x) is parabola opening upward. 4 4 
As, range of f(x) is [0, ©), so discriminant =0 am? 
= b? —4ac=0 is See (where, a and b coprime), then find (a- b). 
> 4(cos'B)* — 4(V2 + cos! a) nt 
4 Sol. (1) We have g(x) =sin ‘(cos x) =— — cos ‘(cos x) 

(nV2 —cos )=0 2 
=> 4(cos™! B)? ~ 4(2n* —(cos' a)?) =0 Both the ations a the regions of same area in 
> (cos! a)? + (cos!) =21” 4, 7m 4 and so on 

4 4 4 4 
f(x) 


X-axis 
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> xX 


.. Required area = area of shaded square 


_9n? an? 
8 Ob 
a=9and b=8 
Hence, a-b=1 


Ex. 31. Consider the curve y = tan™' x and a point 


4 ; 4 on it. If the variable point P.(x;, y;) moves on the 
4 


¥ 4 1 
= Y tan | —— 
Me 2m? 


and B(x,y) be the limiting position of variable point P, as 
n—> 0°, then the value of reciprocal of the slope of AB will be 


ea 
2m? 
co 
n—>com=1 1+(2m+1)(2m-1) 


=Lim & {tan'(2m+1)—tan™\(2m—1)} 


n>om=1 


curve for i =1,2,3,...n(n€N) such that y 


Sol. (2) y= Limy, =Lim © tan” 


n>oom=1 


= Lim {(tan7'3 —tan™'1) + (tan7'5 —tan7'3) 


n—> co 


=f 


+(tan’'7—tan™'5)....+ tan 


(2n+1)—tan'(2n-1)} 


=Lim {tan7(2n + 1)- 


noo 


- Tl 
tan‘ 1} > — 
4 


T 
iB a(1 *) i.e. coordinates of B approach, towards those 


of ‘A’. 
..Chord AB approches to be the tangent to y = f(x) at A 


x 


ci 
(slope of AB) ' = 4 tan’ x| 


at x=1 


=(1+ x’),_, =2 


4yl- Tt 
x +tan ESE oe 


Ex. 32. Iftan™' 


= = x Tl 
; cos ! = 


n = IS 
dita |. °° sin 'y 


= = Tl s = 
Sol. (6) tan”! x + cos ‘y= andsin 'y-cot !x= 


-1 -1 . 1 a4 Tl 
=> tan x+cos y+sin y-—cot ae 
or tan'x=cot'x > x=1 
Also, tan’ x + cos 'y—sin 'y + cot”! x =t 
a gtd ye ee. ate 

—2sin” y=— in ty=— 
: 6 a 12 
Ssin x 
sin 'y 
We. caf 1 -1{ 1 1-11 
Ex. 33. if A=-cot™'| -|+—cot™ +—cot' and 
1 1 2 2 3 3 


B=1cot~'(1) + 2cot~'(2) +3 cot '(3) then|B— A| is equal to 
ulcers «cot 13) 

bod 

where a,b,c,d€ N are in their lowest form, find(b-a-c-d) 


Sol. (8) B—A =(2cot(2) 4 3 cot *(3)) (3 cot”(] + : cot“(2)} 


=2(cot™!2 + cot’3) + cot” '3 


T 41 31 1 
=—+cot 3-—-| —-tan 3 
4 6L 4 


T 41 1 24 
=—+cot 3+-tan 3 
8 6 


a=5;b=24;c=5;d =6 
b-a-c-d=8 


Hence, 


JEE Type Solved Examples : 
Statement | and II Type Questions 


= This section contains 2 questions. Each question contains 
Statement I (Assertion) and Statement II (Reason). Each 
question has 4 choices (a), (b), (c) and (d) out of which only one 
is correct. The choice are 


(a) Both Statement | and Statement II are correct and 
Statement II is the correct explanation of Statement | 


(b) Both Statement | and Statement II are correct but 
Statement II is not the correct explanation of 
Statement I. 


(c) Statement | is correct but Statement II is incorrect. 


(d) Statement II is correct but Statement | is incorrect. 


© Ex. 34. Statement I /fo,B are roots of 6x* +11x +3 =0, 
thencos 'o exists but notcos 'B (a >). 
Statement II Domain of cos 'x is[-1,1]. 


Sol. (a) Given, 6x*+11x+3=0 = 6x*+9x+2x+3=0 


> 3x(2x +3) + 1(2x+3)=0 
=3) <1 
> (2x+3)8x+1)=0 > rr 
=3 -1 co aes’ 
p=—, a=— [-$>2) 
2 3 3 2 


1f-1 7 
cos (=| exists {." Domain of cos ' x is [-1,1]} 


JEE Type Solved Examples : 
Matching Type Questions 


© Ex. 36. Match the principal values of cos -'(8x* — 8x? +1) 


given in column | with the corresponding intervals of x given 
in column II, for which it holds. 


Column I Column II 
ef 
A 4cos ‘x PB geoe. 
2 
B  4cos!x—2n q. tee 
2 
C 2n-4cos'x beget: 
V2 
D 4n—4cos!x s. ud peg 
2 
Sol. Aq, Bs, Cop, Dor 
(A) 0<cos ‘(8x4 -8x* +1)<1 
=> 0<4cos 'x<n 
41 0 1 
= O0<cos xS— > —~<x<l 
4 42 
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» Ex. 35. Statement I /ftan’'x+tan ‘y= tan 'z 
4 

and x+y +z =1, then arithmetic mean of odd powers of 

x,y, Z is equal to 1/3. 

Statement II For any x,y, z we have 

XYZ — xy ~yz—zxt+x+y+z=14+(x-1)(y-1)(z-1) 

Sol. (b) We have, tan’! x+ tan 'y+ tan 'z =* 


Let x =tan A, y = tan B and z = tanC. 


Then A+B+C= 


+ytz- 
Now, tan(A+ B+C)=— 2? 
1-(xy + yz + zx) 


_ xt+ytz- xyz 


=> = 
1-(xy + yz + zx) 

> 1l-(xy + yz+zx)=x+y+z- xyz 

=> (x-1)(y-1)(z-1)=0 

= One of x,y,z is equal to 1 

If z=1,xt+y=0 


(x)°44 4 (=x) 4 1044 4 


Thus, AM of odd powers of x,y,z is equal to (5) 


(B) 0< cos ‘(8x4 -8x* +1)<n 


=> 0<4cos 'x-2n<n 

> 2m <4cos }x<3n 
™ _ 31 1 

> —<cos'x<— = -=<x<0 
2 4 V2 


(C) 0<2n-4cos'!x<n 


=> -2n <-4cos |x <-m 
=> 2n>4cos !x>n 
TU _ TU at 
=> —>cos'x>— => 0<x<— 
2 4 V2 


(D) 0<4n-4cos'!x<n 


=> -4n <-4cos |x <-31 

> 4n >4cos }x>3n 
7 31 
=> m>cos!x>— 
4 

1 

> -1<x<-— 

V2 
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Subjective Type Examples 


Ex. 37. IfA= 2tan~'(2V2 -1) and 
B= ssin“(2) + sin(2) then show A > B. 


Sol. We have, 
A=2tan 1(2V2 -1) =2tan'(1.828) 
> A >2tan (4/3) 
=> A> ls 


Also we have, 


...(ii) 


3 
eqi 1 Tl 
> 3sin (] <— 
3 2 
3 
aii 1 » 1 1 
Also, 3sin (=)=sin 13 +-4(2) 
3 3 3 
23 = 
=sin (2 }-sn "(0.852) 
27 
> ssin( 2) <sin | v3 
3 2 
if 1 ™ 
> 3sin | +|<t 
3 3 
if 3 7 = 
Also, sin | 2) =sin 1(0.6) <sin {=| 
=3/ 3 ™ 
=> sin ig <— 
5 3 
4f1 = 2m 
Hence, B=3sin (E]+sin (2)<4 
5 5 3 


From (i) and (ii), we have 
A>B. 
Ex. 38. Solve for x :(tan”' x)? +(cot™' x)? 


- 51° 
Sol. We have (tan’ x)’ +(cot™' x)’ =~ 


51 


n\ -1 tT -1 
=> —| -2tan x.| ——-tan x 
2 2 
7 4 1,_% = 
“tan x+cot ars => cot 
2 2 
Tl Tt - = 51 
> —-2-—-tan™ x+2(tan™ x)? =—— 
4 2 8 


2 
=> (tan x+ cot” x)’ —2tan™ x.cot7! x =—— 
8 


1 


2 


Tt , 
x=—-tan x 
2 


2 


= S 31 
> (tan x)’ —mtan”! x—— —=0 
1 T 37 
=> tan “x =—-—,—_ 
4 4 
2f Tt 
=> tan  x=—-— 
+ 
> x=-1 
{neglecting tan} x=—astan xe = 


Ex. 39. Solve for x : If[sin”'cos"'sin”'tan”™' x] =1, where 


[.] denotes the greatest integer function. 


Sol. We have, [sin™'cos”'sin™tan™ x] =1 


i aq sane of Tt 
> 1<sin!.cos!.sin. tan} x<— 
2 
7 = ee =i 
> sinl<cos .sin’ .tan  x<1 
> cossin1 >sin). tan! x>cos1 
=  sincossin1l>tan !x>sincos1 
> tan sin cossin1 => x = tansin cos1 


Hence, x €[tansincos1, tansin cossin1] 


Ex. 40. Iftan”'y = 4tan“' st x|< tan find y as an 


; , tT . 
algebraic function of x and hence prove that tan— is a root 
8 


of the equation x‘ —6x* +1=0. 
Sol. We have, 


tan 'y=4tan |x 


-1 -1 
=> tan y=2tan 
1-x 
4x 
-1 1—x? 
=tan 5 
1 4x 
ogy 
_, 4x(1-x’) 
=ta ri 7 
x -6x"+1 
Ax(1 — x” 
a ~ 2 2 
x” =0x" +1 
T 
If x =tan— 
8 
= ~ T 
=> tan 'y =4tan car 
=> y=ro => x! —6x?+1=0 


(as | x| <1) 


Ex. 41. If x,, x5, x3, 4 are the roots of the equation 
x’ — x? sin2B + x’ cos2B — xcosB — sinB =0 


Then show: 


-1 -1 -1 -1. _f 
tan” x,+tan” x, +tan” x, +tan  x,=—-fB 
2 
Sol. We have, Xx, =sin2B, 
Xxx, =cos2B, Xx,x.x3 =cosB 
and X,X_X4X, =—sinB. 


p 4 3 2 
using; ax” + bx” + cx + dx + e=0 has four root x,, x, x3, X4 


Ix, =x, t+ x, + X44 xy a 


XX + X5X3 + X4X3 + xX, X4 + XX 4 + X{X4 = 2x,x, = 


ka 


LX XyXz = X_XyXy + XyXyXq + XyXgXq + XXZX4 =— 


and XyXqXgXq =— 


Let, 0, = tan?! X,, Oy = tan! Xp, Oly = tan”! x, and , = tan! X4 


=> tana, =x, tan, =x), tana, =x, and tand, =x, 


$,—S Xx, —ULx,x.x. 
tan(Q, + 1, + A, + O4,)= Mis Se) i 1°2"3 
l-sytsy 1-2x,xX, + XX )X3X4 
sin2B—cosB _ cosB(2sinB —1) 


~ 1=cos2B-sinB — 


=cotB= tan{ ® -6) 


sinB (2sinB — 


> OL, + OL, +, + Oy = 


wla 
| 
mo) 


iz 2 S 7 T 
or tan’) x,+tan x, + tan’ x, + tan ea op 


Ex. 42. Find the number of positive integral solutions of 
the equation : 


-1 -1 | 
tan x +cos a 


Sol. Here, 


tan’! x+ cos” 


1 
= tan‘ x+ tan” is =tan 168 
Bi 


1 
or “() =tan'3—tan '(x) 
al SX 1+3x 
or tan! —|=tan =>y= 
y 14+3x 3x 
As x, y are positive integers, x =1,2 and correspondingly 
y =2,7. 


.. Solutions are (x, y) =(1,2), (2,7) ie. two solution. 
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Ex. 43. Ifcot a a né N, then find the maximum 
T 6 


value of n. 
4 T 
Sol. Here, cot inst 
Tt 6 
3 T 
=> ca cot 2) <cot 4 {as cot x is decreasing in [0, 1/2]} 
1 
= * <3 
Tl 
=> n<3n =55 (approximately) 


So, the maximum value of nis 5, asnEN. 


—10n + 21-6 Tt 


Ex. 44. If cot”! > ane N, then find 


Tl 


the minimum value of n. 
sama 1 
> 


Sol. We have, cot"| 


T 6 
n* -10n+ 21-6 T 

=> <cot 
Tl 6 


{as cot x is decreasing for 0<x <7} 
n? -10n + 216 <nV3 
n? —10n + 25+21-6-25<nv3 
(n—5)? <nv3 +3-4 


—.)V30 +3-4<n—-5<.4/v30 +34 i) 


Since, 3m =5.5 nearly 


\v3n +3-4~ 8-9 ~2-9 


> 2:1<n<7-9 
n=3, 4,5,6,7 


or minimum value of n =3. 


=> 
=> 
=> 
=> 


{as n € N} 


Ex. 45. Find the set of values of k for which 
x? —kx + sin '(sin4) >0 for all real x. 


Sol. We know, 


sin '(sin4) =sin’ ‘(sin(m — 4)) =" —4 


tT tT 
[v-Ben-a<3| 
2 2 


“. We have x’ —kx + 2-4>0forallxeER 
D<0, ie. k? — 4m —4) <0 
or k?+ 44-1) <0 


which is not true for any real k. fas k’ + 4(4—1) > 0} 


356 ~— Textbook of Trigonometry 


Ex. 46. Find the greatest and least value of; 


(sin-'x)*? +(cos’'x)?. 
Sol. We have, (sin™ x)’ + (cos x)* =(sin™! x + cos”! x) 


1 


[(sin™! x + cos”! x)? —3sin™! x.cos™! x] 


m| 17 4 (2 nett ) 
=—|—-3sin xj ——-sin x 
2} 4 2 


3n mot? 2 T 
So, the least value is; — -—- =— when| sin Ty *) =0 
2 48 4 


32 
2 2 
2 T 31 
Also, (sin x4) <(%] 
4 4 
m| 917 a Tm 
+ 


3 
The greatest value = 5 


16 48] 8) 
ae 1 
Ex. 47. If x, is given by, x,4,= J—(1 +x,). Then, 
2 
2 
1-x 
show :cos| xX» = 2... up to infinity. 
My X2X3 
Sol. Given: x,,,=,/—(1+ x,) 
Let X) =cosO 


n= [241+ 9) = f+ e050) = coq 2) 
x = [bas x)= [1+ 088) = coo §) 
fe eae | ye 


0 
Similarly, = x3 = cos ©) 
2 
_ 0 
X, = Cos 
_ 0 0 0 
=> Kio X iss ee oar re) 
_ sind 
2". sin— 


XyXq...X,---00= lim (x,x)...x,) 


= lim| ——_ {using Eq. (i)} 


=e : 0 . 0 .(ii) 
sin — 
___2" 
oo 
of 
ji-x 1 —cos’@ - 
XXpXq..x,, sin {using Eq. (ii)} 
0 
=0=cos '(x)) f- cos0= xp} 
YI [= x 
= —_—§— =cos x 
XXyXq...00 


Ex. 48. Express the equation; 


: 4 (3=4x" 4 ae 
cot”! ——___ = ?tan™" ae TT Eas 
J1—-x2 -y2 \ 4x? x? 

x y 


a rational integral equation in x andy. 


1x? -y? 
Sol. cot™| ———— |= tan] ¥—* 
1-x?-y? Ba 
; 3-4x" 
3-4x? 2 
Also, 2tan™! id =tan1__! 4%) _ 


Hence, the given equation is 


, iat = -1 4x4/3 — 4x? -1 [3—4x? 
an “———————- = tan 3 tan 7 
y 8x° —3 x 
4xJ3—4x7 (3-4? 
=tan=! 8x" -3 x? 
4xJ3—4x? [3 -4x? 
8x" -3 x? 
egal @ 4x°)3/? 
9x -8x° 
1-x’-y’ _ B= 4x7)°? 
y 9x—8x° 


Squaring and simplifying 
1—x? 2 (3 —4x7)3 


y? (9x-8x°) 
(9x -8x7)? +(3-4x*)? 27-27? 
~ (9x -8x°) - (9x -8x°)? 
y? _ x°(9 —8x*)? 
27 


Ex. 49. Prove that 


= + = 
cos | sec ca) =2tan'' tan~ tan” , 
1+cosx-cosy 2 2 


y 


Sol. Let, tan tan’, =tanO i) 


1—tan? x/2 ‘ 1-tan’y/2 
1+tan?x/2 1+tan’y/2 
(l-tan?x/2) (1-tan’y /2) 
(1+ tan’ x /2) (1+ tan’ y /2) 


: cosx + cos 
Consider a 


1+ cosx.cosy 


1+ 


_(@ —tan? x/2)(1+ tan’ y /2)+(1+ tan? x/2)(1 —tan’y /2) 
(1+ tan? x/2)(1+ tan’ y /2)+(1—tan® x /2).(1 —tan’y /2) 


1—-tan’x/2+tan?y/2-tan’x/2tan’y/2+1-tan*y/2 
_ +tan’x/2—-tan’x/2tan’y /2 

“1 +4tan?x/2+tan’y /2+ tan’ x /2tan’y /2+1-—tan? x /2 
—tan?y /2+ tan’ x/2.tan’y /2 


_ 2-2tan? x /2tan’y /2 
2+ 2tan’x/2tan’y /2 


_1-tan’0 
1+ tan? 
=cos20 
LHS = cos’ '(cos20) =20 


=2 tan (tan . tan? | 
2 2 


Ex. 50. If x =cosec (tan™'(cos(cot™'(sec(sin”'a))))) and 
y =sec(cot | sin(tan” '(cosec(cos 'a))))), where a € [0, 1]. 
Find the relationship between x and y in terms of a’. 
Sol. Here, 


x =cosec (tan '(cos(cot “(sec(sin a))))) 


> x =cosec] tan} cos| cot~!} ——— 
1-a’ 
| 1 
=> x =cosec]| tan 
2-a’ 
=> x=/3- a 
and y =sec(cot”' sin(tan™'(cosec (cos+ a))))) 
=> y =sec| cot] sin) tan? 
1-a’ 
4 1 
=> y =sec} cot 
2-a’ 


> y= 3-a7 ...(ii) 


From Eqs. (i) and (ii), x =y =/3 -a’. 


{from Eq. (i)} 
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Ex. 51. Show that tan “tanta 2 = e)| 


2 
_1{ sinQicos T 
= tan”! sincieesD where oa, B € | 0, — |. 
cosa + sin 2 
T 
Sol. Since, 0<01<— 
a (or : 
0<—<— => 0<tan—<1 ...(i) 
2 4 2 
re T 
Similarly, 0<B< 4 
T 
> gche™ > < B eg 
2 4 4 
T 1 
> ee ed > o<tar( Pr (ii) 
2 4 2 


From Eqs. (i) and (ii), we get 
0< tan Stan{ 2 - e) <1. 
2 4 2 


; - -1 2x 
Since, 2tan™! x = tan '—, when x €(0,1) 
—-x 


= Qa TU 
2tan | tan Stanl =F) 
2 4 2 


2 
Qa 

1+tan?— 1+ wate 

1 2 2 

20 B 


2tan— 


1—tan 


24 
2 

1+ tan” — 
2 


B 


1+ tan’— 
2 


_1{ sin Q. cos 
seg) eo 
cosa + sinB 
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Ex. 52. Solve : 


1 -1 2x _ Tl 


3sin— - 
1+ x 


Sol. Let tan”! x=0for x>0 


Case I When 0< x <1, then 0<0<“ and so 0<20<7 


1 2 = 2 
sin”! —* _ =sin '(sin20) =20=2tan |x 


1+ x 


cos a = cos "(cos20) =20=2tan™' x 


yr ae “ ~ 
tan? —“* 7 =tan ‘(tan20) =20=2tan |x 
1-x 


a2 1-x° ee T 
Thus, 3] sin! _ 4| cos? _ +2] tan? ~ — 
1+.x ex 1=*x 3 


= = = Tt 
= 3(2tan' x)—4(2tan”’ x) +2(2tan ‘x)=: 
=> 2tan x= 


as o< <1, x =—=isa solution 


V3 


x 
5 is not defined. 
=x 


Case IT When x =1, tan! 


x =1, cannot be a solution. 


Case III If x >1, then“ <0< 7 and 807 <20<1 


- 2 = = 
sin7'| —* ; |=sin “(sin20) = —20=1 —2tan’ x. 
Tex 


a 2 = - 
cos x 5 | = cos '(cos20) =20=2tan x 
1+x 


= x = = 
andtan ( | = tan ‘(tan20) =20—m =2tan-x—-17 
1-x 
Thus, the given equation becomes 
as ie = Tl 
3(m —2tan | x) —4(2tan”' x) + 2(2 tan ae 
4 Tt 
> m—-10tan  x=— 
3 
zi Tl 
or tan x=— 
15 
: T Tt 
1.e. x=tan— <tan—<1 
bes} 4 


Tt 
x= vane is not a solution. 
1 


1 
Thus, x= 


v3 


is the only solution for the given equation for 


x20. 


Ex. 53. Obtain the integral values of p for which the 
following system of equations possesses real solutions : 


2 4 
cos 'x +(sin"'y)? = es and(cos 'x)(sin"'y)? = =a 

4 1 
Also, find these solution. 


Sol. Let cos’ x=a>a€[0,7] 


and sin'y=b=>be PLS 
2 2 
pr 
We have anber 
4 
Tt 
and ab? =— 
16 
2 2 
Tt Tl 
Since be] 0,— |>at+b’e| 0.n+— 
4 4 
2 2 
Tt T 
So, Eq. (i) 3 0< PE" <n4 
4 4 
4 
ie. O0<ps—+1 
Tt 


Since pe Z, so p=0,1lor2 
But, if p=0, thena=b=0. 
=> Equation (ii) will not be satisfied. 


Now, substituting the value of b® from Eq. (i) in the Eq. (ii), we 


get 
2 4 
T T 
a 2 a|=— >16a’-4pn’a+n* =0 
4 16 
Since, aeER => Dz=0 


ie. 16p’n*-64n'>0 > p* 24> p22 

Thus, we conclude that the only value of p that satisfies all 

conditions is p=2. Substituting p =2 in Eq. (iii), we get 
16a° -8n7a+7* =0 


=> (4a—n”)? =0 
n -1 
=> a=—=cos x 
4 
2 
> x = cos— 
4 


2 4 

7 T 5 7 1 

From Eq. (ii), we get —-b° =—- > b=+—Hsin 
q. (ii), we g i i 5 y 


=> y=tl. 


Ex. 54. Solve the equation 2(sin"' x)? —(sin™' x) —6 = 
Sol. Let, sin”! x=y, we get 
2y’-y-6=0 
ay? —4y +3y -6=0 
y=2andy=-15 


sin }x=2andsin }x=-15 


...(iii) 


0 


T 1 
Since 2> 5 and |—1.5|< 5 the only solution is x =sin(—1.). 
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Be: a a | 
Ex. 55. Solve the equation sin" Gobsin wen” Ex. 56. Solve the equation: 2tan’ (2x —1)=cos_ x. 


Sol. Here, 2tan/(2x-1)=cos”' x 
Sol. Let us transfer sin'6V3x into the right hand side of the inGued 
equation and calculate the sine of the both sides of the or cos(2tan” ‘(2x -1)) =x [we know cos20= ea 
resulting equation 1+ tan’ @ 
= = Tt —~(2x—-1) 
sin(sin”'6x) =sin{ sin 16/3x- 2) => 1-@x=1)" =x 
2 1+(2x-1)* 
= ee =f 
=> 6x =—sin(sin 6V3x + sin 1) = 2x7 42x ee. ae 
{using sin(—@) = —sin(6)} 1—-2x+2x? 
> 6x =—sin(sin '/1—-108x") V2 2 
> x=0,—,-—. 


{using sin) x +sin 'y =sin {xJ1—y? +yJ1—x°}} 2 2 


Now, to verify which of the following satisfy given equation, 


=> 6x=—41-108x (i) Case I For x =0; 


Squaring both sides, we get 2tan‘(-1) =cos ‘(0) 
36x° =1-108x" = 144x?=1 ™ 7 
or -—=— 
1 1 
whose roots are x = — and x =—-—. a 
12 12 “. x =(is not a solution of given equation. 
Let us verify : 2 


1 Case II For x =—— 
Substituting x =— in the given equation, we get 
12 The right hand and the left hand side of the equation are equal 


T = 
sin(-3] +sin? _ x3 to — and 2tan ‘(2 - 1). 
2 2 4 
T 


tl 1 T But tan” 1(V/2 -1)=— 


Se eee 3 


2 
=i . — * : . 
Thus, x= o is the root of given equation. But, when va 2 is a root of the given equation. 


1 2 
substituting x = oe in Eq. (i), we get Case III For x=— ai 
LHS 6e= 1 The left hand side of the equation is negative and the right 
2 hand side is positive. 
/ —_ 2 
RHS —v1—108x" =—1/2 Consequently, x =— we is not a root of the given equation. 


i.e. LHS # RHS of Eq. (i). sivonwi 2 
us from above; 


1 
Hence, x =—— is a root of the given equation as it satisfy both 5 
12 x =— is the only solution. 
given and Eq. (i). 2 


Inverse Trigonometric Functions Exercise 1: 


~ Single Option Correct Type Questions 


“4 1—-x? |. 
. cot > jis equal to 
1+x 


(a) cos”! (x*) (b) 7 — = cos” (x*) 


1 

2 
mw 1 ii, 

(c) x Ae (x*) (d) None of these 


1 =a bs 
. The value of cos cos * :| is equal to 
2 8 


(a) 3/4 
(c) 1/16 


(b)-3/4 
(d) 1/4 


. The inequality sin” '(sin5)> x* — 4x holds if 
(a) x =2 — 9-20 

(b) x=2+ 9-20 

(c) x €(2—./9 —22,2 + 9-20) 

(d)x>2+ 9-20 


. The value of sin7! (sin *) a 
3) Mx? +k? — kx) 


—cos! [co *) is , where 
6) Mx? +k? —kx) 


(F< x<2k,k> 0s 


(a) tan’ “| ——————__ 
) x? —2xk +k? 


x? + 2xk — 2k? 
x? -2xk + kK? 


if 2x? + aot) 


(b) tan”? 


(c) tan” 
2x" —2xk + 2k? 


(d) None of the above 


1 ue) 


aap k= 
, Ifa< tan (2 
1 


]sbowhereos x <1, then (a, b) = 
+x 


. Sum of infinite terms of the series 
_ 3 ns 3 = 3 
cot * 18 +2) +00 oz 4" 14 cot ot +2} 
4 4 4 


(a) 7/4 
(c) tan’ 13 


(b) tan” '2 
(d) tan” ' 4 


: : - .-1 1 7. 
7. Solution of equation cot’ x + sin” * — = —is 
V5 4 
(a) x =3 (b) x =1/-V5 
(c) x =0 (d) None of these 


12. 


13. 


14. 


. Solution set of the inequality 


(cot ' x)? —(5cot~! 


(a) (cot3, cot2) 

(b) (— 29, cot3) U (cot 2, o) 
(c) (cot 2, °) 

(d) None of the above 


x)+6>0is 


. : . _1f1 _1f2 
. Sum to infinite terms of the series tan () + tan (2) 
3 9 


if 4 Ale 
+ tan —|+...+tan ——— {+ 
33 1422771 


(a) 1/4 (b) m/2 
(c) 7 (d) None of these 


1 = 
, If x + — =2 the principal value of sin” x is 


T 
(b) 5 


310 
oS 


_Ifxe (- ., = then the value of 


_,ftan x _1f 3sin2x : 
tan + tan ————————_ Is 
4 5+3cos2x 


(a) x/2 (b) 2x 
(c) 3x (d) x 
ey = - —1 2m =a. = 
Ifsin x+sin “y=—,thencos “x+cos ~y 
3 
20 T 
paths b) — 
(a) ; (b) - 
1 
— d) 
(c) - (d) 
cot(2 —2cot™* 3 is 
(a) 1 (b) 7 
(c) -1 (d) None of these 
P eee af eee . 
sin} tan ~——~—+cos '———|/is 
2x 1+x? 
(a) 1 (b) 0 
(c)-1 (d) None of these 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


_4{1-a? _,{1-0? 7 
If cos”! : cos! =2tan' x, then x is 
ia 1b" 
a-—b (b) b-a 
1+ ab 1+ ab 
(c) : bs tay None oF thax 
-a 
ite 
If| cos~! . < ia then 
1+ x? 3 
Fo1.o1] ( 1 1 ) 
a) x €)-—=, = b) x €}| -—~, = 
(a) x l Fane | (b) x oa 
(c)xe€ c a (d) None of these 
The value of 
= -, /2-~wv3 = = 
cos loo v3 + cos (2) +sec' 4 is 
4 4 
1 
0 b) — 
(a) (b) Fi 
T 
Bg ay 
(c) (d) - 
If tan! = < eg x € N, then the maximum value of x is 
tT 3 
(a) 2 (b) 5 
(c) 7 (d) None of these 
1+x7)-(1-x? 
If tan! iC a) vl =) =, then x? is 
("ja 0=9") 
(a) cos2a (b) sin2a 
(c) tan2a (d) cot 2a 
The number of positive integral solutions of 


tan-'x+cot 'y=tan~'3is 
(b) two 
(d) four 


(a) one 
(c) three 
If cosec” '(cosec x) and cosec(cosec™ x) are equal 


functions, then the maximum range of value of x is 
oor 

(b) - . o U (0 4] 
(c)(-», -1] U[L, ») 
(d) [-1, 0) U(0, 1] 


The value of | a cos(tan” ‘(sin(tan™ ' x))) is equal to 
x|— o9 
(a)-1 (b) v2 
1 1 
ey d) 
aaa) ar 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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1 1 


x]+2[tan “ x]=0, 
where [.] denotes the greatest integer function, is equal 
to 

(a) (0, cot 1) 
(c) (tan, °°) 


Complete solution set of [cot 


(b) (0, tan1) 
(d) (cot 1, tan1) 


Ifsin~* :[-1,1]> =.= and cos~! : [1,1] > [0, x] be 


two bijective function, respectively inverses of bijective 
: F Tl 3m 

functions sin : z. ] — [-1,1]and cos: [0,7] [- 1, 1] 
2 2 


eee! -1 
, thensin ~ x + cos 


x is 

1 
a) — b) a 
(a) 5 (b) 
(c) ~ (d) not a constant 
If asin”! x — bcos. ! x =c, thenasin’! x + bcos! xis 
equal to 

Tab +c(b-a 
(a) 0 (== 
a+b 

Tt tab + c(a —b) 
c)— d) ———-—_— 
(4 are 
The number of integer x satisfying sin” '| x —2|+ cos ' 


(1-|3-x|)= is 
2 


(a) 1 (b) 2 
(c) 3 (d) 4 
1.4 2 - -1 3 - —1 
The value of @ such that sin” —, sin." ——,sin”~ Qare 
V5 «10 
the angles of a triangle is 
=1 1 
(a) = (b) — 
V2 2 
1 1 
c) = d) — 
(c) a (d) B 
tan'x tan ‘2x tan ‘3x 
Let|tan7'3x tan 'x tan ‘2x |=0, then the 
tan’'2x tan '3x tan ‘x 


number of values of x satisfying the equation is 
(a) 1 (b) 2 
(c) 3 (d) 4 


If the equation x? + bx? +ex+1=0, (b<c), has only 
one real root o, then the value of 2 tan” '(cosec 0) + 


tan” '(2sinasec? &) is 


(a)-—1 
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30. 


31. 


32. 


33, 


34, 


35. 


36. 


37. 
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Let u=cot | Vcos 20 — tan~' Vcos 20, then the value of 


sinu is 


(a) cos20 (b) sin20 
(c) tan? (d) cot? 
( 4 1- x? 
cos =P x20 
= 1+ 
Let f(x)=2tan™' x= a : 
ai Lax 
— cos 5 x<0 
Dh ox 


The function f(x) is continuous everywhere but not 
differentiable at x equals to 
(a) 1 (b)-1 
1 
0 d) — 
(c) (d) a 


2x 


Let f(x)= al ; V xe R The function f(x) is 


1+x 


continuous everywhere but not differentiable at x is/are 
(a) 0,1 (b) -1, 1 

(c) -1, 0 (d) 0, 2 

Let f(x)= tan” '(x? —18x +a)>0V xe R Then the 
value of a lies in 

(a) (81, ©) (b) [81, e) 

(c) (— %, 81) (d) (- ~, 81] 

Let f(x)=sin~' 2x +cos ‘2x +sec | 2x. Then the sum 


of the maximum and minimum values of f(x) is 


(a) 7 (b) 20 
T 
3 d) — 
(c) (d) ; 
If tan! +tan! = x where a, b,c are the 
cta a+b 4 


sides of AABC, then AABC is 

(a) Acute-angled triangle 

(b) Obtuse-angled triangle 

(c) Right-angled triangle 

(d) Equilateral triangle 

Solutions of sin” '(sin x) = sin x are, if x € (0, 27) 
(a) 4 real roots 

(b) 2 positive real roots 

(c) 2 negative real roots 
( 


d) 5 real roots 


asin! x 


ast 


= , has 
logy 


The equatione 7” 


a) Unique solution 
b) Infinite many solution 
c)x=1 


( 
( 
( 
(d)y =e 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


x 


x 
é€ 


Let f(s)=1 2s }xea then f~'(x) is equal 
1 


to (assuming f is bijective) 


AF | Ga 
sin | —— sin 
2 2 


(a) log ae oe (b) log 
1—sin™ (2) 


cos” *(cos(2 cot 1(/2 — 1))) is equal to 
(a) V2 -1 ) = 
(c) = (d) None of these 
522 
The maximum value of f(x) = tan! (V2 2)x is 
x+ 42x? +3 
(a) 18° (b) 36° 
(c) 22.5° (d) 15° 
yit+x? -1 
Iftan | ala 4°, then 
x 
(a) x = tan2° (b) x = tan4° 
(c) x = tan(1/ 4)° (d) x = tan8° 


Zips ‘ = 2 Tl 
If tan” ‘(sin? @ — 2sin@ +3)+ cot 1(5°° ” +1)=—, then 
2 


the value of cos” 6 — sin@ is equal to 
(a) 0 

(b)-1 

(c) 1 

(d) None of the above 


The number of solutions of the equation 
[tan "| x||=+/(x? +1)? —4x? is 

(a) 1 (b) 2 

(c) 3 (d) 4 

For any real number x = 1, the expression 


sec’(tan’ x)— tan” (sec ' x) is equal to 
(a) 1 (b) 2 
(c) 2x* (d) 2/2 


Let f:R—> [o, =) be defined by 


f(x)= tan '(3x" +6x +a). Iff(x) is an onto function, 
then the value of ais 
(a) 1 
(c) 3 


(b) 2 
(d) 4 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


The value of expression 


wn + wo) cos! (2) is 
2 5 10 


al Lae 
(a) cot 2) 


cor'(4 =) (d) % ~cot (2) 


(c)-—T 4 


V2 


_ 13 
The value of sec (2 cot '2+cos* >| is equal to 

R) 
25 24 
= bys 
Oe OS 
25 25 
me ag-2 
(c) 7 (d) = 


Which one of the following statement is meaningless? 


(a) cos [in (2 ‘}) (b) cosec“'{=) 
i(t 
(c) cot (=) 


a . 907 = 31 . 
The value of sec sn (- sin mt) + cos 'os(- "| is 
9 9 


(d) sec ‘(1) 


equal to 
(ak > (b) seem 
(c) 1 (d) -1 


The number k is such that tanfarc tan(2) + arc tan(20k)} 


=k. The sum of all possible values of k is 
21 

be 

er 


1 
(d) e 


The value of © tan7? [+] is 


RS r° —5r+7 

T T 
a) — b) — 
a es 
3m 5 
ja dy 
(c) Z (d) Fi 

= 1 24k 

If x = tan !1—cos '(-3)+sint 

2 2 


53. 


54. 


99. 


56. 


97. 


58. 


59. 
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The value of 


-1{1 a = 
tan (: tan 2A) + tan’ (cot A)+ tan™' (cot? A) for 


0< A<(t/4)is 
(a) 4tan”'(1) (b) 2tan”'(2) 
(c) 0 (d) None of these 


ay 2 + ‘ 
The sum © tan7!) ——~"__ is equal to 
n*—2n? +2 


n=1 


1 2 _ 
(a) tan Pa tan (b) 4tan™'1 


(> (d) sec (2) 
Number of solution(s) of the equations 
cos '(1— x)—2cos > x= = is 
2 
(a) 3 (b) 2 
(c) 1 (d) 0 
There exists a positive real number x satisfying 


cos(tan ' x)= x. The number value of cos”! (=) is 
2 


Tl Tl 
(a) 10 (b) 5 

20 4n 
we eae 


The range of values of p for which the equation 


sin cos '(cos(tan™! x)) = p has a solution is 


(b) [0, 1) 
(d)(-1,1) 


Number of solutions of the equation 
log.) (/5cos> x —1)+ = log.) (2cos * x +3) 
2 


+ log ig V5 =1is 
(a) 0 
(b) 1 
(c) more than one but finite 
(d) infinite 
Which of the following is the solution set of the 
equations sin’ x = cos’ x + sin ' (3x —2)? 
51 


(b) E 
(a) . | 
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60. The set of values of x, satisfying the equation 


Tl}. |x? —-k 
nee (sin otis 66. Let g:R-> (0 4 is defined by g(x) = cos (: Tx ) 
(a) [-1,1] (b) - v2 2) Then the possible values of ‘k’ for which g is surjective 
r 1 aoe function, is 
(6) Lye | @) ur{-2 2 | (a) {rt (b) (-1-3] 
61. The solution set of the equation (c) {- ‘| (d) I- 7 


= _ _ 1-x oes 
sin! J1— x” +cos! x =cot { | sin) x 


67. 


Number of values of x satisfying simultaneously 


| =I 
sin x=2tan  xand 


fe oe an’ ./x(x—1)+cosec 1+x—-x? =— 
(c) [-1,0)U {1} (a) 0 (b) 1 
(d) [-1,1] (c) 2 (d) 3 

62. The value of the angle tan” ‘(tan 65° — 2tan 40° ) in 68. Number of values of x satisfying the equation 


degrees is equal to 


cos (3 arc cos(x — 1))=0is equal to 


(a) -20° —(b) 20° (c) 25° (d) 40° (a) 0 (b) 1 
63. If cos! = - sin! 2 =0 (a, b,# 0), then the maximum ie Kays 
@ : 69. Which one of the following function contains only one 


value of b’x* +a’ y” +2ab xy sin® equals 
(a) ab (b) (a + by’ 
(c) 2(a + b)* (d) a*b? 


64. The value of © tan”! ae is equal to 
r? +5r +7 


r=1 


integer in its range? 


[Note sgn (k) denotes the signum function of k.] 


1x2 
a) f(x) = = cos"! a 
die 


oancoles 
x 


ay 1 
(a) tan3 (b) 4 (c) h(x) =sin® x + 2sinx + 2 
(jaa To (d) cot™2 (d) k(x) = cos”'(x* — 2x + 2) 
70. If range of the function f(x) = tan '(3x? + bx +3), xe R 
65. The range of the function, 7c 
1+x is 0 } then square of sum of all possible values of b 
f(x) = tan7'| —— |- tan"! x is 2 
will be 
(a) {1/4} (b) {-(/ 4), 30/4} (a) 0 (b) 18 
(c) {w/4, —31/4)} (d) {30/4} (c) 72 (d) None of these 


a| Inverse Trigonometric Functions Exercise 2 : 
~ More than One Correct Type Questions 


Ay 
72. Let f(x)=e°° sine +3) then 


(a) (=) = pom /i8 (b) {=} — pi3n/18 


GS A(- in) = ptii2 (a) s(- in) — gltmsi2 


71. Let @= tan” (tan =) and $ = tan” i tan =) then 


(a)0 > 
af” 
()O0+9=— 


(b) 49 —30 =0 
(d) None of these 


73. 


74, 


75. 


76. 


77. 


78. 


79. 


80. 


If the numerical value of tan os" : (<) + tan'(2) is 
5 3 


; HCF (a, b) =1, then 


(a)at+ b=23 
(c)3b=a+1 


(b)a—b=11 
(d) 2a =3b 


—— i Tv. 
Let f(x)=sin™' x + cos‘ x. Then — is equal to 
2 


(b) f(k’ —2k+3),k ER 


1 
orf ta}eer (d) f(-2) 
cos. ! x= tan! x, then 
5-1 - 
2 r= 2 


V5 -1 V5 -1 
2 


(a) x" = 


(c) sin(cos ' x) = (d) tan(cos ' x) = 


The value(s) of x satisfying the equation 


sin” '| sin x |= sin ‘| sin x | is/are given by (nis any 
integer) 

(a) nt —1 (b) nt 

(c)nt +1 (d) 2nm +1 


If(sin”' x + sin™’ w)(sin™! ytsin™'z)= nm’, then 


(N,,N2,N3,N,€N) 


N. 
w 4 


(a) has a maximum value of 2 

(b) has a minimum value of 0 

(c) 16 different D are possible 

(d) has a minimum value of — 2 

Indicate the relation which can hold in their respective 
domain for infinite values of x. 


(a) tan| tan”! x | =| x | 
(b) cot] cot” x | =| x | 
(c) tan” | tanx | =| x| 
(d)sin|sin”' x|= | x| 


-1 -1 
To the equation 277/°°S  * — (« 3) geen eg? =O 


has only one real root, then 

(ajl<a<3 (b)a2=1 

(c)a<-3 (d)a>3 

sin (sin 3) + sin (sin 4) + sin” '(sin5) when simplified 
reduces to 

(a) an irrational number 

(b) a rational number 

(c) an even prime 

(d) a negative integer 


81. 


82. 


83. 


84. 


85. 


86. 
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Ifcos-'x+cos yt cos | z=T, then 
(a) x? + yy? +274 2xyz =1 
(b) Asin" x + sin y + sin'z)= cos 'x + cosy + cos 'z 


(c)xy +yztzx=x+yt+z-1 


(x4 | + [vs + (: + +} 26 
x y Zz 
2tan(tan '(x)+ tan '(x°*)) where xe R— {-1,1}is equal 
to 
2x 
(a) iw 


(b) tan(2 tan“! x) 
(c) tan(cot”\(— x) — cot™(x)) 


(d) tan(2 cot! x) 


Let f(x)=sin~’|sin x|+ cos ‘(cos x). Which of the 
following statement(s) is/are TRUE? 

(a) f(f@)) =2 

(b) f(x) is periodic with fundamental period 27 

(c) f(x) is neither even nor odd 

(d) Range of f(x) is [0,27] 

If f(x)=sin™' x. cos’ x. tan” x 


=I 


.cot ! x.sec ! x.cosec !x, then which of the 


following statement(s) hold(s) good? 


(a) The graph of y = f(x) does not lie above x axis 


(b) The non-negative difference between maximum 
6 


minimum value of the function y = f(x) is a 
(c) The function y = f(x) is not injective. 


(d) Number of non-negative integers in the domain of 
f(x) is two. 


Let & =3cos! 2 e3tan-t| 2 and 
7 2 


gag OP geal? 
B =4sin (22 4t (2). 


then which of the following does not hold(s) good? 
(a)a <n butB>7 

(b)a >a butB<2 

(c) Both o and B are equal 

(d) cos(a + B) =0 


Let function f(x) be defined as 
f(x)=|sin™ x|+ cos (= 


x 
following is/are TRUE. 


(a) f(x) is injective in its domain. 


} Then which of the 


(b) f(x) is many-one in its domain. 

(c) Range of f is singleton set 

(d) sgn(f(x)) = 1, where sgn x denotes signum function 
of x. 
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87. Which of the following pairs(s) of function is(are) 
identical? 
x 


(a) f(x) =sin(tan™ x), g(x) = 
41+ x? 


(b) f(x) =sgn (cot! x), g(x) =sec” x — tan? x, where sgnx 


denotes signum function of x. 


x? 1 


In| cos~! > 
(c) f(x) =e | E “I gepecar( 2 
x 


+1 


(d) f(x) =sin™ [: a :} g(x) =2tan! x 
+x 


88. The value of © cot”! (n? +n+1)is also equal to 


n=1 
(a) cot~'(—1) + sec (1) — cosec™1(1) 
(b) cot~'(2)+ cot '(3) 


4f1—x? 
(c) minimum value of the function f(x) = tan ES) 
1+x 


(d) cos ' [cos 41 *) 


89. Let f : I — {—1,0,1}— [- 17, 2] be defined as 


f(x)=2tan™ x — wo 


2x 


2 


, then which of the 
1-x 

following statements(s) is (are) correct? 

(a) f(x) is bijective 

(b) f(x) is injective but not surjective 

(c) f(x) is neither injective nor surjective 


(d) f(x) is an odd function 
[Note : I denotes the set of integers] 


90. If log x = = logy= ; and P = log 


(sin(arc cos ix, 


1- xy? 
—_—_—— ||, then 
xy 


—1 —4 


Q = log] cos [> tan 


Inverse Trigonometric Functions Exercise 3 : 


~ Passage Based Questions 


Passage I 

(Q. Nos. 91 to 93) 
Let § denotes the set consisting of four functions and 
S ={[x], sin! x, |x|, {c}} where, {x} denotes fractional part 
and [x] denotes greatest integer function. Let A,B, C are 
subsets of S. 
Suppose 
A : consists of odd function(s) 
B: consists of discontinuous function(s) 
and C : consists of non-decreasing function(s) or increasing 
function(s). 
If f(x~ye ANC; g(x)E BO Ch (x)e B but not C and [(x)e 
neither A nor B nor C. 
Then, answer the following. 


91. The function I(x) is 
(a) periodic 
(b) even 
(c) odd 
(d) neither odd nor even 


92. The range of g( f(x)) is 


(c) {0,1} (d) {-2,—1,0,1} 


93. The range of f(h(x)) is 


en) 
(c) (0 4 


Passage II 
(Q. Nos. 94 to 96) 
Let f'be a real-valued function defined on R (the set of real 
numbers) such that f(x) = sin os (sin x)+cos is (cos x) 
94. The value of f(10) is equal to 


(a) 6m — 20 (b) 7m — 20 
(c) 20-72 (d) 20 —6n 


95. The area bounded by curve y = f(x) and x-axis from 
ws x < Tis equal to 


Tl 1 7 2 
(a) zs (b) = (c)% (d) i 


96. Number of values of x in interval (0, 3) so that f(x) is an 


integer, is equal to 
(a) 1 (b) 2 
(c) 3 (d) 0 


Passage III 
(Q. Nos. 97 to 98) 


Consider a real-valued function 


f(x)= sin! xt+ 2+ /1-sin7! x 


97. The domain of definition of f(x) is 


(a) [-1,1] (b) [sin1,1] (c)[—1,sin1] (d) [-1,0] 
98. The range of f(x) is 
(a) [0,3] (b) [1.V3] ©) [V6] ~~) [v3, Vo] 
Passage IV 
(Q. Nos. 99 to 101) 
Given that, 


2tan' x,|x|<1 


[ 
tan( *,|- eee all 
l-x 
[ 


m+2tan! x,x<-l 


2tan! x, |x|<1 


m—2tan! x, x> land 


—(m+2tan™! x),x<-1 


sin-! x+cos! x= 2/2 for-Il<x<1 


99, al sa 
2 


+2tan! (- =) is independent of x, then 
2 


x" +4 
(a) xe [-3, 4] (b) x € [-2, 2] 
(c) x €[-1,1] (d) x € [1, -) 
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100. If cos! a a a gta ag then x€ 
1+9x? 
1 
—, 00 b) (- 1, © 
(a) (2 (b) (- 1, ) 
(c) (— 2, m— 1) (d) None of these 
101. If (x —1)(x* +1)>0, then af! tan7! —** ; tan! ; is 
1-x 
equal to 
1 
1 b) — 
(a) Cir 
(c)-1 (d) None of these 


Passage V 
(Q. Nos. 102 to 104) 


For x, y, z,teR,sin! x+cos! y+sec! zt? —J2nt +30 


102. The value of x + y + zis equal to 


(a) 1 (b) 0 
(c) 2 (d)-1 
103. The principal value of cos” ‘(cos 5t*) is 
3m T 
(a) > (b) a 
T 20 
(c) 3 (d) 3 


104. The value of cos” ‘(min{x, y, z})is 


(a) 0 ) = (c) x (a= 


Inverse Trigonometric Functions Exercise 4: 
~ Single Integer Answer Type Questions 


(x—2) 


x? 42x +2 


105. Let f(x)=tan™* } then 26f’ (1) is 


106. Let f(x) =(arc tan x)* +(are cot x)*. If the range of f(x) 


is [a, b), then find the value of . 
a 


oo 2 
107. If & 2arccot | = kt, then find the value of 
n=0 


k. 
108. Find the number of solutions of the equation 
ee 5x + 
tan| © cot'(2r?)|= 7 e 
r=1 6x +5 


1 2 


109. x)", 


lim [{max (sin™' x + cos” 
z>0 


5d 
min(x* + 4x +7))}. ss 


| is equal to (where [.] 


denotes greatest integer function) 
: 13 . 
110. If sin(30° + arc tan x) = — and 0< x <1, the value of x is 
14 


av3 Bit F 
= where aand bare positive integers with no 


common factors. Find the value of (=**) ‘ 
2 


111. Let f:R>(0 = defined as f(x)= cot | (x* —4x +a). 


Find the smallest integral value of @ such that f(x) is 
into function. 
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112. Let L denotes the number of subjective functions 115. Let f(x) =cos(tan™ '(sin(cot™' x))). The simplest form of 
f :A— B, where set A contains 4 elements and set B ee A 1/2 
contains 3 elements, M denotes number of elements in f(x) can be written as [2 ; . Then the value of 
the range of the function x" +B 
f(x) =sec ‘(sgn x) + cosec ‘(sgn x), where sgn x (A + B)iS wees. 
denotes signum function of x and N denotes coefficient 116. Find the value of 2 for which 
oft? in(l+t7)? (1+t*)°. tan? S082 sec 2B + cos 28 seca 
Find the value of (N — LM) r 
eaehaat 2 2 -1 
113. Number of solution(s) of the equations cos ‘(cos x) = x? =tan {tan a +B) tan"(%—B)}+ tan “1 
is 117. The least value of n for which 
114. If cos” '(x) + cos '(y)+ cos” '(z) = msec” (u) (n _- 2)x? +8x+n+4> sin! (sin 12) + cos ‘(cos 12), 
+sec*(v)+sec°(w)), where u, v, w are least non-negative Vx € R, where n € N, is we 
angles such that u< v< w, then the value of 118. If0< cos’ x<1and1+sin(cos~' x)+sin*(cos~* x)+ 
4¢ 2000 ye 4 7 2004 4 36m iS... sin’ (cos ' x) +... co = 2, then the value of 12x” is....... 


ut+v+w 
119. The number of real solutions of the equation 


{1+ cos 2x = V2sin \(sin x), -MSx<T,is 


Inverse Trigonometric Functions Exercise 5: 
~ Statement | and II Type Questions 


= This section contain 6 questions. Each question contains Vy en ea 1, 1 Seee! oy 1 
Statement I (Assertion) and Statement II (Reason). , 2 2 ee 
Each question has 4 choices (a), (b), (c) and (d) out of 
which only one is correct. The choices are Statement II cosec'x> sec! x, if1< x< V2 
(a) Statement I is True; Statement II is True; Statement II is a 

correct explanation for Statement I; 123. Let f(x) =sin™ i 2x 
(b) Statement I is True; Statement II is True; Statement II is 14+ x? 
NOT a correct explanation for Statement I; 


(c) Statement I is True; Statement II is False; Statement I f’(2)=— a and 
(d) Statement I is False; Statement II is True. 5) 


120. Statement I y= tan ‘(tan x) and y=cos_ ‘(cos x) does 


Statement II al Jonata tay x> 1 


—— n 30 : 
not have any solution, if x€ & =) el 
2 


2 
a 124. Statement I sin’ '2x+sin™'3x= slg 
Statement II y = tan ~ ‘(tan x)=x-TxeE ( ‘ and 2 
ae cs 
=x =,/— only. 
3 
lon —xX, xE t 2 . 
y=cos ‘(cos x)= 7 : and 
x; x E. x Statement II Sum of two negative angles cannot be 
positive. 
121. Statement I sin! (3-| > tan'(J| 125. Statement I Number of roots of the equation cot’ } x 
e Vn cos | 2x + =Ois zero. 


ia =a 
Statement II sin“ x>tan “ y for x>y,V x, y€ (0,1) Statement II Range of cot. ! x and cos”! xis (0, 7%) and 


[0, t], respectively. 
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Inverse Trigonometric Functions Exercise 6 : 


~ Matching Type Questions 


~ —1 = 
126. Lett, =(sin7' x)" *,t, =(sin™! x)° *, 
1 2 


1 = -1 
iy =(cos | x" _ iy = (cos 1 CS al x 


> 


Match the following items of Column I with Column II 


Column I Column II 
A. x €(0, cosl) (Pp) t>h>y>s 
B. We [cost +5 (qq) t>h>t >t 
V2 
C; xe (Sy. sim (f) h>4 >> 
V2 
D. xe (sini, 1) (Ss) t>&>t >t 


127. Match the following items of Column I with 


Column II 

Column I Column II 
A. sin’ !x +x > 0, for (p) x<0 
B. cos 'x—x > 0, for (q) xe€(0,1] 
C. tan7!x +x <0, for (r) xe[-1,0) 
D. cot’ !x+x>0, for (s) x>0 


Inverse Trigonometric Functions Exercise 7 : 


Subjective Type Questions 


128. Solve sin ' (=) +sin~ (2) mae 


x 


129. Solve tan = = ) +tan~ (7) = tan” '(— 7) 
x SA x 


130. If a,b,c are positive, show that 


tan=? |ala+b+c) + tan7? Wat+b+c) 
be ac 


+tan ! Gerace) _ 2. 
\ ab 


131. Find the sum to the n term of the series 
cosec ‘10+ cosec ' 50 + cosec’ ‘170 


t..+ cosec™!|(n? +1)(n* +2n+2) 


132. If x; € [0,1] Vi=1,2,3,...,28 then find the maximum 


value of 
sin“! x, Joos”! x, + sin“! x feos! 
sin x; COS =X, +1/SIN- X, Cos X3 


1 =1 1 =1 
+4/sin x3 cos xy +...+4/sin Xp¢-/cos xy 


10 10 
133. Find the value of y .. tan”*(£} 


r=1s=1 8 


134. Find the value 
_ 3 cof + [(k —1) k(k +1) (k 8) 
k=2 


noe k(k +1) 


135 ip 7 tanta. — 8) ntan® 


cos” @ cos ”(a — 0) 


1 4/n—-m 
Prove that :6 =—|a@— tan! tana 
2 n+m 


136. Prove that : 
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=e nu mT i nx 0 dpe 
tan 1(e®) = + In tn } where ‘n’ is an 
2 4 2 4 2 


integer. 


137. If the quadratic equation; 


2 
gr Me? +2x-+(B* -B +3) = 0 have meal roots, then 
2 


find all the possible value of cosa + cos’ B. 
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Inverse Trigonometric Functions Exercise 8 : 
~ Questions Asked in Previous 10 Years Exam 


(i) JEE Advanced & IIT-JEE 
138. Ifa =3sin (<) andB =3 cos ' (<} where the 


inverse trigonometric functions take only the principal 
values, then the correct option(s) is/are 

[More than one correct option, JEE 2015 Adv. ] 
(b) sin B <0 
(d) cosa <0 


(a) cosB > 0 
(c) cos (a + B) > 0 


139. If0< x<1, then 1+ x? [{x cos (cot ' x) 
+sin (cot! x)}* - 1]" is equal to 
[Single correct option, IIT-JEE 2008 3M] 
(a) —— (b) x 
4f1 + x? 
(c) xaf1 + x? (d) 1+ x? 
(ii) JEE Main/ATEEE 


140. If tan”! y= tan’! x +tan 7! 5 


1 
, where | x |< —. 
V3 


1-x 


Then, the value of y is [2015 JEE Main] 


3x—x? 3x+x° 
(a) : (b) : 
1396 —'3X 
3x—x? 3x+ x? 
(c) : (a) : 
13x 1+3x 


141. 


142. 


23 n 
The value of oil ctf + y, x is 
n=l kat [2013 JEE Main] 
23 25 23 24 
tales by oe oe: 4) 2 
(a) 38 iD) Ss (c) oi (d) a 


If x, yand z are in AP and tan‘ x, tan! y and tan! z 


[2013 JEE Main] 
(b) 2x =3y =6z 
(d) 6x =4y =3z 


are also in AP, then 
(a) x=y=z 
(c) 6x =3y =2z 


Answers 


Exercise for Session 1 
1.1/2 2.-1 3. (00, — 3] U[-2, — 1] U[0, ©) 
4. R 5. (—c0, — 1] U[], ©) 


Exercise for Session 2 


i@ @22 428 
5 10 
4. 13-42 
5 sin |(sin@)=3n-0; cos !(cos@)=0—2n 


; tan”! (tan) =0-3n; cot '(cot@) =0-2n 


Exercise for Session 3 
B 39 


2. not defined 


1. A 
2 36 


Exercise for Session 4 


i= 2.(7-=) 3.3 
8 4 2 2 


=) ge ye 
143. The value of cot [cose 1 + tan? is 
3 [AIEEE 2008] 
5 6 
a) — b) — 
a 17 (b) 17 
3 4 
c) — d) — 
(c) i" (d) iv 
eg {5 1 ‘ 
144, Ifsin™ (=| +cosec! (=) = —, then the value of x is 
5 4) 2 [2007 AIEEE] 
(a) 1 (b) 3 
(c) 4 (d) 5 
145. If cos"! x — cos! » =0., then 4x? —4xy cosa+y’ is 
2 
equal to [2005 AIEEE] 
(a) —4 sin? w (b) 4sin? a 
(c) 4 (d) 2sin 2a 
5. 0 eal 12 S921 Ate 
10 2 2 
Exercise for Session 5 
2 = 3 yal 5 ye VStWv2 gy! 
2 9 9 2 
Exercise for Session 6 
1. : 2 65 33 cd 4. 2V5 
5 16 25 5 
Exercise for Session 7 
3sin x a <x< us 
2 2 
1. y= sin | (3x 4x7) =! n-3sin'x ; >< x<1 
—-N—3sin x ; -l<x< Se 
2 
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Graph of y = sin“! (3x— 4x*) 6. % 


% 
She ceekeyee ar dered iene tal Goh TU ae Sa 
+n/2 
>X 
—n+ 3tan!x : DBs O 
V3 


Chapter Exercises 

1. (b) 2. (a) 3. (c) 4.(d)  5.(a) 6. (b) 

7. (a) ‘8. (b) 9.(a)  10.(b) 11.(d) 12. (b) 
13. (b) 14. (a) 15.(a)  16.(b) —-17.(d)_—‘18. (b) 
19. (b) 20. (b) 21.(a)  22.(d)~—-23.(d)_—s24. (d) 
25. (d) 26. (b) 27.(d) —-28.(a) 29. (a) 30. (c) 
31. (c) 32. (b) 33.(a)  34.(b) 35.(c) 36. (d) 
37. (b) 38. (a) 39.(c)  40.(d) 41.(d) 42. (c) 
43. (d) 44. (b) 45.(c)  46.(c)  47.(d) 48. (a) 
49. (d) 50. (a) 51. (c) 52. (c) 53.(a) 54. (a) 
55. (c) 56. (c) 57.(b)  58.(b) 59. (a)_—-60. (c) 


3 
Graph of y = tan”! —= 
1— 3x 


: % 61. (c) 62. (c) 63. (d) 64. (c) 65.(c) 66. (c) 
us 67. (c) 68. (d) 69. (d) 70. (a) 71. (b,c) 72. (b,c) 
73. (a,b,c)74. (a,c) 75. (a,c) 76. (a,b,c) 77. (a,c,d) 
Ln/2 78. (a,b,c,d) 79.(b,c)  80.(b,d) 81. (a,b) 
82. (a,b,c) 83. (a,b) 84. (a,b) 

>X 85. (a,b,d)86. (a,d) 87. (a,c) ~— 88. (a,b,d) 89. (c,d) 90. (b,c,d) 

oO : 91. (b) 92. (d) 93. (b) 94.(b)  95.(b) 96. (c) 

4, % 97. (c) 98. (d) 99.(b)  100.(a) 101.(c) 102. (d) 


103.(b) 104.(c) 105.(9) 106.(4) 107.(1) 108. (0) 
109. (3) 110. (8) 111.(4) = =112.(4)  113.(3) 114. (9) 
115.(3) 116.(2)  117.(5) 118. (9) 119. (2) 120. (a) 
121.(a) 122.(a) 123.(a) 124.(a) 125. (a) 

126. A>q;B>s;C>r,D-p; 

127. A> q; Bo 1; C> p,r; D- q,1,s; 

128. x= 13 129. No Solution 


= 
we 
= 


stan (n+ 7 132.77 133. 257 134. 7 


137. = -1and +1 
3 3 


138. (b,c,d) 139.(c) 140.(a) «141. (b) ‘142. (a) 
143. (b) 144.(b) 145. (b) 


| 2x? + xk — 4k? 
=sin 


@ 
4x? — 4xk + 4k? 
. | x? + 2xk — 2k? | 
=sin 
2 


x? —2xk + 2k? 
. F F = Tt 
1. Substituting x” = cos20, we obtain 5. 0<x<1>0<tan'x<— 
4 
3 
= 1- = i= 20 = _ 
cot”! a = cot! ae = cot '(tan0) => OR ect tiee Gg 
1+x 1+ cos20 4 
Tt _ T 
4 Tt => 0<—-tan '!x<— 
=cot | cot} ——9@ 4 4 
2 
Tt 
Se 7 3 = 
“5 8 6. T,, = cot [nt )= tan” 
4 2 
1 nt ho 
2. Let cos '— =0, where 0 <0 <—. Then 
8 2 S 1 =f 1 
1 101 =tan “‘|n+—]-tan |n-— 
—cos -—=—6 2 2 
2 q~2 7 ; ; 
1.41 1 = Saad +) y..=14 
=> coo{ Sos 11) = cos0 Sn Lin si [n+ 3) -s 2 
2 8 2 n=1 
7 aq 3% 1 yl 
Now eee S,, = tan” \(co) — tan” '= = tan’'—=cot™'—=tan 2 
8 3 2 
= tues TU 
=> cos0 =— => 2cos ee 7. We have, cot™'x + sins! — =— 
8 8 J5 4 
9 x -11/V¥5 _ 
=> cos’— =— > tan’ | tan™* [V5 _ 
16 x 1 4 
3 tie 
> cos— = — 5 
ss ae! 1 24 
r 7 => tan —+ tan —=tan 1 
| 0<—<—, sO cos— # | x 
agi 1 -1 
mors F => tan —=tan 1-—tan — 
3. sin’ (sin5) > x“ — 4x x 
> sin’ (sin(5 — 2m) > x” —4x i= 
- = -1 2 
> 5 -—2n >x* —4x > tan Pe 7 
; 1+1-— 
= 9 —2x >(x—2) 
> (x —2)° <9-20 a ctl _ tan”"() 
3 
=> 9—-2n <x-2<.,/9—2n . 
=> x=3 
> 2-—.,/9-2™7 <x<2+./9-27 
8. (cot™' x)? —(5cot™'x)+6>0 
= . 1 at eee S15... 
4. We have, sin! (sin | —__ = (cot x — 3) (cot™ x —2) > 0 
37) |(x? + k? — kx) x>cot2 and x <cot3 


x €(— ©, cot3) U (cot2, ) 


—cos! cos | n gro} n gr orn} 
6) (x? + k? — kx) 9. lim ¥’ tan") ——— | = lim ) tan!) ~~ 
r=1 is 


n> 1+2 n> 00 et 1427.97} 
sin7? 3x cel 3x n 
= sin ce) = lor) -lyor-1 
24] x7 + k? — kx 2.) x? + k? — kx = lim 7 {tan Byte 
r=1 
T =i 3x = lim (tan '2” — tan™'2°) 
= 2cos n> 00 


2 4x” — 4kx + 4k? Ave - 
=tan 2 -—tan 1 


T 6x" 
= cos! 5 . 5 1 ee Le 
4x° — 4kx + 4k 


10. eRe 
x 


6tanx 
| 1+ tan? x 
an 
3(1 — tan* x) 


1+ tan’x 


-;{ 3tanx 
an 7 
4+ tan’ x 
tan x 
-1 4 


5+ 


3tanx 


4+ tan’x 


3tan? x 
4(4 + tan? x) 


_;| l6tanx + tan? x 
= tan 5 
16 + tan” x 


= tan ‘(tanx) =x 


12. (z - cos] + (= - cosy] ok 
2 2 3 


4 “a 1 
> cos x+cos y= a 
[ e271] 
13. cot| —- cot! 
2x3 
1 14 
= sor — cot 14] 
[4 3 | 
nm 4 
cot—:—+1 —+41 
= 7 =f 
4 1 4 
== COE =o. 
4 3 
[ 1—tan20 1—tan20 | 
14. sin| tan”! = de ge 5 
2tan0 1+ tan°0 
=> sin[tan™ '(cot20) + cos” ‘(cos20)] 


= sn tanta is 5} n | 
= sin(* —20 + 20| =1 


2 
rie ee 


15. 2tan'x=cos 5 
Lax 


=> 2tan 'a—2tan 'b =2tan 'x 
a-b | 
1+ ab 


=> 


16. 


17. 


18. 


19. 


20. 


[Put x = tan6] 21. 


22. 
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sy 1 x" 
— < cos os 
1+x 3 
x ot 
=> 0<cos! os 
ee ae 3 
2 
1. 1x 
> _< Fol 
2 1+x 
> O<x°<- 
= (= =| 
x alice ewes 
V3 V3 


a8 +2 24 at | 

cos | | sin + cos + COS 
- : 3] 

v3 cos *4|—— 


=> cos ie [m5 


= cos cot— |} =— 
2 2 
aaex 1 
tan| tan “— | < tan— 
1 3 
=> = < V3 
T 
> x </3n =5.5. Maximum value is 5. 


Ja + x’) - va — x’) _ tana 
{eee daa) 1 
2 tan‘(™ + a_| 
= 4 


1-x°? 1 


er be ng LE 
Now, use ‘C’ and ‘D’ > 


: = ‘rp 1 : 
Again, use ‘C’ and ‘D’ = x” =— cos + 2 = sin20 


tan'x+ cot 'y=tan '3 = cot 'y=tan '3-tan 'x 


-i{ 1 24 3X 
=> tan “| —|=tan ~——— 
y 1+ 3x 
14+ 3x 
=> y= 
3 xX 


Hence x = 1, 2, and y =2-7 


cosec ‘(cosec x)= x Vx €R=-(-1,1) 


= T Tt 
Also, range of cosec” ‘(cosec x) € - 3 9 U c | 


So, combining these two, we get 
[ If, 2! 
x [ I | U |" 4 | 


'(sin(tan” ' x))) 


lim cos(tan™ 


| x| > ec 
= cos(tan” ‘(sin(tan™ o0))) = co tan (sin( =) 


= cos(tan’ ‘(1)) = cos = = an 
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24. 


25. 


26. 


21: 


Textbook of Trigonometry 


1 f 


[cot x] + 2[tan”  x]=0 

> [cot” x] =0,[tan”' x] =0 

or [cot”! x] =2,[tan°'x]=-1 

Now, [cot 1x] =0 =x €(cot1, ~) 
[tan”' x] =0=> x €(0, tan1) 


1 1 


Therefore, [cot™ 
at 


x]=[tan “ x] =0, x €(cot1, tan1) 
x]=2=> x €(cot3, cot2] 
[tan 'x]=-1=>x e[-tanl, 0) 
Hence, no such x exists. 
Thus, the solution set is (cot 1, tan1) 


— ; 1 31 
Let sin 'x=0 = x=sin@, <0 <-— 


310 
Now, cos’ | x = cos” ‘(sin®) = cos" - cos( = 5) 


31 31 
-n- (2-0) so" 0 
2 2 


1 ee T 
=@-—=sin''x-— 
2 


=i -1 =i 1 
Hence, sin x+cos x=2sin x-— 
2 


1 


= -1 
asin x—bcos x=c 


a 2 br 
We have, bsin’' x + bcos }x =— 


Adding (a + b) sin”! x = “ +c 


or sin x= 


=4 um bm +2c na-—2c 
cos x= = 


2 a+b) 2Aat+b) 


a= _ tab +cla-—b 
=> asin 'x + bcos bg ES) 
a+b 


= = Tl 
sin '| x -2|+ cos '(1—|3 a= 


or |x-2|=1-|3-x| 
|x -—2|+|3-—x|=1 
or |x-2|+|3-—x|=|(x-2)+@6-x)| 
or (x —2)(3-—x)20 
or 25x53 


According to the question, 


eaq wisa 3 --1 
sin —=+sin —+sin Q=T7 
V5 10 
-1 -1 -1 a 
> tan 2+ tan 3+ tan = 
1-0” 
ep 23. 1 a 
> TT + =T 
1 —(2) (3) 1-0” 


> tan! ae am 
yi-a’) 4 

> Mg a= : 
ia? 2 


28. Expanding, we have 
(tan™’ x)? + (tan™'2x)? + (tan7*3x)? 
=3tan’' xtan”'2xtan™'3x 
> x=0 
29. Let f(x) =x? + bx? +x +1 
f(0)=1>0, f-1)=b-c<0 
So, a e€(-1,0) 
So, 2tan” ‘(cosec a) + tan” ‘(2sinasec? 0) 


-if 1 -1{ 2sina 
=2tan ; + tan “| ———,— 
sind 1-sin*o 
= 1 = ae 
jag - + tan iteings)| 
| sind | 


ota) 


30. Given, u = cot”! ¥cos20 — tan”! Vcos20, 


Put cos20 = tan’0 


(as sina < 0) 


> u=cot ‘(tan@) — tan’ ‘(tan@) 


=-"_g-9="-2 
2 


1 
> sinu = sn( 4 - 20} = cos20 = tan’0 


37. % 


Thus, f(x) is not differentiable at x = 0 
32. y, 


yr 
From the graph, it is clear that, f(x) is not differentiable at 
x=1,—1 
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33. Given, f(x) = tan” "(x? —18x + a) >0 e* afy-1 
iven, f(x) n (x x+a) ~ : = sin Y 
> tan” (x? —18x + a) >0 e +1 
=> x? -18x+a>0 = 18°-4a<0 a esi) i} sin 2} 
_, , 18° _ 18x18 _ : . 
4 4 sin 2} 
> a>81 > aé(81, °) => fos Pd 
sages =1 
34. f(x) =sin '2x+ cos ‘2x +sec '2x 1—sin (2) 
q -1 
x)=—+sec 2x =e 
fxy=4 al? 
Graph of sec” '2x is as following x = log ee oe 
Y, 1=sin( 2} 


39. cos '(cos(2cot™ (V2 —1))) 
= cos’ '(cos(2(67-5°))) 


i id 
2 12 = cos '(cos(135°)) 
31 
Tt Tt = 135° =~ 
(f(*)) minimum = = + 0 =— 4 
2 2 
(f(x) +n enous 5 
maximum ~ > iar - 12-2 -1] V3 -1 
mae iQ 2 40. f(x)=tan (228 = tan! ( 7 ) 
tT 32 x +2x° +3 2,7) 
Sum = — + —=20 a i oa 
2 2 
3 
[ b Pa: | As x” + — >2¥3 [using AM >GM] 
x 
. or, lc +a at b | T 
7 = 3 
35. Given, tan b C r = 42 1 2e24 05 
ctaat+b = «3 —1) 
1] 2W3 -1 T 
bebe tc? + a (F()) max = tan = 
~s a d ¢c ac =] f max AN3 4: 1) 12 
ac + be + a° + ab—be 
| 2 
=> ab+b°? +c? +ac=ac+a’+ab 41. gg ge (x#0) 
x 
b? +c? =a’ 
Jl+x?-1 
..AABC is right angled at A > Vit * 7" = tana? 
x 
36. By graph, clearly it has 5 real roots 
2 
y=sin x ae > jl+ x° =1+ xtan4° 
y=sir ‘(sin x) a ee 
Son => 1+ x° =2xtan4°+1+ x*tan* 4° 
: 2tan4° 
: 31/2 > x=0orx= = s75 = tan8° 
1 TX : 5 1 — tan“ 4° 
my sy : $3 Tl 
Since x # 0, we have x = tan8° 
2 
37. -1<x<1,y>0 42. From the given equation sin’6 — 2sin6 +3 =5*° 7 +1, 
2 
Both will be equated for infinite values of x and y. Therefore we get (sin@ —1)?+2=5°° % 41 
infinite many solutions. LHS <6, RHS >6 
58 =a asta e ee, Possible solution is eS —1when L.HS.= RHS. 
e +1 > cos'6 =0 
. e* > cos’@ —sin® =1 
— y —1=2sin 
e +1 
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2 = 
43, y =|x’ -1|=|tan™ x|| 48. % +456. oo 


Z 507 
49. sin'| —sin— | =-sin ‘sin 
9 


+] 
as 


y= | tan7! |x| =-— sin ( sin (4 
From graph, clearly it has 4 solutions. 4 310 7 310 
- ; ; : cos cos} — —— | = cos cos} —— 
44, 1+ tan*(tan™' x) —(sec*(sec”' x) — 1) 9 9 


= 1+ (tan(tan™' x))? —(sec(sec™! x))? +1 = cos "cos{ 4 7 =) _ cos"teos _5u 


=1+x°-x?4+1=2 


4m 50 
45. The equation 3x” + 6x + a = 0 must have equal roots Hence, se( ae 6 eek = 
So, D=0 
> 36—12a=0 => a=3 50. tan4arctan(2) + arctan(20k)}=k; 
gr ol - -_ 1 
46. tan + sin | cos | . B 
V2 V5 10 tan A + tanB 2+ 20k 
> =k> = 
Seat é tan 1 tan-13 1-—tanAtanB 1 —(2)(20k) 
v2 7 : or 40k? +19k +2=0 
1 1 
— tan -1 -1 19 
cau V2 i 3— tan 2 | Now, sum of solutions, k, + k, =— — 
[ 1 as 
1 
pre = = =—2)-(r —3 = = = 
-a1 -1 ; 2 -1 1 -1 57. © tan” Rigaud s = ¥ (tan (r—2)—tan '(r—3)) 
=> tan a tan 3 = tan a 1 r=2 1+(r—3)(r—2) r=2 
142 
2 Now, T, = tan’ 0 — tan’ ‘(—1) 
= Vere tan 2 1 | T, = tan'1—- tan™’0 
z re T, =tan'2-tan "1 
1 : | 
4a2=1 
=—| tan™ = =— tan” T, = tan |(n —2) — tan '(n —3) 
es 244 
L 2 > 5, = tan '(n — 2) + ri 
= cot N241 c . (+) S EF 31 
v2-4 1-2 "204 «4 
to) 1 
= Le cot! 1+ v2|_ Tt 4 eget ee §2. x=—-1/4; y = cos—; where cos@ = — 
| 1-2 1-2 2 8 
1 d 6 /1+cos®8 3 
47. o% =2tan '- + tan”! an oo8 = ee = seri 
2 3 
= 1 14 14 53 -1 1 -1 -1 3 
= tan + tan’ — =2 tan » tan 5 tan2A | + tan (cot A) + tan “(cot” A) 
P= 
4 afl _,{ cotA+ cot? A 
ox = tan tan2A | + tan i + Tt 
(using 2 tan’! x = tan! 5) 2 1—cot' A 
oes 3 


(0<<%—cota>s] 


14 
Let 8 = tan = > tand 


1+tan°@ 14+(16/9) 25 
1—tan’?@ 1-(16/9) -7 


-1 tanA 1 cot A 
25 =1 + tan + tan 
Hence, sec0 = — Fe 1—tan’A 1—-cot?A 


=n =4tan ‘(1) 


i at tanA prac ace cot A(1 + cot” A) 
= tan n 


Now, secQ, = sec 20 = 1—tan?A)- (1 — cot® A)(1 + cot” A) 
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10t” + 13t —3 =20 


54, T, = in(2 Hy <b =a = tan /(n+1)*- tan ‘(n-1) 


1+(n?-1) = 10t* + 23t — 10t —-23 = 0 
S, =tan (n+1)* + tan 'n? —tan!1? 1(10t + 23) —(10t + 23) =0 
23 : 
oe tT fe ut =a ug (t -1)(10t + 23) =O >t =lort=- a (rejected) 
2 2 4 4 ‘ 
=m —sec”!(./2) cos x=1>x=cosl 
Tl 
= sec '(—/2) 59. sin’! x + cos! x = 5 wsc(l) 
Tl zl as 
59. i. cos "(1 — x) + 2cos"' x =0 and sin‘ x — cos’ x = sin '(3x — 2) (ii) 


ig tee tegen From Eqs. (i) and (ii), we get 
. 2cos }x= cos (3x —2) 
Domain is [0, 1] 


[nl Note that (3x —2)e[-1l]ie.-1<3x-2<1 
Now, in [0, 1], sin”'(1 —x) € |° al and2cos 'xe[0,7] (a 
2 => xe [3° ‘| 
Hence, sin” (1 — x) = o| F F ison 1 
ree cos7! ; | =>x=l1 Now, 2cos * x = cos “(3x-2) = cos ‘(2x“-1)=cos ‘(3x-2) 
s x= 
> 2x” -3x+1=0 
56. Let tan” (x) =@ => x = tan 1 
cos® = x (given) -_ a On 2 


1 
Hence, x = 1 or a 


I 4x2 60. tan*(sin™' x) > 1 = tan(sin™' x) > 1 or tan(sin™ x) <—1 
x 
= Tl = v1 1 1 
sin} x >—orsin! x< ; xe (-1,1) [ ; ] 
Q 90° 4 4 [ <2 vz | 
1 Note that domain is (—1,1) 


1 1 - x? 
—————— = Xx eta | = 332 a ed -1 _igtye = 1 
fa ge : 61. sin l—x° + cos x =cot - sin x 


2 2 
1+ =] T 2 aayl—-x 
Nh *) or Pas Mit —x? =cot 1+ —_ 


> 15 7 

=> x a 1 2 
=X. 
5 = tan” sin’ 4/1 —x? =0 

2 5 =1 2 x V5 =] x 

> 2 (x* can not be — ve) > — = 
2 2 4 > -1<x<0U fl} 
ate - 7 Af . *) 7 at **) 2m 62. Consider tan65° — 2tan 40° 
cos = cos sin— | = cos cos— | = — 
4 10 5 5 = tan(45° + 20°) — 2tan 40° 


_ 1+ tan20° 4tan20° 


57. sin cos‘ (cos(tan™ x)) = p 7 5 
1-tan20 1-tan“20° 


1 


ForxéRtan x €(—1/2, 1/2) 


_ (1+ tan20°)? — 4tan20° _ (1—tan20°)(1—tan20°) 


cos(tan ! x)e 0,1 = 
ene Al (1 —tan20°) (1 + tan20°) (1 —tan20°)(1 + tan20°) 


cos’ cos(tan™! x) € [0,7/2) (1 — tan20°) : : 
: =i = = i Seo = tan(45 — 20 ) = tan25 
sin(cos (cos(tan  x))) €[0,1) (1 + tan20°) 
-1 
58. cos'x=t=>x €[-1,1]and te [0,7] “tan “(tan25°) =25° 
h ] } Bs } | ay =1: 63 Welw] oe S28 
Now, we have log,,./5t —1 4 5 0g, 9(2t + 3) 4 ° 0£;)5=1; . A ho 3 

1 3 xy x? y? 

eae > 1-—,1 =-—sin@ 


ab a b? 
log, 9((5t — 1) (2#+3).5)=2 xy 2 y 
(5t — 1) (2t + 3).5 =100 > ao ar) ee) 


(5t — 1) (2t + 3) = 20 


Yu 
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On squaring both sides, we get 


xy? axy x? oy? xy? 
=> +sin’@ 4 sin@ =1-—---~ + =, 

a‘b ab a b ab 

=> b?x? + a’y® + 2ab xysin® =a°b’ cos’® < a’b® 


64, a, = tan! (ees) =tan! [nea 
1+ (n+ 3) (n+ 2) 1+(n+3)(n+2) 
= tan” (n + 3) — tan”! (n + 2) 


S, = f(n) — fQ) = tan”! (n + 3) — tan'3 


T = = a 
=— —tan '3 =cot '3=sin! 


1 
2 10 


=f -1 : 
oo -1f1t+x)_ |tan“(1)+ tan” x, if x<1 
65. «tan (== = af 4 
-%+tan (1)+tan x, if x>1 


> S 


a 
| 
bad 


tan '(1), if x<1 


Now, f(x) = 
A -m+tan‘(1), if x>1 


—— 


4 
2 
-—k 1 k+1 
66. We have < <1>-<1 x at R 
1+ x 2 x +1 
k+1 01 
> k+1>0 and 7 <- 
x“+1 2 
So, k>-1and x?+1>2k+2 
=> x°-(k+1)20,V xe R>4(2k +1) <0 
pe 
2 


ie 


Hence, k € (-. =] 
2 | 


67. Domain is x € [-1,1] 


. | -1 
Given, sin x =2tan x 


=> = = 
yl—x? 1-x 

x =Oor(1— x’)? = 4(1 — x’) 
> (1 — x’) (6+ x’) =0 
> x=-1,0,1 ... (i) 

Zs as Tl 
tan” /x(x —1) + cosec'4/1 + x — x’? = 
xx -1)2>0Nx—-x* >05x(x-1)=0 

> x= 0.1 ... (ii) 


Now, Eqs. (i) A (ii) gives x = 0,1 


Hence, number of common solution are 2. 


68. Let ® = arc cos(x —1) 
Now, cos30 = 4cos°0 —3 cos0 
So, 4y? —3y =0, where y = x-1 


3B 8, 
_ 


=t—,0 => x=1t 
e 2 


Hence, three values of x. 
Aliter : 
cos (3cos ‘(x —1))=0 


2 TT 
= 3cos ‘(x-1)=@n+1)>,neZ 


> cos (x — 1) =(2n 4 Fn Z 
> cos (x — 1)= EL a os 
6 2 6 
> ete § 
2 2 
pea a N3 
2 2 
69 (ad) fa) = cos 1x! 
, 2 1+ x? 
D;=R 
1-x* 
As,05 oo" |< 
Lax 
[ *) 
R, =| 0,— 
f [ 2 
1 
() a(2)=sen(x+4) 
x 
D, = (— ©, 0) U (0, &) 
R, ={-11} 
(c) A(x) =sin® x + 2sinx + 2 
D,=R 
Also, h(x) =(sinx + 1)? +1 
: R, = [1.5] 
(d) k(x) = cos (x? — 2x + 2) = cos !((x —1)* + 1) 
D, = ty 
R, = {0} 
70. £0 Stan "Gx? + bx +3) <= 
> 0 <3x? + bx +3 <00 
Thus, range of 3x? + bx + 3 is [0,c) 
Now, D=b’ —4-3-3=0 > b’ =36>b=+6 


Sum of values of b = 0 


.. Square of sum of values of b=0 


71. 0= tan-"{ tan} and d = tan“"{- tan) 


= tan" tan + *) and 6 = tan[ = tan{x - *)) 


73. 


74. 


75. 


= v1 = Tl 
= tan ‘tan and @ = tan ‘tan 


1 T 
=—andd=— 
4 ° 3 


46-39 =0and0 +=" 


a 81 
81 cos! sn( + =| cos! sae 
9 


=e 18 = en /18 


cos! cos( =] Oe. 
T 
12 =e 


-if 4 A 4 
Let cos (4) =Q, that is cosa = 3° so that 


so, a=17,b=6,a+ b=23 
a-—b=1land3b=a+1 


_ _ T 
sin’ 'x + cos! x sees 


. =4 -1 

Given, cos x=tan <x 

> x =cos@ = tan0 
2 . 

> cos’ 8 =sin0 


=> sin’0+sin@-—1=0 


-14+ 144 
> sin® = 
2 
al 
> sin® = 
2 
Epes | 
> x’ = cos’@ = v5 
2 
.. Option (a) is correct. 
= 1 
and sin(cos’' x) =sin®@ = - (V5 -1) 


Also, option (c) is correct 
and tan(cos | x) = tan® # 508 —1) 


Option (d) is not correct. 


(given) 


76. 


77. 


78. 


79. 


80. 
81. 


82. 
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The solution of y Jy isy =Oory=1 

Ifsin ‘| sinx|=1—>x=lorx=2-1 

But y =sin’ ‘| sinx | is periodic with period 2, so x =nt+ lor 
nm — 1. 

Again if sin”'| sinx|=0, x =nn 

(sin! x + sin 'w)(sin'y +sin''z)=7? 


- =1 - = - =I - = 
sin x+sin w=sin y+sin z= 


re ae od | 
or sin x+sin w=sin y+sin z=-7% 
x=y=z=w=lorx=y=z=w=-l 
N; yn 1 .=4 
Hence, the maximum value of = =2and 
ZN3 WN 1 


minimum value = — 2 Also, there are 16 different 


determinants as each place value is either 1 or — 1. 


-1 
tan x, 


-1 
—tan x, 


if x>0 


Since, | tan”! x | = . 
ifx <0 


1 


> |tan”'x|=tan'|x|VxeR 
> tan| tan” x|=tantan™'| x|=| x| 
Also, | cot 'x|=cot 'x,VxeER 
> cot| cot” 'x|=x,VxeER 


[ 


3 1 
Xx, if0<x<— 
tan™’| tanx | = a 2 
— Xx, = eee 


x, x €[0, 1] 
—x, xe€[-1,0) 


sin|sin“'x|=4 


1 
1s$—__ <~>28 
cos x 


i, =? 
cos x 
2 


Hence, 2 should lie between or on the roots of 


1 -1 
Ht (a4 5) a! =0,where t= 20" sa 
2 


> f2)<0 > a’? +2a-320 
=a e(—--, —3] UL], ~) 


E=ut 


34+N7—-4+5-207 =—-2 


=1 =1 =, 
cos x+ COs y + cos Z=T 


et | aoe 1 
=> sin x+sin y+sin z=— 
2 
Also, cos 'x+cos 'y+cos'z=n 
> cos |x + cos 'y =cos ‘(-z) 
=> xy —1 x? 1 y= z 
2 2 9 = 
=> x+y +2° + 2xyz=1 


Option (d) can be true only if x,y,z > 0; for (c) put 
x=y=z=1/2 
Let tan’ x = and tan 'x*® =B 


tana = x and tanB = x° 
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2(tano + tan [x +x3 2x 
“. 2tan(a + B)= ( B) =2 7 (|= 5 
1 —tano tanB 1x 1-x 
2x 2tana = 
Also, = 5 = tan2o = tan(2 tan *x) 
l=x 1—tan’o 


T rs = = 
= tan{2(% — cot ‘x)= tance — cot ' x —cot =a) 


= tan(cot ‘(— x) — cot’ 1(x)) 


Tt 

[ 2x ; O<x<— 

Z 

Tt 3m 

(x)= Tt 3; —<x<— 

f 2 2 
31 

4m —2x —<x<20 


Clearly, f(x) is periodic function with period 27. The graph of 
f(x) is shown below. 


Domain of sin”! x and cos“! x, each is [—1,1] and that of sec! x 


and cosec’ 'x, each is (— «0, — 1] U [1, ~) 

..Domain of f(x) must be {—1,1} 

..Range of f(x) will be {f(-1), f()} 

where, f(—1)=sin '(—1) .cos '(-1). tan”(— 1) cot ~'(-1) 


sec (—1)- cosec ‘(—1) 


-(}.m (3). )0(3)-28 


f(1) = 0 {as cos*1 = 0} 


and 


(i) Thus, the graph of f(x) is a two point graph which doesn’t 
lies above X-axis. 
6 


—31 
(ii) f(x) max = 0 and F(X) min = 
3n° 
Hence, FO ase ~ F(X) min! a 64 
aA 
< o—> X 
(1, 0) 
_4, 3x8 
64 


(iii) f(x) is one-one. Hence, injective. 

(iv) Domain is {—1,1} 

..Number of non-negative integers in the domain of f(x) 
is one. 


85. o -stan{ 2) + stan{ 2) =3 


87. 


2 
f WB . 13 | 
tt SP ieee at zs 
3 7 
——— 
10 
7 3] 
[ -1 -1 3 | -1 ee 4 
pate 7 —tan ah Fa 
‘ 14 
a (=) 
=4tan “| —|]=7 
25 
86. f(x) =|sin? x|+ cos! (=) 
x 
Domain of f(x) is {-1,1} 
T 3n 
1) =—, f(-1)=— 
f(1) - f(-1) ; 
So, function f(x) is injective . 
sgn( f(x) =1(f(x) > 0) 
Tu 30 
R f =4—,— 
ange 0: f(x) e > 
(a) f(x) =sin(tan | x) 
Put tan! x =0=>x = tanO 
fine 
x 
J] 
7 
=> f(x)= bs = g(x) => identical functions 
a +x? 


88. 


(b) f(x) =sgn(cot™' x) =1,V ER 
But g(x) = sec’ x — tan) x#1,V xeR. (Think ? Domain of 
g(x) 


So, f(x) and g(x) are identical functions. 


(_(n+2tan!x) , x<-1 
= 2 7 
(fl) = sin “|. 2tan' x , -1<x<1 
1+x - 
m™ —2tan ‘x ; x21 


So, f(x) and g(x) are not identical functions. 


mein) 


1+n(n+ 1) 


T,= cot '(n? +n+1)= tan| 


=(tan‘(n + 1) — tan‘ n) 
n 
So, © T, =(tan'2-tan™’1) + 
n=1 


1 


(tan”'3 — tan”'2) + T(n+1)-tan'n 


) 


89. 


90. 


=tan ‘(n+1)-tan ‘1 


all nell ] al n 
n = tan 
li+(4+1)-1| n+2 


= ta 


= - T 
=> Y T,=tan1=— 
n=1 4 

e e Le 30 T 

(a) cot” '(—1) + sec™'1 — cosec cara ary 
_3n-2n 0 
4 4 


T 


= - 4f1 1 
(b) cot™!2 + cot '3 = tan () + tan'( +] =— 
2 3 4 


1-x? 


Hence, minimum value of f(x) does not exist and maximum 


value of f(x) is 
Gis = [10x § *) 
4 4 


So, 


Zs 2 
We know that, tan { 2 ) 
LX 


( m+2tan!x ; <1 
=i 97. 
= Ztan “x », —-l<x<l 
—(m —2tan x) , > 1 
flx) =T;. x<=1 
eS 
Tl, x>1 
So, Rr ={-0, T} 
5 1 
P=—andQ=— 98. 
15 15 


Sol. (Q.Nos. 91-93) 


91. 
92. 


93. 


A={sin' x}; B = {[x], {x}; C ={[x], sin! x} 
f(x)=ANC sin! x 
a(x) = BAC =[x] 
h(x) = {x} 


|x| is a function which is neither odd, nor discontinuous, nor 
non-decreasing. 


U(x) is | x| 
I(x) =|x| is an even function 
a( f(x) = [sin x] 
: in xis|-%,* | 
. Range of sin al 7s 2 | 
-. Range of g( f(x)) ={—2,—-1, 0,1} 
f(h(x)) = sin {x} 


Domain is R and range is c =) 


95. Clearly, f(x)H(1-—x)+x=2,V x E w) 
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94. We have, f(10) = sin’ (sin10) + cos”! (cos10) 


=(3m —10) + (4m — 10) =(7m —20) 


1 


< fe) ve Nk >X 
2 
1 T 
So, area = — X 1 = — 
2 2 
Tl 
x, xE 8 *) 
As sin’ '(sin x) = : 
T—x,x€E]—, r) 
l2 
Also, cos '(cosx) = x, x € [0,2) 
2x,xE fo =) 
Now, f(x)= e 
Tl, XE la r) 
. 1 3 
As, f(x) e€ Lin xe(0,3) => x =) 1, 5 


So, number of values of x are three. 


Given, f(x) = sin x+2+ wi —sin'' x 


Clearly, for domain of f(x), 1—sin™' x >0 
(As, sin x +2>0,V xe[-1,1]) 
sin! x <1>x<sin1 


Dy =[-1,sin1] 


=> 


Given, f(x) = ysin™ x+24+ afi —sin ' x, where xe[-1,sin1] 


Let y =i Gn ae line 
Then, y > 0,Vx €[-1, sin1] 


2 (ents 4 
y =(sin~ x4 


Now, 2)+(1—sin”' x) +2 


(sin x + 2)(1 —sin™ x) 


2 
2 - 1 71 9 : 
Vass x= ; =3+2 Fi 0=34 


Clearly, 3=6 
ata 
=> Y max (x=~sint) =v6 
= 9 9 
Also, y2 (sin x =1)=3+2 =3 
4 4 
= Yimin (X = Sin) = V3 


Hence, range of f = (V3, v6] 
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7 = 51 T 
99. sin’ = 2an*( *) > cos’ ‘(cos5t”) = cos {coo )]=2 
x44 2 2 2 


cos ‘(min{x, y,z})=cos ‘(-1)=% 


x 
=sin! 2 2tan”! (z -1) 
=) ies 105. f(x) = tan| 2 7 — 
2 1+ x + : 
=2tan! 2tan '—=0 
= tan /(x) — tan" 3 + 7 
2 
Here, E <i 1 1 1 
|x|<2 > -2<x<2 PO" x \ . 
sist 9253s (E+) 
= TT = 
100. cos! —-* y=— > + 2tan 13x 
1+ 9x 2 1 1 1 2 9 
fa)= =*-= = 
T 6 —™ 
=> sin’! _—* 5= + 2tan”'3x 2 4f142) 2 13 26 
2 1—-9x 2 7 
- 6 = ” 
> sin 1_O* =m —2tan 13x > 26 f"(1) =9 
1+ 9x 
oor 106. We have, f(x) =(tan™’ x)? + (cot x)? =(tan™ x + cot”! x) 
eee = s _ 2 is 
> sin I+6n —2tan “3x ((tan™ x)” —(tan™ x)(cot™! x) + (cot™! x)*) 
Above is true when 3x > 1 3 
v1 = = Tl = Tt 2 
1 ae 1A? 1 cae 1 Me 1 
Sigs =a [tn x)*° —(tan »(3 tan x}+ (3 tan 1x] | 
3 
= Tt = 
axe(t. ~| [using cot 'e= > ~ tan x] 
3 
101. (x —1)(x°+1)>0 > x>1 _ 3m (twwts-2) + 
2 4 48 


. [4 =4|, “2% =f | 
sin} —tan ; =—ftan “x 
2 fx 
1 


= sin 2 m+ 2tan |x) —tan™ x 


. T 
= sin(- 2) =-1 
2 


2 

Clearly, f(x) will be minimum when tan” x— *) =0 
1 7 T s 

and f(x) will be maximum when [tan x- *) = (-£ - *) 


4 
often = [04 =\-= 


Sol. (Q. Nos. 102 to 104) “ 2 32 
Pee ee ual 3n((-3n)? =?) 703 
2°2| and b=f@)ne= +—|= 
2 4 48 8 
cos ‘y €[0, x] 3 
71 
ze(0™)u(% a bs 
sec Z hee U a | Hence, —=— =4 
a 70 
= = 2 T 51 aa 
= sin 'x+ cos ‘y + sec eS 5 the h= 32 
2 
+nt+4 ” 2 
2 2 tnt 107. We have, T,, =2are cot et =2tan | : 
Also, t 2nt+3n=t —2 ss - + 37 2 no+n+4 
2 é : 1 
T TT 51 = 
= _ > = = +1 = 
( EI sd 2 2 T, =2tan 1 2 =2| tan! i —tan”™ a 
jae n(n + 1) 2 2 
The given inequation exists if equality holds, i.e. 2.2 
aeee 00 n n #4 
ai a Hence, S, = © 7, =2 2 tan” —tan! (2) 
n=0 n=0 2 2 


1 
> raLysLze-tandt= | 
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if 1 7 
S, = tan iG — tan /(0) ae, x= 53 => av3 
2 11 b 
tan“) ~ tan™{ 2) > a+b=16 => (=) =8 
4fnt+1 fn s ' 6 4.,_ 13 
tan’ | —— | - tan™ | — Aliter : sin@0° + tan™ x) =— 
2 2 14 
fi 3 13 
=> S, =2tan™* am => —cos(tan!x)+ v3 sin(tan ! x) = — 
9 2 2 14 
1 => 7(1 + ¥3x) =13,J1+ x* 
lim s,=2.(£) = =i (given) ok=1 (1 + V3x) . 
per 2 => 11x” — 49V3x + 60=0 (On squaring) 
5 5 2 
108. As, © cot (2r”) = ¥ tan! (2) . ge 49/3 +30V3 
r=1 r=1 4r me 22 
Be 2r+1)2@r-1 
= Ytan” hen EE) 53 4g (Reject) 
r=l 1 + (2r + 1) (2r —1) 11 
2 -1 -1 5V3 
= Y(tan (2r+1)—tan (2r —1)) ae x= 1 
r=1 
-1 
dh ten Stan 11-1 111. Ca aire a ee 
1+11x1 


5 
Now, tan{ > cot") | = 
r=1 


6x+5 6 6x+5 


=> The given equations has no real solution. Graph of y=cot!x 
109. min(x’ + 4x +7) =3 2 1 
> x°-4x+aQa4 >0,VxER 
2 v3 
max j—, 37 =3 1 
4 So, discriminant<0 => 16- i(a + =) <0 
[. sinz] ss 
sin z 
a ‘ia ee ee 
z30 Zz --—= a= 
v3 v3 
T 2 13 
110. sin{ © tan tx] = . Qe fe oo 
6 14 ies 3° 
Te i oye sin'(2) = tan*( 4 Hence, minimum integral @ = 4 
2 - aN? 112. L:3* —[°C,2* —2) + °C,] =36 
= -1{ 13 if 1 
tantx= tan) —tan (+) M: If x > 0,Sgn(x) =1 
3v3 3 TT Tl 
x)=0+ —=— 
f(x) a 5 
14 43 For x = 0 f(x) is not defined 
T 1 
for x <0, f(x) =n-—=— 
33 2 2 
[ 7 fs M=1 
13 1 
—- N: Coefficient of t° = coefficient of t* in(1 + t?)° x coefficient 
=tan” 333 | _ tan) x (2 | of? in(1 + ¢°)® 
+3 | 3v3 22 
=5x8=40 
; 2 53 | Hence L=36; M=1and N = 40 


tan x =tan La | => N-LM =40-36=4 
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113. 


0 15 


Number of solutions are three. 


114. sec’ u, sec‘ v, sec’ w € [1, 0) 


sec’(u) + sec*(v) + sec*(w) € [3, ©) 


m(sec’u + sec’ v + sec w) € [37,c) 
But cos} x4 cos 'y + cos 'z € [0,37] 
So equation is possible of LHS = RHS = 37 
' cos 'x=cos 'y=cos ‘z= 

x=y=z=-1 118. 
and sec” u =sec’ v =sec°w =1 

u=T, Vv =20, wH=3n 
gO ge 200? op gM a dag 6 

u+v+tw 67 


115. Given, f(x) = cos(tan™ '(sin(cot™ ' x))) 


=1)) S71 
= cos} tan || sin 


119. 


1/2 
2 1+ x? x? +1 
2+x° x42 


=> A=1,B=2 
> A+ B=1+2=3 
116. We have, 


RHS = tan ‘{tan’(a + B)- tan’(@ —B)}+ tan” '1 
7 tof ae +) tan2(a —B) + ,] 


1—tan’(a + B) tan2(a —B) 


- to ee + B)sin’(a — B) + cos’(a + B) cos’(a — Bt 


cos*(a + B)cos’(a — B) — sin’ + B) sin’(a — B) 


tan! 2sin(a. + B)sin(a - B)}? 
{2.cos(a + B)cos(a — B)}* 
+ {2cos(a + 8) cos(a — B)}? 


{2sin(a + B)sin(a — B)}” 
tan7! (cos2B — cos2a)* + (cos20 + cos2B)* 
= ta 
(cos2a + cos2B)” —(cos2B — cos2a)? 
tant cos2 + cos”2B 
= ta 
2cos2a cos2p 


117. 


oe ~{sosznseeap + costpoec| 
= bal 
2 


Hence, the value of A is equal to 2. 
We have, sin '(sin12) + cos ‘(cos12) 
=sin '(sin(4x — (4m — 12))) 
+ cos '(cos(4m — (4m — 12))) 
=—(4m —12) + (4m —12) =0 
So that, (n —2)x? + 8x+n+4>0,VxeER 


=> n-2>0 >5n23 

and 8° — 4(n — 2) (n + 4) <0 
or, n+ 2n-24>0 > n=4 
= n25 => n=5 

1 + sin(cos”! x) + sin*(cos”’ x) +... 00 =2 
= — 


1 —sin (cos x) 
1 “4 
or 5 =1-sin(cos x) 


F = 1 =4 Tt 
or sin(cos ie OPSHe —. 


3 2 
or x =— or12x" =9 
2 
Here| cosx | = sin” ‘(sin x) 
y, 
y=x 
y=COS X 
—n/2 n/2 
y ~ 
—n/2 1 x 
—1 
1 T 
P= eS anes =s 


In the case there is one solution obtained graphically. 


T 
HS oe Sane GOs 


=sin ‘{sin(n — x)}=1 — x 
cosx=x-T 


In this case there is one solution, obtained graphically. 


TT 
If-—1n =e a ne 


—cosx =sin’'{sin(-m —x)}=-x-2 
i.e., cosx=x4+T. 


This gives no solution as can be seen from then graphs. 


120. From graph 


ss 


>X 


Graph for tan~'(tan x) 
¥ 
x Thy, Sis: 
j 20 = 0 x Qn ee 


Graph for cos“!(cos x) 
Statement II is true and correct explanation for Statement 1. 


x 
1 — x? 


1 


121. sin | x = tan” >tan'x>tan 'y 


.. Statement II is true 


by Statement II 


(Bm ebm 


Statement I is true 


122. cosec”'x >sec™' x 


1 


: T = 
cosec x >—-—cosec x 
4 


1.0 
cosec XS 
4 


1<x<2 
(;+z)e0 V2] 
2 2 , 


Statement II is true and explains Statement I. 


and 


123. fes)=sin am Jen 2tan'x,x21 
cae, 


124. 


125. 
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= f)= 


Statement I is true, Statement II is true, Statement II is a 
correct explanation for Statement I. 


asl ns Tt 
sin 2x+sin 3x=— 


3 
T = Tt oF T 
—-cos 2x+—-cos 3x=— 
2 3 
=4 =4 27 
cos 2x + cos ae 


1 
6x" — 4/1 —13x? + 36x" — 


2 
> {ox* + | =1-13x? +36x* 


3 3 
=> 19x° =—>x=t |— 
4 76 


T 
But sum of two negative angles cannot be a 


3, : 
“. x =,/— is only solution. 
76 


Statement 2 is correct, from which we can say 
cot'x + cos '2x =— 7 is not possible. Hence, both the 


statements are correct, and Statement 2 is the correct 
explanation of Statement 1. 


. (A) In (0, cos1), we have cos"! x > sin”' x 


Also, cos. 'x >1andsin }x <1 


7 
The greatest is (cos *x)°°* *=t, and the least is 


a = 
(sin Pag ycos x ty 
- —1_ysin} x -1.)sin"! x 
and (sin ~ x) <(cos “ x) 
=> i <t, 
So, ty >t, >t, >t, 


(B) Similarly, in cos1 < x < as 


a 
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cos 'x >sin 'x and both are less than 1 So, greatest is t, and 


least is t, and t, > t,. 


Hence, tz >ty >t >t, 


1 
(C) For —= < x <sin1 


v2 


We have, 1 > sin”! 


x >cos 'x 

So, greatest is ¢, and least is t, also t, > t, 
Hence, t, >t >t, > ts 

(D) For sin1 < x <1, we have 


wad =f 
sin x>1>cos x 


So, the greatest is ¢, and least is t, andt, >t, 


Hence, t, >t, >t, >t, 
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127. Follow the following graph for solution [x2 — 25 12 
y eS x >12and cos | “ = cos” 
y=sir'x bs 
[2 
Bath oe Nee ete oe SP de aS =25 
x >12 and UA ee 
x x 


x >12and x? —25 =127 


= 

J 
mn eS x >12and x? = 169 

eS x >12andx=+ 13 
peereyy “. xX =13 is only solution. 


129. Taking tan on both sides 
Xa re x-1 


=-—7on simplification, we get x =2 


Substituting, we get 


i 
tan”'3 + tan’! 5 = tan’ ‘(—7) but LHS is 


m + tan '(—7). Hence, no solution. 


a+b+c) yu [Merde zu [oat b+o) 


130. Let X = {" 


bc ac ab 
xy=,[4e+! +c) atbt+c)_at+bt+e 
bc ac Cc 


-(1+ 2") -1@5,e>0) 


c 


ee eee Cae 
[1 —x¥ 
[rerio , Marbte 
=m + tan | Be ae 
at+b+c 
1-— 
c 
frees Ja Vb 
=n+ tan! : vb va 
(a+b) 
c 
sii ip Peel sees c 
c Vab )\a+c 
+b+ 
=n -—tan' 2 O24 tan! Z 


ab 
tan 'X+tan !Y+tan!Z=n 


131. Let 0 = cosec™!|(n? +1)(n*? + 2n+ 2) 


cosec’@ =(n” + 1) (n? + 2n + 2) 


=(n’ +1)? + 2n(n? +1)4¢ n° 4+1=(n? +n4+1)41 


cot?@ =(n? +n+1)° 


1 +1)- 
tan0 = 7 A de Be 
_% no+n+1 1+(n+1)n 
. [ 
_f (+1)-n | 
@=tan' Sead Et 


lis@+ 1)n 


=tan ‘(n+ 1)—tan7'n 


Thus, sum of n terms of the given series 


=(tan7'2 — tan7'1) + (tan7'3 — tan7'2) 


+ (tan7'4 — tan7'3) +... +(tan71(n + 1) — tan7'n) 


=tan (n+1)—71/4 


132. We have 
E= ysin7! x; cos”! x, + ysin7! X> cos”! x, 


[Qe =1 [ vend [=i [oo-1 
+ sin “x3 cos x, +... + SiN“ Xyg/COS x, 


€ [0,1] Vi =1, 2,3,..., 28 
wsin’ | x, >0 


2 2 


+b 
Now using A.M. > G.M. we have oe > ab, where a, b > 0 


2 
-1 -1 
sin a cos Xx, 
sin 'x,./cos |x, <|————1——" 2 
-1 
sin a cos | X5 
sin ' x, cos 'x, <| ———2————"3 
sin Ha + sin’ x, 
sin | xyg./cos ' x, <| ———28 —" "1 


On adding all, we get 


28 a 1 -1 
sin x, + cos ~ x; 
i 
2 


i=1 


T 
2»( =) 
ES Z 


2 
E =7% 


max 


10 10 


133.5 = tan") 
r=1s=1 
10 10 


S= 3 y tan”"(5) (As rand s are independent) 


r=1s=1 


On adding, we get 


28 = YY [ (2) + tan (5)] 


10 10 10 


= 25 = yLt= eu _ 1007 
r=ls= 12 = 
S=251 
134. S = Fi cos"! 1+ y(k—-1) kk + 1)(k +2) 
we Kk-+1) 
1+ J(k-1)k 


(k +1) (k + 2) 
K(k + 1) 
1 1 + i.) 1 
k k+1_ RY (k+1) 


k+1 k 
Substituting k = 2, 3, 4..., we get 
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SHS cee ead 
=cos (0) —cos (-) 


v1 Tl _ 1 
“2 3 6 
. mtan(a — 0) ntan® 
135. Given, cos a0) 
= n _ tan(a —8).cos*(a% —8) 
m cos’@. tan 
_ 2sin(a — @).cos(a — 8) 
2sin®.cos0 
= ne sin(2a — 20) 
m sin(20) 
using componendo and dividendo; we get. 
4 n—m _ sin(20 —20)—sin20 _ 2sin(@ —28).cosa 
n+m_ sino —20)+sin20 2sinacos(a — 20) 


136. 


=> (7° |tana = tan(a@ — 20) 
n+m 


> of -20=tav'{(2=" bona 
n+m 
> 20=a- ww (2 — ana} 
n+m 
if (4) i 
> 6 =—|o —-tan tana 
2| n+m | 


Let tan 1(é°) =A+iBoré® = tan(A + iB) 

ey = A-iB.ore’® = tan(A — iB) 

Now, cos2A =cos(A + iB + A — iB) 

*, cos2A = cos(A + iB).cos(A — iB) — sin(A + iB)sin(A — iB) 
=cos(A + iB).cos(A — iB){1 — tan(A + iB).tan(A — iB)} 
= cos(A + iB).cos(A — iB){1 — e'®.e 19} 
=cos(A + iB).cos(A — iB) {1 -1}=0 


1 TU Tt 
or A=— { 
a 2 4 


= tan ‘(e 


—? 2A =(2n + 1) 


Also tan2iB = tan(A + iB — A + iB) 
__tan(A + iB) — tan(A — iB) 
1+ tan(A + iB).tan(A — iB) 


ee re 
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-2B _ 2B 
> — = isinO 
i(e °8 + eB) 
2B _ 2B 
or ———.~ = sin8 
eB 4 eB 
T 
ye : 1+ cos|——® 
e 1+ sin® 2 
or =r = i ane = = 
. a 1 —cos (= - 0| 
2 
nr 0 
cos'(% : °) 
4B 4 2 
nr 0 
sin’( = °) 
4 2 
nr 0 
> 8 = cot ( = °) 
4 2 
Tt 
=> B=—Hintan{ -5) 
Z 4 2 


2 
sec” 


137. The quadratic equation 4 


real roots. 
2 1 
=> discriminant = 4 — 4.4°°° o(e? —B+ | >0 
sec” 0 2 1 
> 4 B°-B+—|<1 
2 
2 1 iy a. 
But 4° %>4, B? -B+ -(8 + > 
2 2 4 4 
ie. equation will be satisfied only when 
2 i. 
4% _—4 andB? -B+—=— 
2 4 
2 
2 1 
> sec a =1and(p- +] =0 
2 1 
> cos a=landp=— 
1 
> o& =n andB = - 
4 gf 
cosa + cos 8 =cosnt + cos 
( 


T ; 7 
1 re when n is even integer 


Tl 
-1+ a when n is odd integer 


ie. the value of; 


=f~.. % T 
cos + cos ‘Bis > — land = +1. 


-1f 6 if 4 6 1 
138. Here, a =3sin (4) and B=3 cos (4) as — >— 


caro ac 
=> sin “| — | >sin | — | =— 
11 2 6 


x + 2x4 G B4 + =Ohave 


4 1 =4{ 4 afl) & 
As —<-— => cos (2) cos ‘(G)+# 
9 2 9 2) 3 
af 4 
B =3cos (4) > 


cosB < 0 andsinB <0 


Now, & + is slightly greater than “ 


cos(a +B) > 0 


139. We have, 0<x<1 


Let cot’ x=0 => cotO@=x 
=> sin 8 = =sin (cot x) 
1+ x? 
and cos 8 = = cos (cot! x) 
1+ x? 
¢ 
1+x2 
1 
J] 
B x A 


Now, 4/1 + x” [{x cos (cot! x) + sin (cot™ x)}? — 1p? 


2 1/2 


[ 
_ / ge Ms x 1 
= ce cee ' 


r 2 T" 
five 1+x° 
=,Jj1l+x —— |} - 1 
1+ x? | 
=V14 x7 [14 x? -1)? = xV14 x? 


= 2 = 2 1 
140. Given, tan! y = tan! x + tan! se , where |x| < —= 
y 
1-x V3 
( ox | 
xt+ 2 
= i 
=> tan’ y = tan’ 7 
1 2x 
—-x 
1-x? 


Ss = =¢ | 
[tan x + tan! y = tan! a , 
lb=xy 


where x >0,y >0Oand xy <1] 


3 
tan! y =tan’ cided 
2 = 2 


1-—3x 
= yale 
1—3x? 
Aliter 
|x| < > : <x< : 
V3 V3 V3 


141. 


142. 


Let x = tan0 


tan” y=O0+ tan” (tan 20) 


=0+ 20 =30 
=> y = tan 30 
3tan 6 — tan*0 
=> = a 
1-3 tan‘0 
3x—x? 
—J = 
1-3x? 
[ 23 n | 
We have, cot x cot} 1+ y 2k 
n=1 k= 
[ 23 | 
a ae '1424+4+6+8+. sala 
[ 23 | 
=> Ps TH+ n(nt ” 
23 1 
= cot By tan} ———__ 
nes 1+n(n+ 1) 
[ 23 4 
= cot| J" tan) 4 Dt 
r= 1+ n(n + 1) 
23 | 
> cot y (tan ‘(n + 1) — tan ‘n) 
[n=1 


= cot[(tan 2 — tan ™'1)+ (tan’'3 — tan”’2) 
+ (tan”' 4 — tan”'3)]+ 


= cot(tan/24 — tan™'1) 


-; 24-1 123 
= cot] tan! ——____ ] = cot{tan 3) 
1+ 24-(1) 25 


Since, x, y and z are in an AP. 
2yH=x+zZz 
Also, tan’ x, tan™! y and tan” 1 are in an AP. 


2 tan 'y =tan 'x+ tan ‘(z) 


= 2 = + 
=> tan! y- =tan! — 
i eee I —-42 


.. + (tan! 24 — tan” 23)] 


143. 


144. 


145. 
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=> y= xz 


Since, x, y and z are in an AP as well as in a GP. 


% x=y=z 
Since, cosec! (?) =tan! (=) 
3 4 
5 
3 
4 


= 3 12 
cot | tan ri + tan ~-— 


=cot tan! 


ee 
ll 
° 
° 
oo 
co 
9 


me 


=p [X 3 
We have, sin! (=) + cosec ! 
5 


Given that, 60s" X= cost = a 
2 


2 
=> cos! “+l x* ald a 
2 
= “+l x? 1 “= cos 


=> 241 — x? 
On squaring both sides, we get 


4(1-x°)(4-y’) 
4 
=> 4-4x y? + xy? = 4cos’ o& + xy? 4xy cosa 


J 
—— =2cosa —- x 
4 y 


=4cos’ a+ xy? — 4xy cos a 


4x? — 4xy cosa + y? = 4sin’ o 


